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Abstract di(u,v)

into M, with distortion§ if Yu,v € M, 5

da(o(u),o(v)) < dyi(u,v).

The fundamental result in this area is the Johnson-
Lindenstrauss lemma [17] which shows that any set of
n points in Euclidean space can be mapped down to
O((logn)/e?) dimensions such that all distances are
distorted by at mosit+<. Moreover, such a mapping can
be computed with high probability by simply projecting
the set of points on randomly chosen unit vectérs.

Metric embeddings have traditionally been studied by
functional analysts, and have recently attracted a lot of
attention in the theoretical computer science community
due to connections to approximation algorithms and the
design of efficient algorithms. Dimensionality reduction
techniques using the Johnson-Lindenstrauss lemma and
closely related methods have recently found numerous
algorithmic applications: e.g. approximate searching for
nearest neighbors [16, 18, 13], clustering of high dimen-
sional point sets [8, 24], streaming computation [2, 14]
and so on. (See the recent survey by Indyk [15].)

The Johnson-Lindenstrauss lemma has proved to be
a particularly useful tool since th& norm is a com-
monly used norm in various settings. A natural ques-
. tion to ask is whether there exists an analogue of the
1. Introduction Johnson-Lindenstrauss lemma for othgnorms. Sur-

prisingly little is known about this question. In partic-

Dimension reduction refers to mapping points in a ular, the dimension reduction question for thenorm
high dimensional space to a space with low dimensionsstands out and has attracted attention in several recent
while approximately preserving some property of the surveys on the subject of metric embeddings. This ques-
original points. We will be interested in dimension tionis interesting both because of its inherent theoretical
reduction techniques that maéﬁ to gg' and approx- appeal as well as its potential algorithmic applications.
imately preserve pairwise distances of points. Given Indyk [15], in his tutorial on algorithmic applications of
metric spacegM;,d;) and (Ms,ds), an embedding embeddings in FOCS 01, askss there an analog of JL
o : M, — M, is said to be an embedding af/; lemma for other norms, especially? This would give
a powerful technigue for designing approximation algo-

IN

The Johnson-Lindenstrauss Lemma shows thatany
points in Euclidean space (with distances measured by
the/, norm) may be mapped downd¥((log n)/?) di-
mensions such that no pairwise distance is distorted by
more than g1+¢) factor. Determining whether such di-
mension reduction is possible fn has been an intrigu-
ing open question. We show strong lower bounds for
general dimension reduction ify. We give an explicit
family of n points in¢; such that any embedding with
distortion § requiresn2(1/3*) dimensions. This proves
that there is no analog of the Johnson-Lindenstrauss
Lemma for/y; in fact embedding with any constant
distortion requiresn*(!) dimensions. Further, embed-
ding the points into/; with 1 + ¢ distortion requires
nz—O(los(2)) dimensions. Our proof establishes this
lower bound for shortest path metrics of series-parallel
graphs. We make extensive use of linear programming
and duality in devising our bounds. We expect that the
tools and techniques we develop will be useful for future
investigations of embeddings intp
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rithms for¢; norms .. 7. Linial [20], in his article on fi- mensions. Our proof establishes this lower bound for
nite metric spaces at the International Congress of Math-series-parallel graphs, indicating that the low distortion
ematicians in 2002, says the following about theyste- low dimensional embeddings constructed in [7] cannot
rious/,”: “ We know much less about metric embeddings be extended to this class.

into /;, and the attempts to understand them give rise to  Subsequent to our work, Lee and Naor have provided
many intriguing open problems ... What is the smallest a more elementary proof of our result[19].

k = k(n, <) so that everyi-point metricin/; canbe em-  Organization. In Section 1.1, we give an overview of
bedded inta?¥ with distortion< 1 + ¢? We know very  our proof technigue. In Section 2, we introduce a family

little at the moment, namefy(logn) < k < O(nlogn) of series-parallel graphs and establish lower bounds on
for constante > 0. The lower bound is trivial and the  the number of dimensions required to embed them into
upper bound is from [26, 27]. £, with a specified distortion. In Section 4, we show how
Known results on dimension reduction:Ball [5] stud- ~ the lower bound for the graph family implies a lower

ied upper and lower bounds on the minimum dimension bound for dimensionality reduction iy. We conclude
required forisometricembeddings irf,,, proving linear  in Section 5 with a discussion of open problems and di-
lower bounds and quadratic upper bounds. The book byrections for future work. All omitted proofs appear in
Deza and Laurent [10] gives a very good overview of the full version of the papér

the results in this area, particularly for isometric embed-

dings into/; and/s. It is known that dimension reduc- 1.1. Overview of Proof Technique

tion is not possible in thé,, norm. In general, we need

Q(n) dimensions to represent a setsofpoints in /., We first describestretch-limited embeddingsitro-
with any distortion less than 3 [3, 21]. duced in [7].

