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Abstract: Enomoto [7] conjectured that if the minimum degree of a graph

G of order n � 4k � 1 is at least the integer
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k
, then for any k vertices, G contains k vertex-disjoint cycles each of
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which contains one of the k specified vertices. We confirm the conjec-
ture for n � ck2 where c is a constant. Furthermore, we show that under
the same condition the cycles can be chosen so that each has length at
most six. � 2003 Wiley Periodicals, Inc. J Graph Theory 42: 276–296, 2003

Keywords: cycle; degree

1. INTRODUCTION

All graphs considered in this paper are finite and simple. Given a graph G ¼
ðVðGÞ;EðGÞÞ, we use �ðGÞ to denote the minimum degree of G, i.e., �ðGÞ ¼
minfdðvÞjv 2 VðGÞg where dðvÞ ¼ jfuv 2 EðGÞju 2 VðGÞgj. Given a positive
integer m, [m] denotes the set f1; . . . ;mg:

The study of conditions that guarantee a graph to contain a given number of
vertex-disjoint or edge-disjoint cycles has a long history. Bollobás [2] devoted
two sections of his book ‘‘Extremal Graph Theory’’ to this topic. One of the
most elegant early results on this topic is the following one due to Corrádi and
Hajnal [3].

Theorem 1.1 (Corrádi and Hajnal [3]). Given k � 1, if the minimum degree of a

graph G of order n � 3k is at least 2k then G contains k vertex-disjoint cycles.
This minimum degree condition is best possible.

Recently, interest has grown in the study of degree conditions that ensure
stronger properties. In proving a conjecture of Wang [11], Egawa et al. [5] in-
vestigated, for any given pair of integers n, k, the minimum integer hðn; kÞ such
that if G is an n-vertex graph with minimum degree hðn; kÞ then for any k inde-
pendent edges in G, there are k vertex-disjoint cycles in G, each of which contains
exactly one of the k specified edges.

Theorem 1.2 (Egawa et al. [5]). Let G be a graph of order n � 4k � 1, where
k � 2 is an integer. If �ðGÞ � n=2 þ k � 1 then for any k independent edges
e1; . . . ; ek, G has k vertex-disjoint cycles C1; . . . ;Ck of length at most four such

that ei 2 EðCiÞ for each i 2 ½k�:
Furthermore, for infinitely many pairs n, k, there exists a graph H on n vertices

with minimum degree n=2 þ k � 2 and k independent edges in H such that there
do not exist k vertex-disjoint cycles (of any length), each of which contains

exactly one of the k edges.

In this paper, we study the vertex version of the problem. Given a set X of k
vertices in a graph G, a vertex-disjoint cycle cover, or simply a cycle cover of X,
is a collection of k vertex-disjoint cycles in G, each of which contains exactly
one vertex in X. Given a pair of integers n and k, where n � 3k, let f ðn; kÞ denote
the minimum integer m such that if G is a graph on n vertices with minimum
degree m then given any set X of k vertices in G, G contains a cycle cover of X:

More generally, given integers n; k, and l, where n � 3k and 3 � l � n, we let
flðn; kÞ denote the minimum integer m such that if G is a graph on n vertices with
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minimum degree m then for any set X of k vertices in G, G has a cycle cover C
of X such that each cycle in C has length at most l. Note that f3ðn; kÞ �
f4ðn; kÞ � � � � � fnðn; kÞ, and that f ðn; kÞ ¼ fnðn; kÞ. In [8], Ishigami studied
f4ðn, kÞ:

Theorem 1.3 (Ishigami [8]). Let k � 1 be an integer and G a graph of order

n � 3k with �ðGÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ k2 � 3k þ 1

p� �
þ 2k � 1. Then for any set X of k ver-

tices, G has a cycle cover of X in which each cycle has length at most four.

The degree condition is sharp. An example showing the sharpness is given in
Ishigami [8] and also in Example 2 in Section 7.

