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EquitablecoloringsMiamiUniversity

Definition

Anequitablecoloringofagraphisapropervertexcoloringsuchthat

thesizesofeverytwocolorclassesdifferbyatmost1.

Letdenotethe-vertexgrapheveryofwhose

componentsiseithera-cliqueora-clique.

An-vertexgraphhasanequitable-coloring

packswith.

Applications:scheduling,partitioning,andloadbalancingproblems;

graphandhypergraphpackingproblems;deviationboundsforsums

ofrandomvariableswithlimiteddependence.
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Agraphmayhaveanequitable�-coloringbuthavenoanyequitable
� ����-coloring.

Let����������	�


�hasanequitable�-coloringforeach���
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Todecidewhetheragraphhasanequitable�-coloringis
��-completeevenfor���.

Thismotivatesextremalproblems:ifagraph�issparse,thenit

haslow�����.

“Sparse”maymean“Lowmaximumdegree”,or“Lowaverage

degree”,or“Lowdegeneracy”,oracombinationofthose,or

somethingelse.
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Theorem10.[Hajnal-Szemerédi]Everygraph�has
��������������

Conjecture2.[Chen-Lih-Wu]Letbeaconnectedgraphwith

maximumdegreeatmost.Ifisdistinctfrom,(for

odd),andisnotanoddcycle,thenhasanequitable-coloring.
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TheChen-Lih-WuConjecturewasproved:

1)For���[Chen-Lih-Wu]

2)Forbipartitegraphs[Lih-Wu]

3)Forintervalgraphs[Chen-Lih-Yan]

4)Forsplitgraphs[Chen-Ko-Lih]

5)Forouterplanargraphs[Yap-Zhang]

6)Forplanargraphs�with�������[Yap-Zhang]

7)Forplanargraphs�with������[Nakprasit]

8)Forgraphs�with����������������
[Kostochka-Nakprasit]
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Ore’sTheorem.Every�-vertexgraph�with
���������� ����foreachedge��packswiththe�-cycle.

Letthetotaledgedegreeofbe

equalsthemaximumdegreeofanedgeofinthetotal

graph.
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Conjecture3.[Kostochka-Yu]Everygraph�with���� ���has
�����������

Note:WecallitanOre-typeconjecture.

Theorem11.[Kierstead-Kostochka]Everygraphwith

has

...

(odd  m)
m,2r−m K

...
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Conjecture4.[K-K]If���andaconnectedgraph�with
���� ���differsfrom���and��������forallodd�,then

�has�������� �

Theorem11.[K-K]Conjecture4holdsfor.

Forodd,theChen-Lih-WuConjecturedoesnotdescribe

disconnectedgraphswithmax.degthatarenotequitably

-colorable.Forexample,foranodd,isequitably

-colorable,butisnot.
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Agraphis�-equitableifis�-colorableandeveryitsproper
�-coloringisequitable.

Observation1:Ifisoddandisthedisjointunionofandan

-equitablegraph,thenhasnoequitable-coloring.

Observation2:Ifaspanningsubgraphofisthedisjointunionof

-equitablegraphsandis-colorable,thenis-equitable.

Clearly,agraphcanbe-equitableonlyforone.Call

equitableifitis-equitableforsome.
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Morebasicequitablegraphs
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Conjecture5.[K-K]If���isodd,thenan�-colorablegraph�

with�������doesnothaveanequitable�-coloringifandonlyif

aspanningsubgraphof�isthedisjointunionof���andbasic

�-equitablegraphs.

Theorem12.[K-K]Foreveryodd,iftheChen-Lih-Wu

Conjectureholdsforgraphswith,thenConjecture5

holdsforgraphswith.

Corollary13.[K-K]Conjecture5holdsfor.
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Conjecture6.[K-K]If���,thenan�-colorablegraph�with
���� ���doesnothaveanequitable�-coloringifandonlyifa

spanningsubgraphof�isthedisjointunionof�������forsome

odd�andbasic�-equitablegraphs.

Theorem14.[K-K]Forevery,ifConjecture4holdsforgraphs

with,thenConjecture6holdsforgraphswith

.

Corollary15.[K-K]Conjecture6holdsfor.
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