The only known dimensionality reduction theorem
for ¢, is due to Indyk [14]. He showed that there is
an embedding froni¢ to ¢4 with @’ = (log 1/6)°(1/¢)
such that distances do not increase with probabdlity
and distances do not decrease by a fatto# ¢) with
probability 1 — 6. Note, however, that with probability
1 — ¢, any distance can increase arbitrarily. In fact this
holds for any/,, norm withp € [1,2]. Kushilevitz, Os- dof <
trovsky and Rabani [18] showed a dimension reduction d'(u,v) = Zwi\pi(U) — pi(v)].
result for the Hamming cube of a different flavor: they i=1
give low dimensional embeddings that can distinguish grthermore, for all points andw in the original metric,
between two specified distance thresholds. andi € {1,....t}, |pi(u) — pi(v)| < s - d(u,v). This

In a recent paper, Charikar and Sahai [7] showed thatembedding is said to have streteh
one cannot hope to usieear embeddings for obtaining
dimension reduction i;. In particular they exhibited In other words, a stretch-embedding is a convex
a set ofO(n) points in¢? such that any linear embed- combination of line metrics where distances in any line
ding into#¢ incurs distortior2(y/n/d). They also con- metric can not be more than a factotarger than dis-
structed low dimensional low distortion embeddings for tances in the original metric.
special classes d@f embeddable metrics, including tree
metrics and shortest path metrics of outer-planar graphs.
The work of [7] introduced and used the notion of a
stretch-limitedembedding in proving lower bounds. We
employ and make significant refinements to this proof cjaim 2 The existence of &distortion stretch-limited
technique in order to obtain our new results. embedding of a metri€M, d) with stretchs implies the
Our results: We show strong lower bounds for general existence of & (1 + ¢)-distortion embedding ofM, d)
dimension reduction il;. We give an explicit family of ;i g?(sélog(n)/sz)
n points in/; such that any embedding with distortion
§ requiresn®(1/3”) dimensions. This proves that there  Note that stretch-embeddings are more general than
is no analog of the Johnson-Lindenstrauss Lemma for¢; embeddings witty dimensions: Not only will we al-
¢1; in fact embedding with any constant distortion re- low them to have arbitrary dimension, but we allow them
quiresn®(!) dimensions. Further, embedding the points ~ 2tne  ful version  may  be  found  at
into ¢, with 1 + « distortion requiresz ~©(c1oe(2)) dj- http://www.derandomized.org/

Definition (stretch-limited embedding)A stretch-
limited embeddingr of a metric(M, d) is an embed-
ding of (M, d) into M' = {p1, p2, ..., p:+}, @ collection
of t line metrics with weights{w;,ws, ..., w;} such
that >>'_, w; = 1. The distance function’ is the
weighted average of distances in {he

Claim 1 The existence of &distortion embedding of a
metric M into ¢5 implies the existence of&distortion
stretch-limited embedding @ with stretchs.




to use any convex combination of line metrics, not sim-
ply an average. By the results above, stretdhmited
embeddings are a good proxy for embeddings widli+
mensions.

Proof Overview

A technique commonly used to prove lower bounds
on the distortion for embedding one metrd; into
M, = /¢ is the following: The basic idea is to find
two (non-negative) linear combinations of distances:
apr = Eaijdﬂj(i,j) andBM = Eﬁ”dﬂj(l,j) where
a5, Bi; > 0. The intuition is that in embeddingy/; into

¢y, distances inx tend to expand while distances jh
tend to contract. The goal is to prove trt > Pt

By
for somed > 1, for all embeddingsr from M, to the
line. This establishes a lower bound&bn the distor-
tion of embeddingV/; into Ms = /5.

In order to prove lower bounds for dimension reduc-

carefully chosen family of points i, and a particular
set of linear inequalities on pairwise distances. Having
obtained the LP formulation, we consider the dual LP
and exhibit a dual feasible solution. This establishes a
lower bound on the stretch.

One issue that we ignored here is how we select
weights for the individual upper and lower bound con-
straints so as to obtain a combined constraint on a linear
combination on pairwise distances. The correct weight-
ing of the individual constraints is crucial to obtaining a
good lower bound on the stretgh In fact, the weights
we use could be (and actually are) dependent on the
target distortions that we would like to reason about.

In general, how does one figure out the “best” set of
weights to obtain a good bound? Again, LP duality
comes to the rescue. We show that one can consider an
LP with upper and lower bounds on the average lengths
of groups of pairwise distances, instead of a single lin-
ear inequality. The dual solution to this LP specifies

tion in ¢,, we adapt this technique. Firstly, low dimen- weights for each of these upper and lower bound con-
sional embeddings seem tricky to reason about. Insteadstraints (these are simply the valu_es of the correspondmg
we focus on low-stretch embeddings, exploiting the con- dual variables). These weights (in general, functions of

nection between stretch-limited embeddings and embed-the target distortion), can then be used to obtain a sin-

dings in low dimensions. Our goal is to prove a lower
bound on the stretch needed to achieve a given distor-
tion 6.