In this paper, we determine f ðn; kÞ when n is large compared to k. For
n � ck2, where c is a large enough constant, we prove that f ðn; kÞ ¼

f6ðn; kÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ ð 9

4
k2 � 4k þ 1Þ

q
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j k
is given by Example 4 in Section 7. For the

main part of the paper, we prove that f6ðn; kÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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q
þ
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k
. It then follows that f ðn; kÞ ¼ fnðn; kÞ ¼ fn�1ðn; kÞ ¼ � � � ¼ f6ðn; kÞ ¼j ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nþ ð 9
4
k2 � 4k þ 1Þ

q
þ 3

2
k � 1

k
. A detailed discussion about flðn; kÞ for

l 2 f3; 4; . . . ; ng will be given in Section 7. Our main result is stated as follows,
which was earlier conjectured to be true by Enomoto [6].

Theorem 1.4.1. Let G be a graph with order n � ck2; where c is a large enough

absolute constant, and minimum degree at least
j ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nþ ð 9
4
k2 � 4k þ 1Þ

q
þ

3
2
k � 1

k
. Then for any k distinct vertices in G there exist k vertex-disjoint cycles

of length at most six, each of which contains exactly one of the k specified
vertices.

We would like to point out that most of the effort in this paper is devoted to

showing f6ðn; kÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ ð 9

4
k2 � 4k þ 1Þ

q
þ 3

2
k � 1

j k
for n � ck2. The proof

would be simpler and the requirement n � ck2 can be weakened if one only

wishes to prove f ðn; kÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ ð 9

4
k2 � 4k þ 1Þ

q
þ 3

2
k � 1

j k
:

For convenience, we prove the following theorem, which implies Theorem

1.4.1. Note that the condition � �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ ð 9

4
k2 � 4k þ 1Þ

q
þ 3

2
k � 1

j k
is equiva-

lent to n < �2 þ ð�3k þ 4Þ� � 2k þ 3 in our context.

Theorem 1.4.2. Let �; k be positive integers with � � ck; where c is a sufficiently
large constant. Let G be a graph with order n < �2 þ ð�3k þ 4Þ� � 2k þ 3 and
minimum degree �. Then given any set X ¼ fx1; . . . ; xkg of k vertices in G, there

exist k vertex-disjoint cycles C1; . . . ;Ck of length at most six, such that xi 2 VðCiÞ
for each i 2 ½k�:
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Before we move on, we mention a related result and compare our result to that
one. Given a set X of vertices in a graph G, if a cycle cover C of X spans VðGÞ (i.e.
if C forms a 2-factor of G), then we call it a spanning cycle cover of X. In [4],
Egawa et al. studied the function gðn; kÞ, defined to be the minimum m such that
if G is a graph on n vertices with minimum degree m then given any set X of k
vertices in G, G contains a spanning cycle cover of X. Note that, trivially,
gðn; kÞ � f ðn; kÞ, while in reality f ðn; kÞ should be much smaller than gðn; kÞ.
Egawa et al. [4] determined gðn; kÞ for all feasible pairs n; k. In particular, for
n � 6k � 3, it is shown that gðn; kÞ ¼ dn

2
e. As a key step in establishing the

corresponding sharp upper bounds on gðn; kÞ, they first obtained upper bounds
on f5ðn; kÞ, and then showed that a cycle cover of X in which each cycle has length
at most five can be extended to a spanning cycle cover of X under the given degree
conditions. While their upper bounds on f5ðn; kÞ (Egawa et al. [4], Theorem 1.4.1)
are good enough to enable them to obtain sharp upper bounds on gðn; kÞ, they are
far too large to be sharp for f5ðn; kÞ. As we will see in Section 7, f5ðn; kÞ is very
close to f4ðn; kÞ, and is around

ffiffiffi
n

p
þ ck for some small constant c, while the upper

bound given in Egawa et al. [4] is roughly n=2 for large n. In general, studying
f ðn; kÞ and studying gðn; kÞ are two problems with quite different natures. To
ensure spanning cycle covers, the host graph G often needs to be very dense (i.e.,
with its average degree on the order of n ¼ nðGÞÞ. For dense graphs, especially for
graphs G whose average degree exceed nðGÞ=2, Szemerédi’s regularity lemma
[13] has proven to be a very useful tool (see [10] for a survey and [9] for a recent
application). On the other hand, the graphs we consider in this paper are sparse
(having average degree as small as Oð

ffiffiffi
n

p
ÞÞ. No generally applicable powerful

tools have yet been developed to handle sparse graphs effectively.
The rest of the paper is organized as follows. Sections 2–6 are devoted to the

proof of Theorem 1.4.2. Section 7 contains a discussion of flðn; kÞ for different
values of l:

2. PRELIMINARIES

We introduce some notions needed for the proof. For undefined notations and
terminology the reader is referred to [1,12]. Let G ¼ ðVðGÞ;EðGÞÞ be a graph. Let
v 2 VðGÞ and U � VðGÞ. Then Nðv;UÞ denotes the set fu 2 Ujuv 2 EðGÞg;
it is the set of neighbors of v in U, and let dðv;UÞ ¼ jNðv;UÞj. Let N½v;U� ¼
Nðv, UÞ [ fvg. When U ¼ VðGÞ, we simply write NðvÞ;N½v� for Nðv;VðGÞÞ
and N½v;VðGÞ�, respectively.

If U and W are two disjoint subsets of VðGÞ, then EðU;WÞ denotes the set
fuw 2 EðGÞju 2 U;w 2 Wg, i.e., the set of edges in G with one endpoint in U and
the other endpoint in W . Let eðU;WÞ ¼ jEðU;WÞj. For convenience, we some-
times write eðH;H0Þ; eðv;HÞ;Nðv;HÞ for eðVðHÞ;VðH0ÞÞ; eðfvg;VðHÞÞ;Nðfvg;
VðHÞÞ, respectively, where H and H0 are subgraphs of G. The distance between
two vertices u and v in a graph H is denoted by distHðu; vÞ. The subgraph of G
induced by a subset S of VðGÞ is denoted by G½S�. For the purpose of this paper,
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we simply call a vertex-disjoint cycle cover of X in which each cycle has length
at most six a cover of X:

Our approach to the proof of Theorem 1.1.2 is by contradiction. Let G be a
graph with n vertices and minimum degree �, where n and � satisfy the inequality
in Theorem 1.4.2, and let X ¼ fx1; . . . ; xkg be a set of k vertices for which the
desired cycles do not exist. We obtain a contradiction by deriving the inequality
n � �2 þ ð�3k þ 4Þ� � 2k þ 3:

We first deal with the case k ¼ 1 separately, proving n � �2 þ � þ 1 for this
case. When k ¼ 1, we have X ¼ fx1g and that G has no cycle of length at
most six containing x1. Let y1; . . . ; y� be distinct neighbors of x1. Clearly,
NðyiÞ \ NðyjÞ ¼ fx1g for i 6¼ j; otherwise we obtain a cycle of length at most
four containing x1. For each i, let zi 2 NðyiÞ � x1. We have NðziÞ \ NðzjÞ ¼ �;
otherwise we get a cycle of length at most six containing x1. Noting that
jN½zi�j � � þ 1 for each i, we have n ¼ nðGÞ � 1 þ

P
i jN½zi�j � 1 þ �ð� þ 1Þ ¼

�2 þ � þ 1. We henceforth assume that k � 2:
Since adding edges to G does not violate the conditions of G in Theorem 1.4.2,

we may assume that G is edge-maximal, that is, G does not contain a cover of X
but adding any non-edge to G yields a cover of X. In this case, it is easy to see that
given any subset Y of X with order k � 1, G contains a cover of Y . Let Y be a
subset of X with order k � 1, and let C be a cover of Y . For any y 2 Y, let Cy

denote the cycle in C that contains y. We define an ear to Cy as a path connecting
y to a vertex on Cy � fyg which is internally disjoint from ð

S
C2C VðCÞÞ [ X.

For a vertex u in VðGÞ �
S

C2C VðCÞ, a pseudo ear from u to Cy is a path from u
to a vertex on Cy which is internally disjoint from

S
C2C VðCÞ. The ear number of

Cy is the maximum number of internally disjoint ears of length at most three that
Cy has, and the ear number of C is defined as the sum of the ear numbers of
its cycles.

Now, among all the covers of a subset of X of order k � 1, we choose a cover C
such that

(1) the total length of the cycles in C is minimum, and
(2) subject to (1) the ear number of C is maximum.

