Homology of Tree Braid Groups

Daniel Farley

ABSTRACT. The braid group on n-strands of a tree T, denoted B,T,
has free abelian integral homology groups in every dimension. The rank
of H; (BnT) is equal to the number of i-cells in UC™T, the unlabelled
configuration space of n points on 7', which are critical with respect to
a certain discrete Morse function.

1. Introduction

If ' is a finite graph and n is a natural number, then the labelled con-
figuration space C™I' is the n-fold Cartesian product of I', with the set
A ={(z1,...,2y) | z; = x; for some i # j} removed. The unlabelled config-
uration space UC™T is the quotient of C"I" by the action of the symmetric
group Sy, where the action permutes the factors. The fundamental group
of UC™T (respectively, C"I") is the braid group (respectively, the pure braid
group) of T' on n strands, denoted B,,I" (respectively, PB,TI).

An earlier paper [5] used Robin Forman’s discrete Morse theory [7] (see
also [3]) in order to simplify the spaces UC™T" within their homotopy types.
As a result, it was possible to compute presentations for B, T, where n is
an arbitrary positive integer and 7" is any finite tree. Here similar methods
are used to compute the integral homology groups of any tree braid group,
i.e., any braid group B,T where T is a tree. In fact, the homology of UC™T’
(equivalently, the homology of B, T') can be computed from the Morse chain
complex associated to the discrete flow from [5]. The group of i-dimensional
chains in the Morse complex is the free Z-module generated by critical i-
cells. The main argument in this note shows that the differential maps in
the Morse complex are all 0, so that H; (B,T) is free abelian, of rank equal
to the number of critical ¢-cells. The number of critical i-cells can be readily
computed in individual cases, but here we give an explicit computation only
for the case in which T is 3-regular.
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It is worth mentioning that the Morse-theoretic methods of [5] and the
current note can be applied to the groups B,I' and the spaces UC"I for
any graph I', although the results to date are less satisfactory than in the
specific case of trees.

I thank Lucas Sabalka for participating in a number of conversations on
the subject of this paper.

2. Discrete Morse Theory

The following exposition is taken from [5] and [6] (see also [7] and [3],
which were the original sources for the Morse-theoretic arguments in [6] and
[5]). Let X be a finite CW complex. Let K; be the (finite) collection of the
open i-cells of X. If 0 € K;, 7 € K;+1, and o C 7, then o is a regular face
of 7 if there is a characteristic map h : B! — 7 such that h: h™lo — o is
a homeomorphism and h=! (o) is a closed i-ball.

A discrete vector field V on X is a sequence of partial functions V; :
K; — K11 such that:

(1) each Vj is injective;
(2) if V; (o) = 7, then o is a regular face of 7;
(3) im (V;) Ndom (Vi11) = 0.

(A partial function from a set A to a set B is a function defined on a
subset of A.)

Let V be a discrete vector field on X. A V-path of dimension i is a
sequence of i-cells 0¢, 071, ..., 0, such that if V(o) is undefined, then o1 =
o;, and otherwise ;41 # 0; and 041 is a face of V(0;) (i.e., o541 C V(0y)).
The V-path is closed if o, = 09, and non-stationary if o1 # og. A discrete
vector field V' is a discrete gradient vector field if V has no non-stationary
closed paths.

A discrete gradient vector field on X results in a classification of the cells
on X into three categories: an open cell o is redundant if o is in the domain
of V', collapsible if it is in the range of V', and critical if it is in neither the
range nor the domain of V. The definition of a discrete vector field ensures
that these categories are mutually exclusive, and it is clear that any open
cell of X must be of one of these types.

Choose an orientation for each cell of X, and consider the standard
cellular chain complex of X, denoted C,(X). Let B;(X) denote the standard
basis of C;(X), consisting of positively oriented i-cells of X. Let +B;(X)
denote B;(X)U—B;(X)U{0}. A discrete gradient vector field V' corresponds
to a collection of maps V; : B;(X) — £B;+1(X) satisfying:

(1) if V(bl) = V(bg) 75 0, then b1 = b2;

(2) VV =0;

(3) for any b € B;(X) (i > 0), either V(b) = 0 or b occurs in Vb with
the coefficient —1;

(4) for by, by € B;(X), write by > by if by occurs in 9Vby or Vob; with
a non-zero coefficient and by # bs.
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(a) for each by € B;(X), there are only finitely many b; € B;(X)
satisfying by > by;

(b) the irreflexive, transitive closure of >, also denoted >, is a
strict partial order with no infinite descending chains.

