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Abstract

A d-simplex is a collection of d 4+ 1 sets such that every d of them have non-empty
intersection and the intersection of all of them is empty. A strong d-simplex is a collection
of d+ 2 sets A, Ay, ..., Agq1 such that {Ay,..., Ag41} is a d-simplex, while A contains
an element of N;x;A; for each ¢, 1 <47 < d+ 1.

Mubayi and Ramadurai [12] conjectured that if K > d+1> 3, n > k(d+ 1)/d, and
F a family of k-element subsets of an n-element set that contains no strong d-simplex,
then |F| < (Zj) with equality only when F is a star. We prove their conjecture when
k > d+2 and n is large. This also yields a shorter proof of a result of Frankl and Fiiredi
[8] when k& > d + 2 and n is large. We also present some results for the case k = d + 1,
including completely proving the conjecture for £ = 3 and all n.

1 Introduction

For any integer k > 2, we denote the family of all k-element subsets of [n] := {1,...,n}
by ([Z]). A family F of sets is a star if there exists an element = that lies in all the
members in F. We say F is an intersecting family if every two of its members have
nonempty intersection. We use |F| to denote the cardinality of F, i.e. the number of
members in F.

The following is one of the most important results in extremal combinatorics.

Theorem 1.1 (Erdds, Ko and Rado [5]) Let n > 2k and F C ([Z]) be an intersecting
family. Then |F| < (zj) If n > 2k and equality holds, then F is a star.

The forbidden configuration in Theorem 1.1 consists of a pair of disjoint sets. A
generalization of this configuration, with geometric motivation, is as follows.
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Definition 1.2 Fix d > 1. A family of sets is d-intersecting if every d of its mem-
bers have non-empty intersection. A collection of d + 1 sets A1, Ag, ..., Agy1 is a d-
dimensional simplex (or a d-simplex) if it is d-intersecting but not (d + 1)-intersecting
(that is, N A; = 0).

Note that a 1-simplex is pair of disjoint edges, and Theorem 1.1 states that if 7 C ([Z])
with n > 2k and |F| > (Zj), then F contains a 1-simplex. In general, it is conjectured
that the same threshold for F guarantees a d-simplex for every d, 1 < d < k — 1. For
d = 2 this was a question of Erdés [4] while the general conjecture was formulated by
Chvatal:

Conjecture 1.3 (Chvatal [2]) Suppose that k > d+1 > 2 and n > k(d+1)/d. If
F C ([Z]) contains no d-simplex, then |F| < (Zj) Equality holds only if F is a star.

Another motivation, see [2, Page 358], is that when we formally let d = k, then we
obtain the famous open problem of finding the Turan function of the hypergraph ([kzl]),
posed by Turdn [15] in 1941.

Various partial results on the case d = 2 of the conjecture have been obtained in
[1, 2, 3, 6, 7] until this case was completely settled by Mubayi and Verstraéte [13].
Conjecture 1.3 has been proved by Frankl and Fiiredi [8] for every fixed k,d if n is
sufficiently large. Keevash and Mubayi [10] have also proved the conjecture when k/n
and n/2 — k are both bounded away from zero.

Mubayi [11] proved a stability result for the d = 2 case of Conjecture 1.3 and con-
jectured that a similar result holds for larger d.

Conjecture 1.4 (Mubayi [11]) Fiz k> d+ 1> 3. For every § > 0, there exist € > 0

and ng = ng(e, k) such that the following holds for all n > ngy. If F C ([Z]) contains no

d-simplex and |F| > (1 — 6)(2:}), then there exists an S C [n] with |S| = n—1 such that
S n—1

70 ()l <0(0)-

Subsequently, Mubayi and Ramadurai [12] proved Conjecture 1.4 in a stronger form
except in the case k = d + 1, as follows.

Definition 1.5 Fiz d > 1. A collection of d + 2 sets A, A1, A, ..., Ag+1 is a strong
d-simplex if {Aq, Ag, ..., Agp1} is a d-simplex, and A contains an element of N A; for
each i € [d+ 1].

Note that a strong 1-simplex is a collection of three sets A, B, C such that AN B
and BN C are non-empty, and ANC is empty. Note also that if a family F contains no
strong d-simplex, then certainly it contains no d-simplex (but not vice versa). The main
result of Mubayi and Ramadurai [12] can be formulated using asymptotic notation as
follows, where o(1) — 0 as n — oc.

Theorem 1.6 (Mubayi and Ramadurai [12]) Fiz k > d+2 > 3. Let F C ([Z])
contain no strong d-simplex. If |F| > (1 — 0(1))(2:}), then there exists an element
x € [n] such that the number of sets of F omitting = is o(n*~1).



Corollary 1.7 (Mubayi and Ramadurai [12]) Fix k > d+2 > 3. Let F C ([z])

contain no strong d-simplex. Then |F| < (1 + 0(1))(2:}) as n — oo.

In [10], a similar stability result was proved when k/n and n/2 — k are both bounded
away from 0 and the result was used to settle Conjecture 1.3 in this range of n.

Let us describe our contribution. First, we observe that Theorem 1.6 does not hold
when k =d+ 1.

Proposition 1.8 Let k = d+ 1 > 3. For every ¢ > 0 there is ng such that for all
n > ng there is a k-graph F with n vertices and at least (1 — ¢) (Zj) edges without a

strong d-simplex such that every vertex contains at most en*~1 edges of F.

The authors of [12] pointed that that they were unable to use Theorem 1.6 to prove
the corresponding exact result for large n (which would give a new proof of the result
of Frankl and Fiiredi [8]). They subsequently made the following conjecture, which is a
strengthening of Chvatal’s conjecture.

Conjecture 1.9 (Mubayi and Ramadurai [12]) Let k> d+1>3, n> k(d+1)/d
and F C ([Z]) contain no strong d-simplex. Then |F| < (Z’j) with equality only for a
star.