A stretch-limited embedding with distortiah must

satisfy the property that no distance expands and dis-

tances contract by at most a factoréof By adding up
these upper bound and lower bound inequalities (suit-
ably weighted), we get a single inequality for a linear

combination of pairwise distances that must be satisfied

by the stretchs limited embedding. Since this inequality
is satisfied by a convex combination of line embeddings,
it must be satisfied by one line embedding with stretch
s. Our goal is to prove that there is no line embedding
with stretchs that satisfies the derived inequalify.
Charikar and Sahai [7] use this proof technique to
prove lower bounds for linear embeddings (although our
exposition is a little different). In that case, the restric-
tion to linear embeddings and a careful choice of the in-
equality on pairwise distances made it possible to prove
a lower bound on the stretchrequired. How can one
prove lower bounds on the stretch for arbitrary (i.e. non-
linear) line embeddings? Our innovation is to express
the problem of minimizing stretch so as to satisfy the
inequality on the pairwise distances as an LP. In gen-
eral, such an LP formulation is not possible. However,
we are able to obtain an LP that minimizes stretch for a

3This method for proving a lower bound on the stretch is universal.
If for every such valid inequality we can derive on linear combinations
of pairwise distances, there is a stretcline embedding that satisfies
this inequality, then there is a stretefembedding that satisfies all the
required bounds on pairwise distances [7].

gle hard constraint. Actually, we will present our proof
by directly obtaining this single hard constraint without
explaining the origin of the weights we use for the upper
and lower bounds on individual distances.

2. The recursive diamond graph

In order to prove our results, we will focus on one
particular family of series-parallel graphs which we call
the recursive diamond graphs. Newman and Rabinovich
previously studied these graphs in [23], and used them
to establish g/log n lower bound for embedding planar
graphs into/s. The order O recursive diamond graph
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Order O Order 1 Order 2

Figure 1. Recursive diamond graphs of dif-
ferent orders

is a single edge, with length one. In order to make the

4In fact, our dual solution was obtained by examining and extrap-
olating from actual CPLEX solutions to large LPs.



orderk graph from the ordek — 1 graph, replace each obtained by concatenatingto the label of its ancestor
edge of lengthl /2*~1 with a four-edge diamond, with  edge. We label diamonds with the label of the parent
edges of length /2% (See Figure 1). This is a family of edge. Also, we use this same label to label the diagonal
series-parallel graphs witf edges an® (4*) vertices. edge. For a labet, edgee, denotes the edge labeled by
Furthermore, the work of Gupta, Newman, Rabinovich z. Also, f, denotes the diagonal whose labekisThis
and Sinclair [12] shows that this graph can be embeddedleaves the original edge of the graph unlabeled. We will
into ¢, with constant distortion (with many dimensions). treat it as being “diagonal like” and refer to it #s. We

We will need some terminology in order to talk about will return to the matter of exactly specifying the label-
the graph (see Figure 2). ing in a later section.

3. Series-parallel graphs need high dimen-
sion for constant distortion

We may now state our first result.

Theorem 1 A gecursive diamond graph on vertices
requiresn®*(1/9°) dimensions to embed i with distor-
tion at mosb.

3.1. Proof

Level 1 diagonals

We focus on the:-vertex diamond graph (which has
k levels). Considel, the set of all edges in the graph,

0 132 1301 and F', the set of all diagonals. We will bound by
showing that the edges tend to expand while the diago-
nals tend to contract (refer back to the proof overview).

1 1323 1320

The ¢-distortion constraint

We first develop our key constraint on edge and diagonal
lengths imposed by. Recall that we have labeled the
edges and diagonals. We refer to the length of the edge
labeledz asm/, and the length of the diagonal labeled
y asd,. (We usem/, here because we later define a
variablem, which is thesignedlength of an edge.)

We assumed w.l.o.g. that our embeddings non-
expansive and has distortion at mast The non-
expansive property af implies that

Figure 2. Diamond graph terminology and
labels for edges

We will usen to refer to the number of vertices in a
given diamond graph, andto refer to the order (num-
ber of levels) of the graph. Each vertex has sénseich
that it is present in the ordér graph, but not in the or- — Z m;/zk > -1,
derk — 1 graph. We will refer to any vertex adevel k 2€{0,1,2,3}*
vertex if it first appears in the ordérgraph. When an . . . L
edge is replaced with a diamond, the two new vertices while theq-distortion property implies that
that are created will be callegiblings and we will refer k-1 .
to the pair of siblings as thdiagonal of this diamond. 0| ds+ Z Z dy/2" | 2 k+1.

We will say that it is a levek diagonal if the vertices i=0 y€{0,1,2,3}
concerned are levél vertices. Finally, there is a natural  \yie combine these constraints to get a single constraint

parent-child relationship between diamonds of different (yeferred to as thé constraint) that should be hard to
levels: A diamond is a child of the diamond whose edge satisfy.Vy > 0 :

it replaces. An ancestor of a diamond is defined in the
obvious way, and the ancestors of an edge are the dia- kol ,
monds of each order in which the edge participates. 0 (d* + Z Z dy/Ql)

Every edge in the graph is labeled by a string. A par- =0ye{0,1,2,3}*
ticular diamond has four edges, which we will number —y Z mL /2% > k41—~
0,1,2 and 3. The label for th#h edge of a diamond is 2€{0,1,2,3}



We will eventually optimizey in order to make this  Note that|m,| = m/, is the length of the edge, (we

bound as strong as possible. allow m,, to be negative when lid,) < tl(e;,)) in p and
If this is true for a convex combination of line met- d, is the length of the diagondl, in p. We refer ton,,

rics, then it must be true for at least one of those line as theoffsetof the diamond labeled in p.

metrics. We will show a lower bound on the stretch Now, we can calculaten,q, mz1, Mo andmyg in

which must be incurred by a line metric which satisfies terms ofm,, d, andn, as follows:

this constraint given values of, k¥ andd.
Lemmal

Constraints on edges and diagonals mep = & _ %= _ Mgy = F x

Before we can write down our LP, we will need a few m d, }

more constraints. There is a very strong relationship be- M2 = — — — +ng May = + 5

tween the length of an edge and the lengths of the diag-

onals of the edge’s ancestor diamonds, and this will give

us a second set of constraints.