The maps V; may be extended linearly to maps V; : C;(X) — Cit1(X).
The terms collapsible cell, redundant cell, and critical cell have the same
definitions as before, if we use the maps V; : C;(X) — C;11(X) in the earlier
definition.

Let f = 14+ 0V 4+ V0. Thus f : Cu(X) — Cu(X) is a chain map,
called the discrete flow corresponding to V. For any finite chain ¢ € C(X),
there is some m € N such that f™(c) = f™*1(c), so there is a well-defined
chain map f*° : Cy(X) — C.(X) ([6]; Proposition 16). The Morse complex
(M.(X),d,) consists of the groups M;(X), which are defined to be the free
abelian groups on the basis of critical i-cells, together with the differentials
w0 f°°, where 0 is the standard boundary map in cellular homology and
7 Ci(X) — C;(X) is the projection onto the free abelian subgroup spanned
by the critical -cells.

THEOREM 2.1. ([6]; Theorem 18) The complexes <M*(X),5*) and

(Ci(X),0x) have isomorphic homology groups in all dimensions. O

It will be useful to have a somewhat simplified version of the boundary
map in the Morse complex. Let FF =1+ 9V.

LEMMA 2.2.

(1) F* is well-defined. That is, for any finite chain c in C(X), there
is some m € N such that F™(c) = F™*1(c).
(2) TF>®0 = mof>.

PROOF.

(1) If ¢ is a collapsible or critical cell, then V(c) = 0, so F(c) = c. If
¢ is redundant, then the argument of [6], Lemma 14, shows that
either F'(c¢) = 0 or that any redundant cell occurring with a non-
zero coefficient in F'(c) has smaller height than ¢, where height is
as defined in [6]. Since the height is a positive integer, there must
exist some m such that F(c) = F™*1(c); (1) follows.

(2) Pick some finite chain ¢. We can choose m so large that f>(c) =
f™(c) and F*° (9c) = F™ (9c). Thus it is sufficient to show that
™9 = 0f™. But this follows immediately from the identity F'0 =
Of, which follows from the definitions of F' and f.

O
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3. Proof of the Main Theorem

We will apply the discrete version of Morse theory from the previous
section to a certain cubical complex UD"I'. Consider the product

n
Hr.
/=1

This space has a natural cubical structure, in which the cubes are products
of the edges and vertices of I'. Let A’ denote the union of those open cells
whose closures intersect the fat diagonal A:

n
A= {(ml,xg,...,xn) € HF | x; = xj for some i #j} )
=1

Let D"T" denote the space [[" T’ — A’. The symmetric group S, acts on D"T’
by permuting the factors. The action is free by the definition of D"I', and
the quotient is denoted UD"I". The spaces D"I" and UD"T" are “discretized”
versions of the configuration spaces C"I' and UC"I', respectively. Note that
the precise definition of D"I" and UD™"I" depends upon a subdivision of the
original graph I". Aaron Abrams [1] has shown that the discretized configu-
ration spaces are homotopy equivalent with their originals under appropriate
hypotheses:

THEOREM 3.1. [1] For any n > 1 and any graph T' with at least n
vertices, the labelled (respectively, unlabelled) configuration space of n points
on I strong deformation retracts onto D"T" (UD™T) if

(1) each path between distinct vertices of degree not equal to 2 passes
through at least n — 1 edges; and

(2) each path from a vertex to itself that cannot be shrunk to a point in
I" passes through at least n + 1 edges. O

Any graph can be subdivided to satisfy the hypotheses of this theorem,
and we assume from now on that any graph under consideration has already
been subdivided so. We confine our attention to the unlabelled, discretized
spaces UD"T, where T is a (finite) tree. Since the closed cubes of DT are
products (of closed cells) ¢i X ... X ¢, such that ¢;N¢; = (0, the closed cubes
of UD™T can be usefully identified with collections {c1,...,¢,} of closed
cells such that ¢; N¢; = 0.