Without loss of generality, we may assume that C covers x1; . . . ; xk�1. Let
I ¼ ½k � 1�, and let C ¼ fC1; . . . ;Ck�1g, where Ci covers xi for all i 2 I .
Let ai; bi denote the two neighbors of xi on Ci for all i 2 I . Note that since G is
edge-maximal, X induces a clique. Let W ¼ ð

S
i2I VðCiÞÞ [ fxkg:

Lemma 2.1. Let u 2 ðVðGÞ �WÞ [ fxkg; and let i 2 I . Then jNðu;CiÞj � 3.
Furthermore, jNðxk;CiÞj ¼ 3 if and only if Nðxk;CiÞ ¼ fai; xi; big:

Proof. If u 2 VðGÞ �W and u has four neighbors on Ci, then u has two
neighbors v; v0 on Ci � xi with distance at least three on Ci � xi. In this case, we
can replace the portion of Ci � xi between v and v0 with vuv0 to get a cycle C0

containing xi which is shorter than Ci, and ðC � fCigÞ [ fC0g forms a cover of
X � fxkg with smaller total length than C, a contradiction to our choice of C:
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Now, suppose u ¼ xk. Suppose that either jNðxk;CiÞj � 4 or jNðxk;CiÞj ¼ 3
but Nðxk;CiÞ 6¼ fai; xi; big. Then xk has two neighbors v; v0 on Ci � xi such that
the portion L of Ci between v and v0 which contains xi has length at least three.
In that case, we let C0 ¼ ðCi � LÞ [ vxkv

0. Now, ðC � fCigÞ [ fC0g is a cover
of X � fxig with smaller total length than C, again a contradiction to our choice
of C: &

For j ¼ 1; 2; 3, let I j ¼ fi 2 I : eðxk;CiÞ ¼ jg. Since X induces a clique,
for i 2 I j and j ¼ 1; 2; 3; xk has j� 1 neighbors on Ci � xi. By Lemma 2.1,
I1; I 2; I 3 partition I . For i 2 I2, let vi denote the unique neighbor of xk on
Ci � xi. For i 2 I 3, Lemma 2.1 shows that ai; bi are the two neighbors of xk on
Ci � xi:

Let D ¼ Nðxk;G�WÞ. For each y 2 D, let Sy ¼ Nðy;G�WÞ:
Lemma 2.2. Let y; y0 2 D; where y 6¼ y0; and let z 2 Sy [ fyg and z0 2 Sy0 [
fy0g. Then distG�Wðz; z0Þ � 3. In particular, this implies that N½z;G�W � \
N½z0;G�W � ¼ ;, and that Sy \ Sy0 ¼ ;:

Proof. Otherwise, suppose that distG�Wðz; z0Þ � 2. Then distG�Wðy; y0Þ � 4,
in which case, a shortest y; y0-path in G�W together with yxky

0 forms a cycle
of length at the most six containing xk that is vertex disjoint from the cycles
in C. This cycle together with C forms a cover of X, a contradiction. It
follows that N½z;G� w� \ N½z0;G�W � ¼ ;. Letting z ¼ y and z0 ¼ y0 yields
Sy \ Sy0 ¼ ;: &

Next, we partition each of I 1 and I2 into subsets as follows. Let

IA
1 ¼ fi 2 I 1 : for some y 2 D; eðxi; SyÞ � 2g;

IB
1 ¼ I 1 � IA

1 ;
IA

2 ¼ fi 2 I 2 : for some y 2 D; eðxi; SyÞ � 2g;
IB

2 ¼ fi 2 I 2 � IA
2 : there exists an ear of length at the most three to Cig;

IC
2 ¼ I 2 � IA

2 � IB
2 :

FIGURE 1. The main part of graph G.
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Lemma 2.3. For all i 2 IB
1 [ IB

2 [ IC
2 [ I3 and all y 2 D; xi has at most one

neighbor in Sy:

Proof. For i 2 IB
1 [ IB

2 [ IC
2 , it follows from the definitions that xi has at

most one neighbor in Sy. Hence we may assume that i 2 I3. Suppose that xi has
two neighbors u and u0 in Sy. By Lemma 2.1, xk is adjacent to the two neighbors
ai; bi of xi on Ci. Let C0 denote the cycle obtained from Ci by replacing edges
aixibi with aixkbi, and let C00 ¼ xiuyu

0xi. Then ðC � fCigÞ [ fC0;C00g is a cover of
X, contradicting our assumption. &

Given y 2 D; let S�y ¼ Sy �
S

i2IB
1
[IB

2
[IC

2
[I3

NðxiÞ:
Lemma 2.4. jDj � � � 3k þ 3. Also, for all y 2 D; jSyj � � � 3k þ 2 and
jS�y j � � � 4k þ 3:

Proof. Since xk has at most three neighbors on Ci for each i 2 I ; jDj ¼
jNðxk;G�WÞj � �ðGÞ � 3ðk � 1Þ � � � 3k þ 3. By Lemma 2.1, for each i 2 I ; y
has at most 3 neighbors on Ci. Hence y has at most 3ðk � 1Þ þ 1 ¼ 3k � 2
neighbors in W . It follows that jSyj ¼ jNðy;G�WÞj � � � 3k þ 2:

By Lemma 2.3, jS�y j � jSyj � jIB
1 [ IB

2 [ IC
2 [ I3j � jSyj � ðk � 1Þ � ��

4k þ 3: &

Now, for each y 2 D, we choose zy 2 S�y such that eðzy;
S

i2IC
2
CiÞ is mini-

mum. Let Z ¼ fzy : y 2 Dg: The following fact is clear from our definition of Z.

Fact 1. For all i 2 IB
1 [ IB

2 [ IC
2 [ I3; eðxi; ZÞ ¼ 0: Also; jZj ¼ jDj:

Lemma 2.5. Let i 2 I ; and let P be an ear to Ci that intersects Ci at xi and u.
Then, each of the two portions of Ci between xi and u has length at the most that

of P.

Proof. Otherwise, let L be the portion of Ci between xi and u that is longer
than P. Let C0 ¼ ðCi � LÞ [ P. Now, C0 is shorter than Ci and ðC � fCigÞ [ fC0g
is a cover of X � fxkg with smaller total length than C, contradicting our choice
of C: &

In the following three sections, we prove a series of claims with the aim to
obtain a upper bound on eðZ;WÞ. This upper bound on eðZ;WÞ, together
with some other claims will be used in Section 6 to provide a lower bound on
n, the number vertices in G, leading to the inequality that would give the
contradiction.

3. THE CASE OF 22II1i

In this section, we get upper bounds of eðZ;CiÞ for i 2 I 1:

Claim 3.1. For all i 2 IA
1 ; eðZ;CiÞ � jDj þ 6:
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Proof. By the definition of IA
1 , there exists y 2 D with eðxi; SyÞ � 2. Let u; u0

be two neighbors of xi in Sy. Then C0 ¼ xiuyu
0xi is a cycle of length four

containing xi, and ðC � fCigÞ [ fC0g is a cover of X � fxkg. By our choice of
C; jCij � jC0j ¼ 4:

Let v be an arbitrary vertex on Ci � xi. We claim that eðv;Z � fzygÞ � 1.
Otherwise, suppose that v has two neighbors zy0 ; zy00 in Z � fzyg, where y0; y00 2 D

are two vertices different from y. Let C00 ¼ vzy0y
0xky

00zy00v: C
00 is a cycle of length

six containing xk, which is vertex disjoint from ðC � CiÞ [ C0. We thus obtain a
cover of X, a contradiction. Hence eðv;Z � fzygÞ � 1 for all v 2 VðCiÞ � fxig:

Now, we have eðZ � fzyg;CiÞ � jZ � fzygj þ jCi � xij � ðjDj � 1Þ þ 3. Hence
eðZ;CiÞ ¼ eðzy;CiÞ þ eðZ � fzyg;CiÞ � 4 þ ðjDj � 1Þ þ 3 ¼ jDj þ 6: &

Claim 3.2. 8i 2 IB
1 ; eðZ;CiÞ � 2jDj þ 4:

Proof. By Fact 1, eðZ; xiÞ ¼ 0. Hence it suffices to show that eðZ;Ci � xiÞ �
2jDj þ 4. Let z 2 Z. By the proof of Lemma 2.1, z has at most three neighbors on
Ci � xi, and if z has three neighbors on Ci � xi then they must be consecutive in
order.