In Section 4, we will prove Conjecture 1.9 for all fixed £ > d + 2 > 3 and large n:

Theorem 1.10 Let k > d+ 2 > 3 and n be sufficiently large. If F C ([Z]) contain no
strong d-simplex, then |F| < (z:%) with equality only for a star.

The case k = d + 1 is very interesting (partly because Proposition 1.8 shows that
there are almost extremal configurations very different from a star). In Section 5 we
present a short proof of the following (weaker) bound.

Theorem 1.11 Let k+ 1 = d and n > k. The maximum size of k-graph F C ([Z])
without a strong d-star is at most (kfl)

Working harder on the case k = d+ 1 = 3, we were able to solve it completely for all
n in Section 6.

Theorem 1.12 Let k =3, d =2, and n # 4. The mazimum size of k-graph F C ([Z])
without a strong d-simplex is at most (Z:}) with equality only for a star. If n = 4, then

the mazximum size of F is 4 with equality only for F = ([g]).

Independently of us, Fiiredi and Ozkahya [9] have re-proved our Theorem 1.10 in
a stronger form (but for the same set of parameters: k > d + 2 and n > ng(k)).
Namely, they can additionally guarantee that (in the notation of Definition 1.5) the sets
A1\ A,...; Az1 \ A are pairwise disjoint, while the sets A\ A;,..., A\ Ag41 partition
A and have any specified non-zero sizes. Fiiredi and Ozkahya’s proof, which uses the
Sunflower Lemma, is different from ours.

The problem of forbidding a d-simplex where we put some extra restrictions on the
sizes of certain boolean combinations of edges has also been studied before, with one



particularly interesting paper being that of Csdkany and Kahn [3] who use a homological
approach.

Frankl and Fiiredi’s proof [8] of Chvétal’s conjecture for a d-simplex for large n is
very complicated. Together with the stability result in [12], we obtained a simpler proof
of a stronger result. One key factor seems be that having a special edge A in a strong
d-simplex {A, Aj,..., Ag+1} that contains an element in every d-wise intersection in the
d-simplex {4; ..., Ag41} facilitates induction arguments very nicely. This observation,
already made in [12], further justifies the interest in strong d-simplices.

2 Some Notation and Conventions

As is usual in the literature, a collection F of k-element subsets of a set V' is also called
a k-uniform hypergraph on V| where elements of V' are called vertices (or points) and
members of F are called hyperedges (or simply edges). We usually identify (hyper)graphs
with their edge sets; thus, for example, |F| denotes the number of edges of F.

Let F C ([Z]). Recall that a strong d-simplex L in F consists of d 4+ 2 hyperedges
A, Ay, A, ..., Agyq such that every d of Ay, ..., Agi1 have non-empty intersection but
ﬂ?;rllAi = (). Furthermore, A contains an element of N;x;A; for each ¢ € [d + 1]. This
means that we can find some d + 1 elements v1,vs,...,v441 in A such that for each
i € [d+ 1] v; € NjxAj. Note that vy, v, ..., v441 are distinct because no element lies
in all of Ay,..., Ag41. We call A the special edge for L and the set {vi,va,...,v411} a
special (d + 1)-tuple for L. (Note that there may be more than one choice of a special
(d + 1)-tuple.)

As usual, the degree dr(x) (or simply d(z)) of a vertex z in F is the number of
hyperedges that contain z. For a positive integer p, the p-shadow of F is defined as

Ap(F)={SC[n]:|S|=p,S C D for some D € F}.
Also, we let
Tp+1(F) ={T : T is a special (p + 1)-tuple for some strong p-simplex in F}.

For each p € [k — 2], let
O (F) = [Bp(F) + [Tpa(F)].

Given a vertex z in a hypergraph F, let

F—x = {D:DeF,z¢ D},
Fr. = {D\{x}:DeF,xe D},
Flz) = {DeF:D>uzx}.

For brevity’s sake, we will often write ab and abe for sets {a, b} and {a,b, c}, etc.

3 Proof of Proposition 1.8

We have to show that if kK = d+ 1, then there is no stability. Let ¢ > 0 be given. Choose
large m such that (Z‘__ll ) > (1—¢€/2)(,)",). Let the complete star H C ([ZL}) consist of
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all k-tuples containing 1. Clearly, H has no (k — 1)-simplex. Let n — oco. A result of
Rédl [14] shows that we can find an m-graph F C () with at least (1—¢/2)(,",)/(,",)
edges such that every two edges of F intersect in at most & — 2 vertices. Replace every
edge of F by a copy of the star H.

The obtained k-graph G on [n] has no strong (k — 1)-simplex S. Indeed the special
k-set X of S intersects every other edge of S in k — 1 vertices; thus if X belong to some
copy of the star H, then every other edge of .S belongs to the same copy, a contradiction.

The size of G is at least (1 —¢€/2)(,",)/(,") x (L —¢/2)(,")) > (1 —¢€)(,",). Also,
by the packing property of F, the number of edges of G containing any one vertex is at
most (Z:é) / (Tg__Ql) X (7]2‘__11) < enF~1 when n is large. This establishes Proposition 1.8.

4 Proof of Theorem 1.10

In order to prove Theorem 1.10, we first establish a general lower bound on 9, (F) in
Theorem 4.5, which is of independent interest. Then we will use Theorem 4.5 to prove
Theorem 1.10.

We need several auxiliary lemmas. The first one follows readily from Corollary 1.7.