A discrete gradient vector V on UD"T will be defined using a certain
ordering of the vertices of T. Embed the tree in the plane, and choose a
basepoint * of degree 1. Assign numbers to the other vertices by the following
method: trace the tree, beginning with the vertex *, taking the leftmost turn
at any vertex of degree greater than or equal to 3, and turning around upon
reaching a vertex of degree 1. The vertices are numbered 1, 2, ... according
to the order in which they are first encountered, with the vertex adjacent to
x being numbered 1. If v1 and vy are vertices of T', we sometimes write that
v1 > vg if v1 has a higher number than vo. The edges e of T' are oriented so
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Figure 1

that the initial vertex ¢(e) is farther from * than the terminal vertex 7(e)
(and thus c(e) > 7(e)).
We will need the following technical lemma about the order.

LEMMA 3.2. If e is an edge of T, and vy, vo are vertices of T such that
vy € (1(e),1(e)) = {v € T | 7(e) < v < 1(e)} and vo & (7(e),t(e)), then
v1 and vy are in different path components of T — e. In particular, if ey is
an edge satisfying e; Ne = (), then the endpoints of ey are either both in
(t(e),c(e)), or neither is. O

If v is any vertex of T other than x, then let e(v) be the initial edge of
the unique geodesic issuing from v and connecting to x. If v € {¢1,...,¢,} =
{c1,...,¢n_1,v}, then v is unblocked if {c1,...,cn—1,e(v)} is a cell of UD"T,
ie,ife(v)Nej =0 for j=1,...,n—1. Otherwise, v is blocked.

The discrete gradient vector field V is defined inductively. If ¢ =
{c1,...,¢n} is a 0-cell, i.e., if ¢, co, ..., ¢, are all vertices of T, then Vy(c) is
obtained by replacing the smallest unblocked vertex v of {c1,...,¢,} with
e(v), where “smallest” is meant in the sense of the numbering of vertices. If
there are no unblocked vertices, then V(c) is undefined. Now assume that
Vi—1 has been defined. If ¢ = {c1,...,¢,} is an (i-dimensional) cell in the
range of V;_1, then V;(c) is undefined (this is forced by the definition of
a discrete vector field). If ¢ is not in the range of V;_1, then Vj(c) is de-
fined exactly as in the O-dimensional case; V;(c) is obtained by replacing the
smallest unblocked vertex v of ¢ with e(v), and V;(c) is undefined if there
are no unblocked vertices.

It is proved in [5] that the family of partial functions V are a discrete
gradient vector field. The resulting classification of cells into critical, col-
lapsible, and redundant types is easiest to describe with another definition.
Anedgeeinc = {c1,...,c,} is order-respecting with respect to c if, for every
vertex v in ¢, e(v) Ne = 7(e) implies that v > «(e). Note that the property
of being order-respecting depends very much on the cell ¢, and a given edge
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might be order-respecting in one cell ¢ but fail to be order-respecting in
another cell ¢.

ExXAMPLE 3.3. This example is intended to clarify the notion of “order-
respecting” edge. Consider the discretized configuration space UD?Y, where
the graph Y is simply the capital letter “Y”, consisting of the wedge of three
intervals [0, 1], such that 0 is the wedge point in each. The figure depicts
two 1-cells of the configuration space UD?Y. Note that the numbering of
the vertices is correct for the embedding of Y into the plane and the choice
of basepoint.

* *

Figure 2

The cell on the left, {vy,[v1,v3]}, has an edge, [v1,vs], which fails to
be order-respecting, since e(v2) N [v1,v3] = v1 = 7([v1,v3]), but vo < vy =
t([v1,v3]). The edge [v1,v2] in the cell on the right is order-respecting,.