We first precisely specify the labeling scheme for the hd(es) tiez)

edges of the recursive diamond graph. Consider a par- | 0 1

ticular line metric ofo, call it p, which satisfies thé 3 tp(f=) 2 tp(f2)

inequality. We know by the above argument that at least | ,,_ > ¢ I i
Ny

one such line metric must exist. The labeling scheme
we choose will depend on the particulame are con- me < 0
sidering, and we will describe how to choose a labeling 2 1
which satisfies our needs for any given The rest of
this section deals exclusively wigh which we can view
as an embedding into a single line.

For each edge, we will designate one end pointas t(ez)
thehead(denoted by ht)) and the other as thail (de-
noted by t(e)). For every edge in the graph, we will
obtain an expression for(hd(e)) — p(tl(e)). Consider
a diamond with parent edgg, and diagonal edge,.
The end points of the diagonal edggare labeled as the
top end point (denoted by tp4)) and thebottomend Using this, one can obtain an expression o in
point (denoted by ft;)). This labeling is done such  erms of the diagonal lengths and the offsets of the di-
thatp(tp(eq)) > p(bt(eq)) (ties are broken arbitrarily).  amonds which are ancestors@f. We usey C z to

The edges of the diamond connect the end points of yanote thay is a prefix ofz, and the empty string is

the parent edge, to the end points of the diagonal edge 5 prefix of every string. We also uge| to denote the
eq. The edge connecting fw,) to tp(e,) is called the O- length of the string:.

edge. The edge connectingdp) to tl(e,) is called the
1-edge. The edge connecting &) to tl(e,) is called Lemma 2

bt( =) bt(fz)

hd(ez) 4

Figure 3. Single dimension of embedded
diamond

the 2-edge. The edge conne(_:ting(é}g to bt(eq) is d, d,
called the 3-edge. Further, ) is considered theead Mz = ST + Z 5(55\y|+1)m
for the 0-edge and the 3-edge; for each of these edges, yCx
:Ihe en'd pomt'ofad lnC|dent on it is considered thail. + Z T(xly\+1)2\z|7?y\f1
(ep) is considered théail for the 1-edge and the 2- et
edge; for each of these edges, the end point;dafci-
dent on it is considered theead whereS(0) = S(2) = -1,5(1) = S(3) = +1 and
We define the following: T(0)=T(3)=-1,T(1) =T(2) = +1.
mg, = p(hd(ez)) — p(tl(es)) 3.2. Grouping edges and diagonals
d; = p(tp(fs)) — p(bt(f.))
p(tp(f2)) + p(bt(f2)) Before we continue, we would like to remove the de-
Ne = D) pendence on,. We noticed in experiments that optimal

p(hd(e,)) + p(tl(ez)) embeddings had all the, set to zero, so we expect re-
5 moving then,, should not hurt our bounds much. In fact,



we will place our edges and diagonals into groups, and
write our constraints in terms of the average distances
in these groups. The careful choice of our labeling will
cause the:, terms to cancel out.

In particular, we group edges in@¥ groups of2*
edges each. Groups are identified with label§int }*.
For a group labeled by € {0,1}*, an edgee, be-
longs to the group ifc(mod 2) = z. Herexz(mod 2)
refers to the label obtained by performing a coordinate-
wisemod 2 operation. Similarly, diagonals of levere
grouped int@? groups, identified with labels if0, 1}°.

mo= e Y Imdl
{z:z(mod 2)==z}
d. = i > da

{z:xz(mod 2)==z}

In other words,; 7z, andd, are the average lengths of
their constituent edges and diagonals.

We can immediately rewrite odrconstraint in terms
of m, andd, without changing anything.

k—1
ey Y o] ¥ om

i=0 ye{0,1}¢ z€{0,1}*
>k+1—vy

Claim 3 For a group labelz € {0,1}%,

1 d. d,
{z:xz(mod 2)=z} yCz
Proof Using Lemma 2, the value of the LHS is as fol-
lows:
1 ds S(l‘|y‘+1)dy
LHS = o 3 <2k +y o
{z:z(mod 2)==z} yCz
T ()y)4+1)ny
IR =
yCx
dy
= o + E1(2) + Ea(2)
where
1 x\ylﬂ
{z:z(mod 2)=z}yCx
1 I\yH—l ny
Ex(z) = of Z Z ok—|yl—1
{z:x(mod 2)=z} yCx

We now simplify the two expressiorE,l(z) andEs(z).