Lemma 4.1 For each k > d + 2 > 3, there exists an integer nyq such that for all
integers n > nyq if H C ([Z]) contains no strong d-simplex then |H| < 2(2:%)

Lemma 4.2 For every k > p+2 > 3, there ewists a positive constant By, such that the
following holds.
Let ny, p be defined as in Lemma 4.1. Let H be a k-uniform hypergraph with n > ny,

vertices and m > 4(2:}) edges. Then |Tp+1(H)| > ﬂk,pmk%l,

Proof. First note that n < )\kmk%l for some constant A\ depending only on k. Since
m > 4(2:%) and n > ny ,, by Lemma 4.1, H contains a strong p-simplex L with A being
its special edge. Let us remove the edge A from H. As long as H still has more than
m/2 > 2(2:%) edges left we can find another strong p-simplex and remove its special
edge from the hypergraph. We can repeat this at least m/2 times. This produces at
least m/2 different special edges. Each special edge contains a special (p+1)-tuple. Each

special (p+1)-tuple is clearly contained in at most (Z:;’:i) special edges. So the number

of distinct (p + 1)-tuples 7,41 (H) in H is at least m/2(z:£j). Using n < )\k.mk%l, we

get |Tpi1(H)| > 5k7pmﬁ, for some small positive constant 3, depending on k£ and p
only. [ |

The next lemma is a key step to our proof of Theorem 4.5.

Lemma 4.3 Let F be a k-uniform hypergraph and x a vertex in F. Suppose that T €
Tp(F2) NAY(F — ). Then T U{z} € Ty (F).

Proof. Note that F, is (k — 1)-uniform. By our assumption, 7" is a special p-tuple for
some strong (p — 1)-simplex L = {A, Ay,..., A,} in F,, where A is the special edge and
A D T. By definition, {A1,...,A,} is (p— 1)-intersecting but NY_; A; = 0. Suppose that



T = {vi,...,vp}, where for each i € [p] we have v; € NjxA;. Since T' € Ay(F — x),
there exists D C F — x such that T' C D.

For each i € [p], let A} = A; U{z}. Let A, = D and A" = AU {z}. Let
L'={A"A},... A1} € F. Weclaim that {A7,..., A}, } is a p-simplex in F. Indeed,
x € Mi_Aj. Also, for each i € [p], vi € NjepyipiyA)j. So, {AL,..., A, 4} is p-
intersecting. Since NY_; A; = 0 the only element in NY_; A} is 2. But = ¢ D since
D€ F —x. So NP1 AL = (. This shows that {4}, ... , A1} is a p-simplex in F.

Now, let T/ = T U {z} = {z,v1,...,vp}. Then A’ contains 7". Let v,y = x. For
all i € [p + 1] we have v; € Njeppr1)\(ipA). Since A’ contains vi,...,vp41, L' is a strong
p-simplex in F with T” being a special (p + 1)-tuple. That is, T € Tp41(F). [ ]

Lemma 4.4 Let k> j > 2. Let F be a k-graph and let x be a vertex of F. Then
0;(F) = 0;(F — x) + 0;_1(Fz).
Proof. We want to prove that
|Aj () 1 Tr(F)] 2 |4 (F = 2)| + [T (F — o) + |81 (Fo) | + 1T (Fe). (1)

Let T' € T;(F,); that is, T is a special j-tuple in F,. If T € A;(F — z), we say that
T is of Type 1. If T ¢ A;(F — z), we say T is of Type 2. Suppose 7;(F,) contains a
Type 1 special j-tuples and b Type 2 special j-tuples. Then a + b = |7;(F,)|.

For each Type 1 special j-tuple T' of F,, by Lemma 4.3, T U {z} € T;41(F). Fur-
thermore, it is not in 741 (F — ) since T'U {z} contains x. Hence

T2 () 2 T2 (F — 2)| + a. (2)

For each Type 2 special j-tuple T of F,, we have T" € A;(F) since T is contained
in some special edge in F, which in turn is contained in some edge of F. Also, by our
assumption about Type 2 special tuples, ' ¢ A;(F — x). Furthermore, T is not of the
form S U {z} since it does not contain x. Also, for each S € A;_1(F;), SU{z} is an
element in A;(F) that is not in A;(F — x). Hence,

1A (F) = [Aj(F = 2)| + |81 (Fz)| + . 3)

When we add (2) and (3), we obtain the desired inequality (1) completing the proof
of Lemma 4.4. [

Theorem 4.5 For all k > p+ 2 > 3, there ewists a positive constant cy p such that the
following holds: if F is a k-uniform hypergraph and m = |F| then 05 (F) > ck’pm%.

Proof. Let us remove all isolated vertices from F. Let n denote the number of remaining
(i.e. non-isolated) vertices of F. Let nj, be defined as in Lemma 4.1, which depends

Nk,p

only on k and p. Suppose that n < ny . Since clearly m < (Z) < ( b ), mET is upper

bounded by some function of & and p. Hence, 8;(.7-" ) > ozkvpmﬁ, for some small enough
constant oy ,. So, as long as we choose ¢ ;, so that ci ), < oy p, the claim holds when



n < nyp. To prove the general claim, we use induction on p. For each fixed p, we use
induction on n noting that when n < ny ;, the claim has already been verified.
For the basis step, let p = 1. Let ¢ 1 = min{ay 1, Bx,1,1/4}, where (1 is defined in

Lemma 4.2. First, suppose that m < 4(2:}) < 4n*=1. Then n > (m/4)ﬁ > mﬁ/él
We have 0 (F) > |A(F)| =n> ck’lmﬁ.

Next, suppose that m > 4(2:%) By Lemma 4.2, 0f(F) > |Ta2(F)| > ﬂk’lmﬁ >
ckvlmﬁ. This completes the proof of the basis step.