We have the following theorem:

THEOREM 3.4. ([5], Theorem 3.6)

(1) A cell is critical if and only if it contains no order-respecting edges
and all of its vertices are blocked.
(2) A cell is redundant if and only if
(a) it contains no order-respecting edges and at least one of its
vertices is unblocked OR
(b) it contains an order-respecting edge (and thus an order-
respecting edge e such that (e) is minimal in the set of initial
vertices of order-respecting edges €' of ¢) and there is some
unblocked vertex v such that v < i(e).
(3) A cell is collapsible if and only if it contains an order-respecting edge
e (and thus an order-respecting edge e such that i(e) is minimal in
the set of initial vertices of order-respecting edges €' of ¢) and, for

any v < i(e), v is blocked. O
Here is a simple way to determine whether a given cell ¢ = {c1,...,¢,}
is critical, collapsible, or redundant. Arrange the cells cq, ..., ¢, from least

to greatest, where the edges are to be ordered according to the numbering
of their initial vertices. Now scan the cells beginning with the least and
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proceeding in order to the greatest. If you find an unblocked vertex first,
then the cell ¢ is redundant. If you find an order-respecting edge first, the
cell is collapsible. If you scan the entire list of cells ¢y, . .., ¢,, finding neither
an unblocked vertex nor an order-respecting edge, then the cell is critical.
This way of classifying a given cell is a consequence of the above theorem.

We now turn to a description of the boundary operator in the cellular
chain complex C, (UD"T') of UD"T. Each cell of UD"T is a cube, so we can
use the standard boundary operator for a cubical complex [4]. Let [0,1]%
be a standard k-dimensional cube. Let A; (respectively, B;) be the face
corresponding to freezing the ith coordinate of [0,1]* at 0 (respectively, 1).
With these conventions,

o ([0.1F) = > 1 (4B,

i=1

Identify a given k-dimensional cube ¢ of UD"T with [0,1]* as follows: if
e1,€2,€3,...,¢e, are the edges of c¢ listed in increasing order, i.e., so that
t(er) < tleg) < tlez) < ... < t(eg), then regard e as the first factor in [0, 1]*,
eo as the second, etc., where the initial vertex of an edge e; is identified with
0 (and the terminal vertex of e; is identified with 1). This identification
induces an orientation of each cell in C, (UD™T'). The resulting boundary
operator 0 : C, (UD"T) — C, (UD™T) has the property that opposite faces
of a cube ¢ have opposite signs in dc.

Let ¢ be an i-dimensional redundant cell. According to the classification
of cells, this means that ¢ contains some unblocked vertex, and thus an
unblocked vertex v that is minimal among unblocked vertices in the ordering
(i.e., numbering) of vertices. Define r(c), the elementary reduction of ¢, to
be the result of replacing this minimal unblocked vertex v with the vertex
v1 lying adjacent to v on the geodesic segment [v,*] in T. Note that r(c)
is the face of V(c) opposite to ¢. If ¢ is not redundant, let r(c) = ¢. Since
applying r repeatedly must eventually result in a collapsible or critical cell,
the function r*° is well-defined.

The order defect of a redundant cell ¢ is the difference n(v) — n(vy),
where n(v) denotes the number of v, and the vertices v and v, are as above.
The order defect of a redundant cell is necessarily a positive integer.

The following lemma (cf. [5], Lemma 5.1) simplifies calculations greatly.

LEMMA 3.5. (Redundant cubes lemma for trees)

(1) If the i-cell ¢ contains an order-respecting edge e such that every
vertex v € (1(e),t(e)) Nec is blocked, then wF>°(c) = 0.
(2) If ¢ is any redundant cell, then wF*°(c) = wF*r(c). Thus, in
particular, TF(c) = mF>*r>(c).
PROOF.
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If ¢ contains an order-respecting edge, then it must be collapsible
or redundant. If ¢ is collapsible, then

Fle)=(1+0V)(c)=c+oVV(d)=c.

Thus, there is nothing left to prove when c is collapsible.