_ 1 S(@)yj+1)dy
Bi(z) = 9k Z Z T ok—lyl
{z:z(mod 2)==z} yCx
1 S(Zly|+1)dy
- WZ Z ok—y]
YTz {y’y’'(mod 2)=y}
B ZS(Z\yHl)dy
o 2k—ly|
yCz
_ 1 T () +1)ny
EQ(Z)_QT Z Z Tok—ly-1
{x'r(mod 2)=z} yCx
T(zy141) + T2+ 2y 41))ny
2Iu|+1 Z Z ok—|y|—1

yCz
=0
The second sum is ovél’ : y'(mod 2) = y} (the sub-
script was removed to aid typesetting). The last equal-
ity follows from the fact thatl'(i) + T/(2 + i) = 0 for
i € {0,1}. Substituting the values df; (z) and Ex(z)
in the expression we derived earlier proves the claim.

d

Lemma 3 For a group labelz € {0, 1}*,

d, d,
m, Z 27143 +ZS(Z‘y|+1)2k—‘y|
yCz
. @
M: 2 —op— zE: S(z‘y\+1)72k_‘y|
yCx

These inequalities result when we replace thg in
Claim 3 with the|m, | from the definition ofz;.

Linear program for minimizing stretch

We have already derived three of the four constraints that
we will use in our linear program. All that remains is to
provide a lower bound for stretch.

Consider the stretch incurred by an edgein the
dimensionp. For every edgee, = (u,v), s >
|mg|/d(u,v) > 2F|m,|, whered is understood to be
the distance function for the original metric. Since
MAX {4:0(mod 2)=2} |Mz| > Tz, We conclude thatz €
{0,1}F s > 2km, = s/2F —m; > 0.

Now we are ready to give our linear program (see
Table 1). Note that we will optimize later, but that it
is constant with respect to the variables of the LP. We
provide the names of the dual variables in brackets for
reference. We have carefully derived our constraints so
that we can see that the solution to our LP is no larger
than the minimum stretch needed to embed the recursive
diamond graph intd; .



Table 1. The linear program

min s
6(d +Z ZyG{O 1} di) _7226{0,1}"‘7”7 >k+1-2 [M]
Vz € {0,1}F sk —m, >0 [p:]
. d. S(2)y|+1)dy
vie {0, Tt (%5, TH) >0 [a:]
ad. S(zpy df
vz e {0,1}F T, — (g—k +X e (Q‘k‘fﬁ)) >0 [5:]

Table 2. The dual linear program

max (k+1—7)u
vz € {0,1}* “Yu=p:+a;+B. <0 [m]
Zze{o,l}k p. <28 [d]
7y € Usciopon {011 81+ e oqyemi S sdlom—be) <o 4]
O+ oy a%ﬁz <0 [di]

Dual linear program for the lower bound on stretch Case 3:k/2 — k/20 — 1 < ||z|x < k/2+ k/26

We have formulated an LP minimization problemwhose p; = 0

?ptlrr;u? \t/aItL.Je isa It())vxaedr_boulnd og th(ta minimum sltretch of < §(k—1—-2(k/2—k/20))=k—0=1~

orag-distortion embedding. In order to prove ourlower o so0 0 105 1) k1) = k— § —

bound we give the dual of this LP and a feasible solution. B = 0Qk/2+k/ ) +1) v

We construct the dual in the normal way (see Table 2). Since the ranges wher€;, and 3} are positive do not
Next we give our solution for this LP. In fact, our overlap, this proves that the, constraint is satisfied.

solution is very simple. Every variable is just a constant ~ Now let us skip to thel,, constraint. In order to prove

multiple of u: p, = pip, ap, = alpandp, = Giu. this, we will use the following lemma:

We will specify the values of these constants, and then

. . . : Lemma 4
maximizey subject to the constraints of the dual in order _
to get our bound. For these purposes, we can rewrite the vye |J {0.1}Fved{o 1!
dual LP (see Table 3). i€[0,k—1]
The dual solution S((y0v)y1+1)(agon = Byou)+
S((ylv)\yPrl)(aZlv - ﬁ;lv) = =20

We now give our solution to the dual in Table 4. We use

||lz||, to denote the number a in the 0-1 string:. Proof (of Lemma 4) S((y0v),4+1) = -1 and
_ _ _ S((y1v)jy+1) = +1, 50

Claim 4 The values ofy, o, 8% andp in Table 4 give

a feasible solution for our dual LP. S(Y0v)1y1+1)(@you — Fyow)
+S((ylv)\y|+1)( Zlu - 6;11)) =

Proof First check them, constraint, that—v — pf + oty 4 B 4 aty — B

ot + 37) < 0forall 2. We break this into three cases. Fyou T Pyou T Ayto = Pyt

Case 1:||z||s < k/2—k/26 — 1 Sincel|y0v||; + 1 = ||ly1lv||1, there are three cases.