For the induction step, let j > 2. Suppose the claim holds for p < j. We prove the
claim for p = j. We use induction on n. Let

. 1 /1 Aol
Ck,j = min § ok j, B4, % <2> Ch—1,j—1 ¢ -

Suppose the claim has been verified for k-uniform hypergraphs on fewer than n
vertices. Let F be a k-uniform on n vertices. Suppose F has m edges. Suppose first

that m > 4(’];‘:}) By Lemma 4.2, 95(F) > |Tj+1(F)| > ﬂk’jmk]j > ckvjmﬁ.

n—1

1
Next, suppose that m < 4(k 1) < 4n*~1. Then n > m#1 /4. Hence, the average

degree of .7-" is km/n < 4k‘mk T Let x be a vertex in F of minimum degree d. Then
d< 4kmk T
Note that F, is (k — 1) uniform with d edges. By induction hypothesis, we have

j—1(~7::c) > Cp—1,j— 1dk 2 Also, F — x is a k-uniform hypergraph on fewer than n

vertices (and has m — d edges). By our assumption, 8;-‘(.7—"— x) > ¢ j(m— d)ﬁ. Hence,
by Lemma 4.4 we have

j—1

8;‘(}“) > ck’j(m — d)ﬁ + Ckfl,jfldif?. (4)

Recall that d < Akmi= Also, d < km/n. Since we assume n is large (as a function of
k), we may further assume that d < m/2.

Claim 4.6 We have ci j(m — d)FT + cp_1 j_1d*=2 > ¢ jmF-1.

Proof of Claim. By the Mean Value Theorem, there exists y € (m —d,m) C (m/2,m)

such that ckjmk T — ckj(m d) 0= = cpy-d- ﬁ . yﬁ_l. It suffices to prove that
k—j—1 —j—1
~! This is equivalent to cx_1 -1y T > g d = .

Ch— 1dk2>ij‘d y 1ykl

Slnce y>m/ 2 and d< 4kmk i , one can check that the last inequality holds as long as
k—

Crj < ﬁ(l) = Ck—1,j—1, which holds by our choice of ¢ ;. [ |

By Equation (4) and Claim 2, we have 95 (F) > c;w-mm. This completes the proof.
|

Lemma 4.7 Letk>d+2> 3. Let F C ([Z]) contain no strong d-simplex. Let x € [n].

Let U = {ui,...,uq} € Ag(F —x) N Ay(Fz). Let A,B € F withx € A,x ¢ B and

UCANB. Let W C [n]\ (AU B) such that |W| = k —d. For each i € [d], let
v = ({x} UUUW)\ {u;}. Then for at least one i € [d], we have Ely, ¢ F.

7



Proof. Suppose otherwise that for all ¢ € [d], E{/V € F. Consider the collection
{A,B,E},,...,E4}. We have N¢_ E¥, = {z} UW. For each i € [d], ﬁj¢iE€V =
{z,u;} UW and so (ﬁj;,,giE{/'V) N B = {u;}. This also implies that (N¢_,E%,) N B = 0.
Hence {B, E}y,, ..., B4} is d-intersecting but not (d + 1)-intersecting. That is, it is a d-
simplex. As A contains an element of each d-wise intersection among { B, E%V, e ,E“fV},
these d + 2 sets for a strong d-simplex, contradicting F having no strong d-simplex.
|

Now, we are ready to prove Theorem 1.10.

Proof of Theorem 1.10: Given d and k, let n be large. Suppose on the contrary that
F C ([ZH) contains no strong d-simplex, |F| > (Z:}), and F is not a star. We derive
a contradiction. By Theorem 1.6, there exists an element x € [n] such that |F — z| =

o(n*F~1) (that is, almost all edges of F contain x). Let

B = F-ux
M = {De([?):xep,pgéf}.

We call members of B bad edges and members of M missing edges. So, bad edges
are those edges in F not containing x and missing edges are those k-tuples containing

x which are not in F. Since (Zj) < |F| = (Zj) — M| + |B|, we have |B| > |M|. Let

b = |B|. By the definition of z,
b=o(nF1). (5)

By Theorem 4.5, |Ag(B)| + |Tas1(B)| = 95(B) > cpqb*1. Since B C F, B contains
no strong d-simplex. So, |Zz4+1(B)| = 0. It follows that
1Ad(B)] > b
Let
S1 = Ad(B) \ Ad(]:x) and Sy = Ad(B) N Ad(]:x)
We consider two cases.
Case 1. |S1| > |A4(B)|/2.

For any C € S; and a set W C [n] \ (C U {z}) of size k — d — 1, the k-tuple
D = {2z} UC UW does not belong to F because C ¢ Ay(F;). So D € M. Doing this
for each C' € S yields a list of (Z:gj)\Sﬂ edges (with multiplicity) in M. An edge

D ={z,y1,...,yx—1} may appear at most (kgl) times in this list, as it is counted once
for each d-subset of {y1,...,yx—1} that appears in Sj. Therefore,
n—d
S
T L (6)

k—1
("2)
for some properly chosen small positive constant ¢ (depending on k only). Solving

Equation (6) for b, we get b > ¢ - n*~! for some small positive constant ¢. This
contradicts Equation (5) for sufficiently large n.

Case 2. |S2| > |Aq(B)|/2.



By Lemma 4.7, for every d-tuple C' € Sy we may find two edges A, B € F such that
every (k—d)-set W C [n]\ (AU B) contributes an edge to M. So, we obtain a collection
of at least (72__2;) |S2| members of M. Pick an edge D = {x,y1,...,yx—1} and consider its
multiplicity in this collection. D may appear each time (d — 1)-subset of {y1,...,yx_1}
belongs to some d-tuple in So. There are (Zj) such subsets and each may be completed
to form a d-tuple in n — d + 1 ways by picking the remaining vertex. So,

(Z:Qdk) ‘52’
(n—d+1)(57) ~

_d_ —d—
A opE1 . pkd 1’

b> M| >

for some small positive constant ¢”. From this, we get b > ¢ - n*~1, for some positive
constant ¢”’, which again contradicts Equation (5) for sufficiently large n. This completes
the proof of Theorem 1.10. [ ]

5 Proof of Theorem 1.11

Here is the main lemma.
Lemma 5.1 Let k > 2 and let H C ([Z]) be arbitrary. Then 0;_,(H) > [H|.