We can therefore assume that ¢ is redundant. According to

the classification of redundant cells, ¢ must contain a minimal
unblocked vertex v such that v < ¢(e’), for any order-respecting
edge € in c¢. In particular, the vertex v must satisfy v < 7(e),
since certainly v < «(e) and there are also no unblocked vertices in
(t(e),t(e)). The cell V(c) is obtained by replacing v with the edge
[v,v1], where v; is the vertex adjacent to v on the geodesic from
v to *. The edge [v,v1] must be order-respecting (see [5], Lemma
3.4) and every vertex in V(c) N (v1,v) must be blocked, for oth-
erwise v would fail to be the minimal unblocked vertex in c. We
must have v; < v < 7(e) < t(e). The faces of V(c) (i.e., the cells
occurring with a non-zero coefficient in 9V (c)) are each obtained
by replacing a single edge € in V' (c) with either 7 (€) or ¢ (€). The
result will be to unblock certain vertices which were adjacent to
the edge €, and introduce a new vertex (either 7 (€) or ¢ (€), as the
case may be) which will necessarily be unblocked. It is impossible
to introduce unblocked vertices into both (v1,v) and (7(e),t(e)) in
this fashion, however, and at least one of [v,v1] and e must remain
order-respecting, so each cell occurring in F'(¢) with a non-zero
coefficient will again satisfy the hypothesis on c¢. We conclude by
induction that each cell in F*°(c) satisfies the hypothesis on ¢. This
implies that none of these cells is critical, so 7F'*°(c) = 0.
The proof is by induction on the order defect of ¢. Suppose first that
the order defect of ¢ is 1. Note that V(c) satisfies the hypothesis of
the first part of the lemma, as any collapsible cell must. Since the
order defect of ¢ is 1, there is some edge e in V(c) such that 7(e)
and «(e) are consecutively numbered (and 7(e) < ¢(e)). Such an
edge is necessarily order-respecting in any cell containing it. Every
cell occurring in the chain OV (c) contains the edge e except for
¢ (which occurs with the coefficient —1) and r(c) (occurring with
coefficient 1). Thus,

F(e) = (1+0V)(c) =r(c) + ¢,

where ¢’ is a chain consisting entirely of cells satisfying the hypoth-
esis of part 1) of the lemma. It follows that

F=(e) = F* (r(c)) .

Now suppose that the order defect of ¢ = {cy1,...,ch—1,v} is
k. Let v be the minimal unblocked vertex of ¢. Thus, V(c) =
{c1,¢9,...,¢n—1,e(v)}. The chain F(c) = (14 9V)(c) consists of
the term r(c), as well as a chain consisting of cells ¢ such that é
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is obtained by replacing an edge é # e(v) of {c1,...,cnh-1,€(v)}
with either its initial or its terminal vertex. By Lemma 3.2, either
both endpoints of é are in (v1,v) or neither endpoint is. If neither
endpoint of € is in (v1,v), then the faces corresponding to ¢ (€) and
7 (€) satisfy the hypotheses of part (1) of the lemma. Let ¢’ be the
cellular chain consisting of all such faces. Part (1) of the lemma
implies that 7 F>° (') = 0.

Now consider the other faces of V(¢), which come from replacing
an edge € € V(c) — {e(v)} such that v1 < 7(€) < ¢(€) < v, with
either 7(€) or ¢(€). Each of these cells will be redundant, since
some of the vertices near € will be unblocked. (At the very least,
the vertex 7 (€) or ¢ (&) will have to be unblocked in such a face.)
Any new unblocked vertex in any one of these faces will lie between
v and v in the order on vertices.

Fix a specific edge € such that v; < 7(€) < ¢(é) < v, and
consider the corresponding pair of opposite faces A; and B;. Each
of these cells is redundant. We repeatedly apply the induction
hypothesis, using the fact that the order defect of A;, r (4;), etc.,
is always less than k:

TF> (A;) =7F>r (Aj) = ... =71F>r> (4;).

Similar reasoning applies to the face B;:
7TFOO (B]) = TI'FOOTOO (B]) .
But r*° (A;) = r*°(Bj), and the faces A; and B; appear with op-
posite signs in F(c), so, if ¢” is the chain consisting of the remaining
faces of V(¢), i.e., the ones which correspond to edges € such that
v1 < 7(€) <t(€) <w, then
TF> (c") =0,
since the terms cancel in pairs.
We conclude that
TF®(c) = 7F%r(c)+nF>®(d)+aF> (")
TF*r(c).
This completes the induction.
O

EXAMPLE 3.6. A simple example may help to clarify the proof of the
second part of the above lemma. Refer to the numbered tree in Figure
1, which is correctly subdivided for n = 4. We consider the redundant
cell ¢ = {x,v13,€e16,v19}, where ejs is the edge having vig as its initial
vertex. The smallest unblocked vertex is v19, and the edge e (v19) connects
v19 to wvg, so the order defect of ¢ is 10. If we apply F, we get a chain
consisting of r(c), together with the chains ¢’ and ¢’ (as described in the
proof above). The chain ¢ is 0 in this case. The chain ¢” consists of the
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cells ¢; = {*, v12,v13, €19} and co = {*, v13, V16, €19}, appearing with opposite
signs. The order defect of each is 1. We can repeatedly apply the induction
hypothesis to these cells, since all of the resulting redundant cells have order
defect less than 10 (in fact, the largest-occurring order defect is 4). It is
rather clear that r7°(¢1) = r°°(c2), so we conclude that the terms from ¢”
cancel in

TF®(c) = nF®r(c) + nF> ("),

and the conclusion of the lemma follows for this case.