Case 1:||y0v||1, [[ylv|; < k/2 -1
—potor+ 80 = d(k-1-2fz1) -

—0p + Broy + W1y — Boty =
—26(k/2 — k)26 — ||2|1) vov By yiv ~ Ay

_ —aj +oj, =
- —0(k—1-20)+6(k—1-2(i+1)) = —25
Case izl = kfz+ k20 Case 2:y0v]l, ylels > /2
—pidai+ B8 = 52z —k+1) —alo, + By + Wy — Biy =
—26(||2|l — k/2 — k/26 + 1) B =, =

= ~ 02 —k+1)=020+1)-k+1) = —20



Table 3. Dual with p factored out

max (k+1—7)u
vz € {0,1}F

Vy € Uie[o,k—l]{o’ I p (5 + ZvE{O,l}k*‘y‘
I

p(=y—pi+as+5;) <0 [m]
i (Socoappt) <26 s
S((yv), oy —Br, —_
((y )\y\QJ;ClB‘(yly y ) < [dy]

* *

(5 + 2 oefo,13k az;kﬁ <0 [d]

Table 4. The dual solution

v = k—6
o [Ste=1 =2l i el < k21
N 0 otherwise
g oCUel = k1) i el > k2
“ 0 otherwise
20(k/2 — k/26 — ||z|1) if || < k/2 — k/26 — 1
pi= {28(|xly —k/2—k/26+1) if ||z]ls > k/2 + k/26
0 otherwise

Case 3:||y0v||1 = k/2 — 1, ||ylv|1 = k/2

* * * * _
— 0y + ﬂyOv + Qy1y — ﬂylv -
* * _
—o; =B =

-0 = =20

O
Applying lemma 4, we conclude that

S((yo) 1) (g — By

Z 2k—yl -

ve{0,1}F~lvl
> e -
ok—lyl
’U’E{O,l}kf‘ylfl

2k (26)
2k—lyl

0+
5—

= 0

Hence thed,, constraints are all satisfied: In fact, they
are all tight.

The case for the, constraint is even simpler because
the sign fora? is always positive and the sign ot is
always negative. For evenywith

el =1 < k/2-1,

pair z with y such that(x xory) = 111...1 (in other
words,y is the bitwise NOT ofr). Note that

lylh =k—1>k/2+1,
and that

aj =By =0(k—1-20)=6(2(k—1) —k+1) = —24.

This accounts for alt except wheréiz||; = k/2. Inthis
casen, is 0, so we see that thg constraint is satisfied.

Finally, we return to the constraint. Recall that our
lower bound will be(1+ d)p. This constraint is the only
one which limitsu, and we will try to makeu as big as
we can. Hencey = 2%/~ _p%. Viaa series of routine,
but tedious calculations, we can show that

* 2 k
gpz = 5(1+6)(k/2+k/26>

2k 2k
Hence,u = - > -
2. T 821+ 0) (0t 0s)
2k
LPavat = (14+6)p> 7
0 (k/2+k/25)

Using Stirling’s approximation, we get a lower bound
of 0 <6122’“(1H(§(1+§))) . Note that the number of
pointsn = 6(22F).
ﬁnﬂ<1/52). Ford = 1 + ¢ wheree is small, the bound

becomes,z ~O(¢los(1/2))
This concludes the proof of Theorem 1.

For larged, this bound becomes

a

4. Exponential reduction in dimension is im-
possible in¢;

So far we have proved that some series-parallel
graphs do not admit low distortion, low dimension em-



beddings. This is in contrast to Gupta, Newman, Rabi- only constant distortion is allowed. Our results show
novich and Sinclair [12] who prove that series-parallel the following lower bounds on the dimension-distortion
graphs can be embedded idftowith constant distortion  tradeoff for ¢;: (1) for any distortions, the number
(with high dimension). We can go one step further and of dimensionsd = n®(1/5*), and (2) for§ = 1 + «,
provide a family of point sets native t@ which havethe 4 = n3—<1°8(2), For distortion1 + &, the best up-
same properties as the recursive diamond graph. Thisper bound on the number of dimensionsCén logn)
gives our final theorem: (for constantz). Our lower bound is weaker because
the set of points that we use embeds isometrically into
O(y/n) dimensions. It should be possible to improve the
lower bound using a different construction.

Theorem 2 2'I'here arel; metrics ofn points which re-
quirenf?(1/") dimensions if only distortion is allowed.

Proof We build our point set with a construction analo- It would be very interesting to devise a dimension re-
gous to the construction of the recursive diamond graph. duction scheme fof; that requires! = nf(®) dimen-
Let the original edge have end points at 0 and 1. sions in order to guarantee distortion at méstCur-

rently, we know of no non-trivial dimension-distortion
tradeoff. One avenue for progress on this question is
the following: Our lower bounds came from the dual
solutions of certain LPs. and the primal solutions give
stretch limited embeddings for the recursive diamond
1010 graph. Studying these embeddings may give clues for
obtaining dimension reduction results far
Another interesting question is whether our lower
bound n®*(1/5*) can be improved. This is connected
to the following question: How much distortion is re-
quired to embedh points in/; into £,? The current
upper bound ig(logn) (by Bourgain [6]), while the
Figure 4. Using the diamond graph to gen- best lower bound i€ (+/log n) (e.g. the Hamming cube
erate our point set with log n dimensions). It is known that points in/s
can be embedded in&}"*¢™ with distortion (1 + ).
If n points in¢; can be embedded intG with distor-
tion §, this would give/; dimension reduction down
to O(logn) dimensions with distortiord. Note that
d = O(v/logn) corresponds to a dimension-distortion
tradeoff ofd = nC((1°89)/6*)  We know that the recur-
sive diamond graphs, and in fact all planar graphs, em-
¢bed iné; with distortionO(v/log n) by the result of Rao