Proof. We use induction on k. Lemma 4.4 gives us the induction step. So all that
remains to do is to establish the base case k = 2.

Let k£ = 2. It is enough to prove the inequality for each connectivity component of
the given graph H. So we can assume that H is connected. Here, 0;_,(H) counts the
number of vertices of H plus the number of special pairs. If n < 3, then an easy case
analysis gives the result (with equality being attained by the triangle only).

So, suppose that n > 4. Pick a spanning tree 7" in H such that erV(T)(dT(a:))2 is
smallest possible. Take any edge xy in H but not in 7. We claim that we can always
choose distinct 2,y € {z,y} such that x2’ and yy’' are edges of H. If not, then both x
and y have degree 2 in H and, moreover, they share the same common neighbor z. Also,
both edges zz and yz belong to the tree T'. Since the connected graph H has more than
3 vertices, the degree of z in T is at least 3. But if we replace the edge xz of T by zvy,
then we strictly decrease erV(T)(dT(x))Qv a contradiction.

Thus every pair in H \ T is special and

O (H) =z n+ (H| - |T|) = [H]+ 1,

that is, we even get a strictly larger bound. This proves the base case £k = 2 and the
lemma. ]

Now, Theorem 1.11 trivially follows from Lemma 5.1: if F C ([Z]) has no strong
(k — 1)-simplex, then it has no special k-tuples and, by Lemma 5.1

Fleaa@ (")



6 Proof of Theorem 1.12

Informally speaking, we want to improve Theorem 1.11 by an extra additive term n—1. If
we had been able to strengthen the conclusion of Lemma 5.1 for k = 2 to 07 (H) > |H|+1,
this would have sufficed for the upper bound on Theorem 1.12. However, the union of
disjoint triangles shows that that this strengthening is impossible. Yet, one can show
that (modulo isolated vertices) this is the only ‘counterexample’. So, in order to prove
Theorem 1.12 we unfold the induction step of Lemma 5.1 (from k& = 2 to k = 3) trying
to argue that whenever the current link graph F, is the union of triangles, we gain extra
+1 somewhere else. Another difficulty we face is that some vertices of F may become
isolated and we do not have the gain of +1 for these vertices. In order to take care of all
these issues, we have to account for a few other special configurations F,, introducing
more exceptional cases and making the proof much longer (and requiring that F has no
strong 2-simplex). But the main idea is the same as in the proof of Section 5.

6.1 Auxiliary Results

Let us state some auxiliary results that we will need.

Let us define a function f : N — N. To define f(s) for an integer s > 2, pick the
maximum integer ! such that (é) < s and let f(s) = 1. The cases s =0 and s =1 do
not fit into the general pattern: we let f(0) =0 and f(1) = 1.

Lemma 6.1 Let G be a graph with v > 2 non-isolated vertices and e edges. Let s =
e—v+ 1. Let p be the number of special pairs, that is edges xy € G such that for some
distinct o', y' & {x,y} we have xa',yy' € G. Also, let us agree that each isolated triangle
contributes an extra summand 2 to p.
If s >0, then
pt+v—e— f(s)—1>0. (7)

Proof. We prove the lemma by induction on v > 2. The proof is rather routine. But
since the cases s < 1 and isolated triangles have to be treated in a special manner, we
include the complete case analysis.

If v < 3, then (modulo isolated vertices) G is one of the following graphs: Ko, K3,
or the 2-path P5. The left-hand side of (7) becomes correspondingly 0 +2 —1—0 — 1,
243-3-1—-1,and 0+3—-2—-0—1 and (7) is in fact equality here.

Let G be an arbitrary graph with v > 4 non-isolated vertices and suppose that the
lemma holds for all smaller values of v. Clearly, we can remove all isolated vertices from
G. Let f = f(s).

If G has an isolated edge zy, let G’ = G — 2 —y. Thenv' =v—-2>2, ¢ =e—1,
p=p s =5+1>0,and f' > f. Thus

ptv—e—f—-1>p+@W+2)—(+1)—f —-1>1>0,

as required, where we used the induction assumption applied to G’. So, assume that G
has no isolated edges.

Suppose next that G has a vertex x of degree 1. Let G’ = G —x. Since we have ruled
out isolated edges, we have v/ =v —1> 3. Also, e’ =e—1,p' <p, s =s,and ' = f.

10



By induction,,we obtain the required:
prtv—e—f—1>2p + W +1)—(+1)—f —1>0.

Thus we can additionally assume that the minimum degree of G is at least 2.

If G has an isolated triangle, say on abe, then for G’ = G—a—b—c we have p’ = p—2,
vV=v-3,¢ =e—3,5 =s,and f' = f. Since v > 4 and G has no isolated vertices, we
have v' > 2. Thus the induction hypothesis applies and we get

prtv—e—f-1=@ +2)+ @' +3)—(+3)-f+1>2>0, (8)

as required. So, suppose that G does not have an isolated triangle.

Suppose there is a triangle on abc such that d(a) = d(b) = 2. By above, d(c) > 3.
Let @ =G —a—b—c. Then p’ < p— 2 (we lose the special pairs ac, bc and perhaps
some others). Since §(G) > 2, we have v' = v —3 > 2. Also, ¢ <e—3, s > s, and
f' > f. The induction hypothesis applies to G’ and are done (like in (8)).

Since we have ruled all above cases, it follows that every edge xy of G is a special
edge, that is, p = e. If G is not connected, we can define a new graph G’ by identifying
two vertices from two different components of G, with the effect that v/ =v —1, ¢ = e,
and s’ = s — 1. Again, we are done by induction applied to G.