THEOREM 3.7. For any critical i-cell ¢ in C; (UD™T), where T is a tree,
TF>*9(c) = 0.

In particular, H; (B,T;Z) is free abelian of rank equal to the number of
critical i-cells.

PROOF. Let ¢ be a critical i-cell. We consider pairs A;, B; of opposite
faces in dc. By the description of the cubical boundary operator, these faces
appear with opposite signs in dc. Without loss of generality, assume that
A; ={ci,c,...,¢i-1,0(e)} and Bj = {c1,¢2,...,¢i-1,7(e)}. Since all of the
vertices in the original cell ¢ were blocked, all of the vertices of A; and B;
are also blocked, except for a collection in each clustered around the vertex
7(e). After repeatedly applying r to A; and Bj, the vertices near 7(e) move
until they are all blocked, and we arrive at 7> (A;) and 7> (B;). These are
the same cell. Thus,

TFE® (1) (45 = By)) = (=1) (nF> (4;) — 7F> (B)))
= (=17 (rF*r™ (A)) — mF*r™ (By))
= 0.

The first statement of the theorem now follows by applying the same rea-
soning to each pair of opposing faces.

The statement about homology follows from the fact that the space
UD"T admits a metric of non-positive curvature [1], and thus is aspherical
[2]. As a result, we have

H; (B, T;Z) = H;(UD"T;7Z),
and the rest of the theorem follows. O

4. The Case of 3-regular Trees

The main theorem reduces the problem of computing the homology of
a tree braid group to the problem of counting the number of critical cells
with respect to the discrete gradient vector field V. A general solution to
the latter problem appears to be rather complicated, but it is possible to
give an easy solution in a special case. A tree T is k-reqular if every vertex
of T has degree 1, 2, or k.
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PROPOSITION 4.1. (3-reqular case) If T is a 3-regular tree having V

vertices of degree 3, then H; (B,T;Z) is free abelian of rank < ZV > < ;Z )

PrROOF. We count critical i-cells ¢. Begin by choosing the locations of
the edges e in c. Since these edges must all fail to be order-respecting by
the classification of critical cells, it must be that 7(e) is a vertex of degree
3, for each edge e of ¢. Fix a specific edge e. Suppose that 7(e) = v, where
v has degree 3. There are exactly two possibilities for e: either e lies to the
left of v or to the right. (That is, when we walk from the basepoint * to v,
e lies either to our left or right. This is well-defined since the tree T' comes
with a specific embedding into the plane.) We can rule out the possibility
that e lies to the left of v. In fact, if e were the edge to the left of v, then
7(e) and ¢(e) would necessarily be consecutively numbered, and this would
force e to be an order-respecting edge. It follows that we can identify an
edge e in ¢ by 7(e). Since 7(e) must be a vertex of degree 3, and there are
i edges in ¢ (since ¢ has dimension i), it follows that there are V' choose ¢
possible locations for the edges of c.

Now we choose the locations of the vertices in ¢. The locations of ¢ of
these vertices are already determined by the locations of the edges, and by
the fact that each edge must fail to be order-respecting, i.e., a vertex must
sit at the place adjacent to 7(e) and to the left of it, for each edge e in
¢, for otherwise e would be order-respecting. We’'ve now determined the
locations of 2¢ cells in ¢. Since all vertices in ¢ must be blocked, The cell
¢ will now be completely determined by specifying how many of the n — 2i
remaining cells (all of which are vertices) are in each connected component
of T —{r(e) | e is an edge of c}. There are 2i + 1 such components, so we
must decide how to distribute n — 2¢ indistinguishable vertices among 2¢ + 1
distinguishable connected components. There are exactly n choose 2i ways
to do this. O
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