0 00

=

Our “vertices” will be points in{0, 1}* (that is, ver-
tices of the hamming-cube). To go from levdb level
i + 1, first double the number of dimensions. The ver-
tices of the parent edge are at the pointandy. Re-
place them with the pointsz (x concatenated with)
andyy. The children will be the pointsy andyx. The
level-k recursive diamond graph corresponds to a set o

O(45+1) points in2"+! dimensions. [25]. If we wish to significantly improve the?(1/5%)
lower bound, we will need to study non-planar graphs.

Claim5 Every “edge” in a levelk point set has length Another interesting question is to generalize our di-

1. mension reduction lower bound to &llfor p € (1,2)

Claim 6 Each diagonal at level has lengti2*~? in the
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Appendix hd(e) tl(ex)
0 1
A. Proofs of claims and lemmas 3 N 2 tp(/f2)
mg >0 .
Proof of Claim 1 e I
mge <0
Proof Consider an embeddinginto ¢;. Let p; denote T 2 1 3
theith dimension otr, which we think of as an embed- bi( /) 0
ding into a line. Let’ be the stretch limited embedding bt(f=) ’
with p}(u) = sp;(u), and letw; = L. Letd denotel;
distance (in whatever number of dimensions is appropri- t(ea) hd(e) o
ate), and!’ denote distance in the host space. Then:
5.1 Figure 5. Single dimension of embedded
d(0'(w),0'(v)) = Y =d(pj(u), pi(v)) diamond
i=1
.1
= Y 5 (sdp(u), p(v)))
=1
= d(o(u),0(v))
Since distances are identical ferand o', their distor- mao = p(hd(eso)) = p(tl(ea0))
tions must be equal. = p(hd(e;)) — p(tp(fz))
_ plhd(es)) — plti(es)
= - 2
, p(hd(e.)) + p(tl(ex)

Proof of Claim 2 - 2
Proof Consider a stretch-embedding as a probabil- p(tp(fz)) — p(bt(f:))
ity distribution on line metrics, where each line mejsjc 2
has probabilityw;. To getr dimensions we will sample p(tp(fz)) + p(bt(fz))
m line metricsp; from this distribution, and let dimen- 2
sion i bep; /m. _ Ma ds

Consider the distance of a particular pair of points 2 2
andv in a randomyp; wherei is picked with probability _p(tp(fz)) + p(bt(f:))
w;. The expected distance is exactly the distance be- 2
tweenu andwv in the stretch-limited embedding which p(hd(e;)) + p(tl(ez))
inturn is € [d(u,v)/d,d(u,v)]. The stretch condition + 2
imposes a bound on the variance of this random vari- my  dg
able. If we letm = 8sdlog(n)/e2, the probability T Ty T g e

that for a particular pairwise distance, the average over
m samples is not withinl £ ¢) of its expectation is

at mostl/n2. This follows from a standard Chernoff-
Hoeffding bound. Since there arén — 1)/2 pairs of
points, P[relative error is at most] > 1/2. Hence there
exists an embedding #}" with m = 8s§log(n)/c? and
distortion at mos(1 + ¢).°

The proofs form,1, m,o andm,3 are similar.

d

Proof of Lemma 2

O
Proof We prove this by induction ofx|.

Base Case:Consider|z| = 0. In this casem, = d.
and the statement is true.

Proof We will show the calculation fom, only. Inductive Step: Suppose the statement is true forzall

5Note that if we used the alternate definition of stretch discussed SUCh thafz| = i. Now considenn,, where|z| = i.
earlier, the claim can be strengthened to guarantee an embedding intd=rom Lemma 1, = Ze — % — p . Using the ex-

2 2
(Q(slog /%) pression we have fan,, from the inductive hypothesis,

Proof of Lemma 1




we get:

S(@)y11)d,

m -
@0 2i—ly|

1 (ds

> (w t2
yCx

n Z T(Jierl)ny) dz

- — —— — Ny
2i-lyl-1 @
yCx

2
d.
9it1

2

yCx

2i+1
yExO

>

yCz0

S(I\y\-i-l)dy
2i+1—|y|

>

yCx

T(x|y+1)ny> dy

2

Qit1—[y—1 Mz

S(Ilyl-s-l)dy
2i+1—|y|

1\y|+1 Ny
CQitl—[y[-1

Thus the statement holds for,, as well. Similarly,
we can show that the statement holds#oy,, m.» and
mg3. By induction, the statement of the lemma is true.

a

Proof of Lemma 3

Proof

v
?r‘ =
]

My
{z:z(mod 2)==z}

Using Claim 3, we get the first inequality we need to
prove. Also,

1
w X
{z:z(mod 2)==z}

1
> -5 D

{z:xz(mod 2)==z}

m, |m|

My

Again, using Claim 3 gives the second inequality.

a

Proof of Claim 5

Proof We prove this by induction on the level of the
point set.
Base caseThe original edge in the point set is between
0 and 1.
Inductive step: By the inductive hypothesis, the end

pointsx andy of an edge at level has length 1. The
four child edges at level + 1 are (zz, zy), (zz,yz),
(yy, xy) and(yy, yz). Sinced(z,z) = d(y,y) = 0 and
d(z,y) = 1, d(zz,zy) = d(zz,yz) = d(yy,zy) =
d(yy,yz) = 1.

a

Proof of Claim 6

Proof Again, we proceed by induction on the level of
the point set.