So assume that G is connected. Given v, we have s < (%) — (v — 1) = (“;'). Thus
f(s) <wv—1. Since p = e, we conclude that p+v —e — f —1 > 0, finishing the proof of
the lemma. ]

Lemma 6.2 For any integers s1, sy > 0, we have
f(s1+52) < f(s1) + f(s2). (9)

Proof. Without loss of generality, assume that s; < so. If 57 = 0, then inequality (9)
becomes f(s2) < f(s2). If s; = 1, then inequality (9) becomes f(1 + s2) < 1+ f(s2),
which is easy to verify. So suppose that s; > 2. For ¢ = 1,2, denote I; = f(s;). By the
definition of f we have s; < (l";l) — 1 for ¢ = 1,2. If inequality (9) is false, then we get
f(s1+s2) > 11 + Iy + 1, which implies that s; + s > (l1+122+1). Thus

lh+1 14 la+1 1> l1+l2+1.
2 2 2

When we simplify, we get —3/2 > [1l5, a contradiction. ]

6.2 Proof of Theorem 1.12: Putting All Together

Let F be a 3-graph on [n| with (";1) edges that does not contain a strong 2-simplex
nor isolated vertices. We will argue that F is the complete star (i.e. it consists of all
k-tuples that contain some vertex x). Since, for n # 4, the addition of any edge to this
hypergraph creates a strong 2-simplex, the theorem will follow.

We will iteratively apply the following procedure.

Initially, let /; = F, i =1, and I = 0.

11



Let i > 1 and F; be the current 3-graph without a strong 2-simplex with n — ¢ + 1
vertices none of which is isolated. Add 7 to I and let z; denote a vertex of F; of the
minimal degree; call this degree d;. We are going to specify a set R; C F; of edges and
aset P, C (V(Qf")) of pairs (see below). Then we let 7] = F; \ R; and let V; consist of
all isolated vertices of F]. Since R; will contain all edges of F; incident to z;, the vertex
x; belongs to V;. We label the elements of V; \ {x;} as z;41,...,z; (in any order); thus
j=1+|Vi| — 1. Then we let Fj+1 be obtained from F; by removing all edges in R; and
all vertices in V;. If Fj;1 has no edges (and thus no vertices by the definition of V;),
then we stop; otherwise we let i = j + 1 and iterate.

Let us describe how F; and R; are constructed. Let

P} = T((Fi)x) U{yzi |y € Ar((Fi)a,)}

where, as before, (F;)z, is the link 2-graph of z; with respect to F;, 73 is the set of
special pairs in strong 1-simplices, and A; is the j-shadow.

We have the following four mutually exclusive cases.
Case A (F;), has at least one isolated triangle. Initially, we let R; = F;(x;) (the set
of all edges of F; containing z;) and P; = P/. Then, for every isolated triangle in (F;)a,,
say on vertices abc, we add pairs ab, ac, bc to P; and, if abc € F;, we also add the triple
abc to R;.

Case B (F;),, is an isolated edge ab plus some isolated vertices (and no other edges).
We let R; = R} consist of the single edge abz;. If the pair ab belongs to the 2-shadow of
Fi — x;, we let P; = P/ = {x;a, x;b}; otherwise, we let P; = P/ U {ab} = {x;a, x;b, ab}.

Case C (F;),, is a star with center y with at least 2 edges and every triple of F; that
contains y also contains x;. We let R; = (F;),, and let P; consist of the pair z;y plus all
pairs z;z and yz over all z such that z;yz € F;.

Case D None of Cases 1-3 holds. We let R; = F;(x;) and P, = P.

Note that P/ C P; and F;(z;) C R; in each case. Let us state the properties that we
will need as separate claims.

Claim 6.3 For every two consecutive i,j € I, i < j, we have P; C Ao(F;) \ Ao(F;). In
particular, the sets P; C ([Z}) over i € I are pairwise disjoint.

Proof of Claim.The inclusion P; C A(F;) is obvious from the definition. (In fact, we
have P; C Ay(R;).) On the other hand, let ab € P; with = ¢ {a,b}. If ab € P/, then
it cannot belong to the 2-shadow of F; — x; 2 F; because this would create a strong
2-simplex in F;. The same applies when ab is an edge of an isolated triangle (when we
are in Case A). Otherwise, we are in one of the special Cases B-C and the claim follows
from the definition of P; and R;. [ |

Let us call i € I good if |P;| > |R;| + |V;| and bad otherwise.

Claim 6.4 Ifi € I is bad, then one of the following situations takes place:
Case I: (F;)s, is an isolated triangle on abe plus isolated vertices, abe € Fy and |V;| = 3.

Case II: Same as Case I except |V;| =4 (thus V; = {x;,a,b,c}).
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Case III: (F;),, is an isolated edge ab, plus isolated vertices, and V; = {x;,a,b}.

Proof of Claim.Let i € I.

First, let us show that if x; has degree at least 4 in JF;, then 7 is good.

Suppose first that V; = {x;}. Let ¢ be the number of isolated triangles in (F;),. Any
isolated K3 contributes at least 6 pairs to P; and at most 4 triples to R; (so it increases
the difference |P;| — |R;| by 2).

Let H be obtained from (F;), by removing all isolated triangles and isolated vertices.
Let H have v vertices and ¢ connectivity components. Let F' be a maximal spanning
forest in H (thus F' has v — ¢ edges) such that > .y(p) (dp(z))? is minimized. Let
xy € H \ F. By the maximality of F, each of x,y has degree at least 1 in F. If there
are edges xa',yy € F with z,y,2’,y’ pairwise distinct, then zy is a special pair in a
1-simplex of H, so xy € P;. If not, then z,y have the same unique F-neighbor z. But if
dr(z) = 2, then xyz forms an isolated triangle (which contradicts the definition of H)
and if dp(z) > 3, then by replacing xz by xy in F, we strictly decrease ZIGV(F) (dp(x))?,
a contradiction again. Thus H \ F' C P;,. We conclude that

|Pi| —|Ri| = |Vi| > (|[H\ F|+v+6t)—(|H|+4t)—1> |H|—(v—c)+v—|H|—-1 > 0. (10)

Thus the index 7 is indeed good.

Next, suppose that |V;| > 2. Let y € V; \ {z}. It is impossible that there is some
edge D € F; that contains y but not . Indeed, then D € R; and the only possibility
is that y is a vertex of an isolated triangle of (F;);,. But then the degree of y in F; is
at most 3, contradicting the fact that x; was chosen to be a vertex of F; of the smallest
degree. Thus (F;),, is a star centered at y. Let e be the number of edges in (F;)q,.
Since e > 4 > 1, we have V; = {z,y}. This is Case C, in which every edge yz of (F;),
contributes two pairs, namely zz,yz to F;. Here

1P|~ |Ri|— [Vi| = (2e +1) —e—2=e—1>0, (11)

and 7 is good.

Thus it remains to consider the cases when d;, the degree of x; in JF; is at most 3.
The case analysis is fairly routine here but we include it for the sake of completeness.

Suppose first that d; = 3 and (F;), is an isolated triangle on abe plus isolated vertices
(Thus we are in Case A.) If abc ¢ F;, then none of a,b,c belongs to V; (otherwise this
vertex has degree 2 < d;, a contradiction); here |P;| — |R;| — |[Vi| =6 —3—1>0so0 i is
good. If abc € F;, then |P;| — |R;| — |V;| = 6 — 4 —|V;], so i is good unless |V;| > 3 (when
we are either in Case I or II).

Suppose that d; < 3 and (F;),, is a forest.

Suppose also that |V;| > 2. Here (F;),, is a star, say with e edges. If e > 2, then
we have Case C, |V;| = 2, and the estimate (11) applies, showing that ¢ is good. If
e =1 (i.e. we are in Case B), say yz is the only edge of (F;)s,, then the pair yz cannot
belong to the 2-shadow of F; — z; (otherwise y,z ¢ V; and |V;| = 1). By definition,
P; includes pairs z;y, x;2z, and yz. Also, R; consists of the single triple z;yz. Thus
|Pi| — |Ri| — |Vi| =3 —1—|V;| and i is bad only if |V;| = 3, which is exactly Case III.

It remains to consider the case V; = {z;}. Here, (10) applies (with ¢ = 0) and 7 is
good. [ |

Let x4y =zifx >0and x4 =0if 2 < 0.
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Lemma 6.5 Let ¢ € I be good. Then
[Pl > Rl + [Vi| + f((|Rs] =n+i41)4). (12)

Proof. ~ 'We have some cases. Let G = (F;),,. We will use notation of Lemma 6.1:
namely, the variables v, e, s, p are defined with respect to the graph G. Let t be the
number of isolated triangles in G. For example, p + v = |P/| + 3t.

Case 1 All edges in R; contain x;.
Here e = |R;|.
Case 1.1 V; = {x;}.
We have s = e —v+ 1 > |R;] —n+1i+ 1. By the monotonicity of f, we have

f(s) > f((|Ri] —n+1i+ 1)4). The claim follows from Lemma 6.1. (Note that each
isolated triangle contributes at least 2 to p — e + v.)

Case 1.2 V; contains another vertex y # x;.

Since z; has the minimal degree in F;, the 2-graph G is a star centered at y. In the
notation of Lemma 6.1 applied to G, we have v = e+ 1, s = 0, and f(s) = 0. The
required inequality (12) follows, for example, from our assumption that i is good.

Case 2 There is abc € R; such that x; & abc.
This implies that ¢t > 1 (i.e. G has isolated triangles) and we are in Case A.
Case 2.1 (G is an isolated triangle one abc, plus isolated vertices.

Let j = |Vi|. We have j < 2 for otherwise we are in Cases I or II and ¢ is not good.
Here V; contains vertices x;,...,%;+j—1. The removals associated with the index ¢ € I
cannot result in the empty 3-graph (otherwise |V;| = 4 and ¢ is bad). So, if j = 1,
then ¢ < n —4. Also, if j = 2, then i < n — 5 (because z; has the smallest degree in
Fi). We can re-write these observations as i < n — j — 3. Also, |R;| =4, |P;| = 6, and
f(|Ri| =n+i+1)y) = f((5—n+1i)y). This is at most f((2—j)+) = f(2 —j) by the
monotonicity of f. It is enough to show that

6>4+4j+f(2-))
But j can assume only values 1 and 2, when the required inequality becomes equality.

Case 2.2 t > 1 and G has at least 4 edges.

Since x; has the minimal degree in F;, we have |V;| = 1. All edges from R; that do not
contain x; come from isolated triangles in GG. The contribution of each such triangle on
abc to |Pj| —|R;| —|V;| is 3 if abc & F; and 2 if abc € F;. In any case, it is at least 2. But 2
is exactly how much each isolated triangle contributes to p in the setting of Lemma 6.1.
So we can remove all isolated triangles from G. If the obtained graph is empty, we have
s=1, f(s)=1,t>2,and |P;| — |Ri| — |Vi| — f(s) =6t —4t —1—1 > 2 > 0. Otherwise,
we apply Lemma 6.1 the same way as in Case 1.1. [ |

Let B = B1 U By U Bg C I be the set of all bad indices, partitioned into 3 sets
depending on which one of Cases I-III takes place. Let b; = |B;|. Let

s= S (Ril—n+i+1). (13)
icI\B
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We have (with explanations following afterwards):

Fl = > IR

el
= 4b; + 4by + b3 + Z | R;|
icI\B
< dby+4by+b3+ Y (B = Vil = f((Ril = n+i+1)y))
icI\B
< by+2bp+bg— f(s)+ Y |P= > Vil
el i€l

< b1+2b2+b3—f(3)+<72l) —n.