Base caseThe level 0 diagonal in the level 1 point set
is from 01 to 10, which has length 2.

Inductive step: In the levelj graph a levet < j diago-
nal between points andy has lengtt2’ =%, In the level

j + 1 graph these points are replaced with and yy.
d(zz,yy) = 2d(z,y) = 27+t1=% The new diagonals in
the levelj + 1 graph are at level. A given new diago-
nal with parents: andy has end pointsy andyz, and
d(zy,yz) = 2d(z,y) = 2 = 277177 by claim 5.

a

B. Determining weights for individual con-
straints via duality

Consider the LP we used for minimizing the stretch
of a distortiond embedding subject to the derived con-
straint on edges and diagonal lengths. The LP is pre-
sented in Table 5. In contrast to the LP we used
in the proof in the main text, this LP uses weights
A Ao, - - -, Ak—1,7 for the bounds on the average diag-
onal lengths and average edge lengths. We describe
a technique to determine thaptimal values for these
weights.

In order to do this, we consider instead, a closely re-
lated LP (see Table 6) in which the combined constraint
is replaced by individual constraints for the average edge
length and average diagonal lengths at each level. A pri-
ori, it is not clear whether the bound on stretch obtained
by this LP is a valid lower bound on the stretch fof a
distortion embedding. This is because our argument of
the validity of the previous LP used the fact that we had a
single combined constraint. This allowed us to conclude
that there exists a single stretch-limited line embedding
that satisfies this constraint. Nevertheless, we will prove
that the bound produced by this new LP can be obtained
from the previous LP by setting the weights appropri-
ately. (The use oh, Ao, ..., A\x_1,~ for weights in Pri-
mall as well as dual variables for the constraints in Pri-
mal2 is deliberate.)

Consider now the dual to Primal2, given in Table 7.
We look at any feasible solution dual solution to Dual2



Table 5. Primall: The linear program with a combined constraint ( A Ao, ... Ag_1,y are constants)
min s
5 ()\CT* A Y oy dT,) Y ey T 2 A A=y (4]
vz e {0,1}F or—m, >0 [p-]
vz e {0,1}F w4 (% + e, Sgt) 20 o]
d. S(z %
vz e {0, 1} - (%2, ™) 2o [5.]
Table 6. Primal2: The linear program with separate constraints ( A Ao, - - Ag—1,7y are dual vari-
ables)
min s
dietoapm: <1 [l
éds  >1 [A]
Vie{0,....,k—1} 6Zy€{0’1}i dy, >1 [\]
vz € {0,1}* or—m. >0 [p.]
Vz € {0,1}F e+ (%4 D, S R) 20 (o]
d. S(z d,
vz € {0, 1} = (% + 2, SGE™) 20 (8]

and prove that this is a valid lower bound on the value
of Primall. In order to do this, we look at the values of
the dual variableg, \q, ... A\x_1,~y and use them as the
values of the weights in Primall.

Consider the dual to Primall, given in Table 8. Note
that\, Ao, ... A\x_1,y are constants whose values are the
same as the values of the corresponding variables in a
specific feasible solution to Dual2. We claim that there
exists a solution to Duall whose value is equal to the
feasible solution to Dual2. In order to see this, we sim-
ply sety = 1 and use the same values for the rest of the
variables as in the feasible solution to Dual2. Itis easy to
see that all the feasibility constraints are satisfied and the
value of the two solutions is identical. This implies that
Dual2 actually gives a lower bound on Primall for an ap-
propriate setting of weights, Ao, ... Ax—1,~; moreover
these weights are simply the values of dual variables in
Dual2. This is in fact how we determined the weights
used in the LP we presented in the main text.



Table 7. Dual2: The dual linear program for the primal with separate constraints ( A A0y Ak—1,7
are variables)

max A+ Zf;ol i —

vz € {0,1}* —y—p:ta.+6. <0 [m]
ZzE{O,l}’" p. <2 5]
i S((yv)y o —LByv —_
Vy S Uie[o’kfl]{ov 1} 5)‘i + Zve{o,l}k—ly\ ({yo) ‘Qtvlf)\(y\ ) < 0 [@]
oA+ Zze{o,l}k %T_kﬁz <0 [di]

Table 8. Duall: The dual linear program for the combined constraint primal ( A Aoy - Ag—1,y are
constants, p is a variable)

max (A + 3 N — v) I
vz € {0, 1} —yp—p:+a.+8. <0 [m]
Zze{o,1}k p. <2F [s]
Yy € Uicjo -1 {0, 1} ONift+ X gy S eene=Be) <o [d]
S+ D 0.1y %27?2 <0 [di]