The first two equalities follow from the fact that R;, ¢ € I, partition F. The first
inequality follows from Lemma 6.5. The second inequality is derived using Lemma 6.2;
moreover we have also used the following identities: for j = 1,2,3, the sums ) . B, | P |

and Zjij |Vj| are respectively 6b1, 6ba, 3bs and 3bq,4b, 3bs; thus

Y (Bl = |Vil) = =3b1 = 2ba + Y[ = ) |Vil.

i€I\B i€l el

The last inequality uses the fact that P;’s are pairwise disjoint subsets of ([g]) while V;’s
partition [n].
Thus

<n;1>:]f!§b1+262+b3—f(5)+(n;1>—1 (14)

At the very end (the last step when all edges disappear), we must have either Case
IT or Case IIT (when either n —4 € By or n — 3 € Bs).

Roughly speaking, the idea now is that each bad index i has a very small |R;| (at
most 4). On the other hand, we have

Z\Ri\:]}"\:(n21>:(n—2)+(n—1)+...+1. (15)
i€l
Thus if many indices are bad then the ‘positive surplus’ s defined by (13) is large and
the term — f(s) compensates for this. Let us formally carry out this argument.

Let us first analyze the case when n —2 € Bs (that is, at the last step we remove the
single remaining edge). Letting R; = () for i & I, we rewrite (15) as

n—2 n—2 n—2

0=> (|Ri|-n+i+1)=> (IRi|-n+i+1)y =3 (n—|Ri|—i—1); = s, —s_. (16)
i=1 i=1 i=1

The contribution of the bad indices to the term s_ = Z?;f(n —|Ri| —i—1)4 is

ZieB(ijem (n—j—1) — |R;|)+. This is smallest possible when all 3b; + 4bs + 3b3
vertices associated with the bad indices come at the very end. Thus this is at least

3b1+4bo+3b3
by + 4by + 3b3 — 1
i—2) | = 3b, — 4by — 3b3 = 3b1 4 4bs + 3b3 — 3by — 4by — 3bs.
2
=3
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By (16), we conclude that s > s, where

o e <3b1 + 4by 4+ 3b3 — 1

) ) — 3by — 4by — 3. (17)

This and (14) imply that
b1+ 2b2 + b3 — 1 > f(s) > f(s). (18)

By the definition of f, we conclude that

(19)

2

o (3b1 + 4by 4+ 3b3 — 1
- 2

by + 2by + b
)—3b1—4b2—3b3§<1+ 2+3>—1.

Claim 6.6 The only feasible solution to (19) in integers by > 0, bg > 0, by > 1 is
(b17b27b3) = (0707 1)

Proof of Claim.Let us rewrite (19) as Q(by, b2, b3) < 0 where @ is some quadratic form.
We have Q(0,0,1) = —1. Also, the partial derivatives of @) are

0Q

— = &b 106 8bs — 7
b, 1+ 2 + 303

0

—Q = 10by + 12b9 +10b3 — 9
Oby

0

7Q = 8b; + 10by + 8bg — 7.
Obs

Clearly, each derivative is positive when by + by + b3 > 1. Hence the minimum of @ over
integers by > 0, be > 0, and b3 > 1 with (by,be,b3) # (0,0,1) is achieved at one of the
points (1,0,1), (0,1,1), or (0,0,2). But the values of @) at these points are 4, 6, and 4

respectively, each contradicting inequality @ < 0. The claim is proved. [ |
Thus by = be = 0 and b3 = 1. Note that f(s) = 0 (otherwise (18) is false) so s = 0.
Thus s_ = 0. If |V;| > 2 for at least one good index i € I, then we are in one of Cases

A—C which easily implies s_ > 0, a contradiction. Thus s; = 0 and each R; has exactly
n — i — 1 triples. Let us prove by induction on ¢ = n — 2,n — 3,...,1 that F; is the
complete star. This is true when ¢ = n — 2 when we have 3 vertices and 1 edge. When
1 =n — 3, we have 4 vertices and exactly 1+ 2 = 3 triples, so F,,_3 is the complete star.
Suppose that F; 1 is the star with v =n — i > 4 vertices (and (”51) edges) centered at
some vertex . When we add z; and |R;| = v — 1 edges back, then every edge z;yz has
to contain z: otherwise the triples x;yz, zyw, xzw form a 2-simplex with xyz being the
special triple, where w is an arbitrary vertex of F; different from x, y, or z. Thus F; is
a star centered at x and it is the complete star because its size is (”;1) +w-1)= (12’)

Thus F = F; is the complete star.

Finally, it remains to consider the case when n — 3 € By. If n < 4, we are done
so suppose that n > 5. Thus F,_3 is the complete 3-graph on 4 vertices. Let U =
V(Fn-3) = {xn—3,Tn-2,Tn—1,2n}. No other edge of F can intersect U in 2 vertices
as this creates a strong 2-simplex. Thus n —4 ¢ I, n > 6, and, as we have agreed,
R,,—4 = (). While the regime |R;| = n — i — 1 predicts 6 edges on the last 5 vertices, we
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encountered only 4. Thus sy > 2. The above inequalities remain valid except we can
strengthen (17) to

, <<3b1 + 4by + 3b3 — 1
S = Imax

) > — 3b; — 4by — 3bs, 2> : (20)

Now, the old inequality (19) and the restrictions by > 0, be > 1, and b3 > 0 imply that
(b1,b2,b3) = (0,1,0). But then f(s') > f(2) = 2 by (20), which contradicts (18). This
finishes the proof of Theorem 1.12.
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