Call a portion of Ci � xi containing four consecutive vertices (or all of
VðCi � xiÞ if Ci � xi has fewer than four vertices) a maximal portion. Since
Ci � xi has at most five vertices, Ci � xi has at most two maximal portions.
Suppose that eðZ;Ci � xiÞ > 2jZj þ 4 ¼ 2jDj þ 4, then there exist five vertices in
Z with three neighbors on Ci � xi. By the pigeonhole principle, three of them,
say zy1

; zy2
; zy3

, have their neighborhoods on Ci � xi in the same maximal por-
tion. Also, by pigeonhole principle, two of the three, say zy1

and zy2
, have the

same neighborhood on Ci � xi:
Let u; u0; u00 be the three consecutive vertices on Ci � xi adjacent to zy1 and zy2.

Since zy3
’s three neighbors on Ci � xi belong to the same maximal portion as

u; u0; u00, it is clear that u0 is a neighbor of zy3. Let C0 ¼ ðCi � fuu0; u0u00gÞ [
fuzy1

; zy1
u00g, and let C00 ¼ u0zy2

y2xky3zy3
u0 (see Fig. 2). Now, C0 and C00 are

FIGURE 2. Proof of Claim 3.2.
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vertex-disjoint cycles of length at the most six containing xi and xk, respectively,
and ðC � fCigÞ [ fC0;C00g is a cover of X, a contradiction. &

Since jDj � � � 3k þ 3 � 2, the last two claims yield the following.

Corollary 3.1. eðZ;
S

i2I1
CiÞ � ð2jDj þ 4Þ � jI1j:

4. THE CASE OF 22II2i

In this section, we obtain upper bounds on eðZ;CiÞ for i 2 I2:

Claim 4.1. For all i 2 IA
2 ; eðZ;CiÞ � jDj þ 3:

Proof. By the definition of IA
2 , there exists y 2 D such that eðxi; SyÞ � 2.

Let u; u0 be two neighbors of y in Sy, and let C0 ¼ xiuyu
0xi. Since C0 is a cycle

of length four containing xi, and ðC � fCigÞ [ fC0g is a cover of X � fxkg, our
choice of C implies that jCij � jC0j ¼ 4:

Now, if eðZ � fzyg;VðCiÞ � fxigÞ ¼ 0 then we have eðZ;CiÞ ¼ eðzy;CiÞþ
eðZ � fzyg;CiÞ � jCij þ ðjZj � 1Þ � 4 þ jDj � 1 ¼ jDj þ 3 and we are done. So,
we may assume that wzy0 2 EðGÞ, for some w 2 VðCiÞ � xi and y0 2 D� fyg.
Recall that vi denotes the unique neighbor of xk on Ci � xi. Since Ci has length
at most four, the length of the portion of Ci � xi between w and vi is at most two.
This portion together with wzy0y

0xkvi forms a cycle C00 of length at most six
containing xk (see Fig. 3a). Now, ðC � fCigÞ [ fC0;C00g is a cover of X, which is
a contradiction. &

Claim 4.2. For all i 2 IB
2 ; eðZ;CiÞ � jDj þ 4:

Proof. Recall that vi denotes the unique neighbor of xk on Ci � xi and that xi
has no neighbor in Z by our choice of Z (see Fact 1). Let A ¼ NðZ;CiÞ, then
A � VðCiÞ � fxig:

Suppose jAj � 4. Then jCij � 5 and A has a vertex b within distance jCij � 5
from vi on Ci � xi. Note that b is connected to xk by a path Q of length three in
ðG�WÞ [ fbg. Now, Q together with the edge xkvi and the portion of Ci between
vi and b completes a cycle C� of length at the most ðjCij � 5Þ þ 3 þ 1 ¼ jCij � 1
containing xk. In that case, ðC � fCigÞ [ fC�g is a cover of X � fxk�1g with
smaller total length than C, contradicting our choice of C (see Fig. 3b). Hence
jAj � 3:

By our definition of IB2 , there exists an ear L of length at most three to
Ci. If there exist y0; y00 2 D; y0 6¼ y00, such that L intersects Sy0 [ y0 at a vertex
u0 and intersects Sy00 [ y00 at a vertex u00 then since u0; u00 2 VðLÞ � fui; xig,
we have distG�Wðu0; u00Þ � 1, contradicting Lemma 2.2. Hence there is at most
one vertex y 2 D such that L intersects Sy [ y. Let Z� ¼ Z � fzy : L intersects
Sy [ fygg. Then jZ�j � jZj � 1:
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Let ui denote the other endpoint of L. By Lemma 2.5, each of the two portions
of Ci between ui and xi has length at most three. Let v 2 Ci � fxi; uig, and let P
be the portion of Ci between ui and xi that contains v. Suppose that v has
two neighbors, say zy1 and zy2; in Z�: Let C0 denote the cycle obtained from Ci

by replacing P with L: C0 is a cycle of length at most six containing xi. Let
C00 ¼ vzy1

y1xky2zy2
v: C00 is a cycle of length six containing xk. Now, ðC � fCigÞ [

fC0;C00g is a cover of X, a contradiction. Hence v has at most one neighbor in Z�;
thus it has at most two neighbors in Z:

Recall that jAj � 3: If ui 62 A, then our above discussion shows that
eðZ;CiÞ ¼ eðZ;AÞ � 2jAj � 6 � jDj þ 4: If ui 2 A, then eðZ;CiÞ ¼ eðZ;AÞ ¼
eðZ; uiÞ þ eðZ;A� uiÞ � jDj þ 2jA� uij � jDj þ 4: &

Claim 4.3. If � � ck, where c is a sufficiently large constant, then
eðZ;

S
i2IC

2
CiÞ � ckjIC

2 j:

Proof. Let i 2 IC
2 . By the definition of IC

2 ;Ci has no ear of length at
most three. Let Di ¼ Nðxi;G�WÞ. We first argue that we may assume
Nðu;G�WÞ \ Nðu0;G�WÞ 6¼ ; if u; u0 2 Di and u 6¼ u0. Otherwise, let v 2
Nðu;G�WÞ \ Nðu0;G�WÞ, and let C0 ¼ xiuvu

0xi. If jCij � 5, then replacing Ci

with C0 in C yields a cover of X � fxkg with smaller total length than C, a con-
tradiction. Hence jCij � 4. Now, we may assume that there exist y; y0 2 D such
that each of zy; zy0 has a neighbor on Ci � xi, since otherwise, jNðCi � xi; ZÞj � 1,
in which case, our choice of Z implies eðZ;CiÞ � jCij � 1 � 3, and it suffices to
prove the claim for IC

2 � fig:
By Lemma 2.2, one of fy; zyg and fy0; zy0g is disjoint from VðC0Þ. Without

loss of generality, we assume that fy; zyg \ VðC0Þ ¼ ;. Let b denote a neighbor
of zy on Ci � xi. The portion of Ci � xi between b and vi, the unique neighbor
of xk on Ci � xi, has length at most two, which together with vixkyzyb completes a

FIGURE 3. a: Proof of Claim 4.1 and (b) Proof of Claim 4.2.
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cycle C00 of length at most six. Now, ðC � fCigÞ [ fC0;C00g is a cover of X, a
contradiction. Hence Nðu;G�WÞ \ Nðu0;G�WÞ ¼ ; for all u; u0 2 Di; u 6¼ u0:

Since xi has at most six neighbors on Cj for j 2 I � fig and two neighbors on
Ci, we have jDij � � � 6ðk � 2Þ � 2 � 1 ¼ � � 6k þ 9. Let Fi ¼

S
u2Di

N½u;G�W�. By Lemma 2.1, for all u 2 Di; jN½u;G�W �j � 1 þ ð� � 3
ðk � 1Þ � 1Þ ¼ � � 3k þ 3. By our discussions above, jFij � jDij � ð� � 3k
þ3Þ � ð� � 6k þ 9Þð� � 3k þ 3Þ:

Since Ci has no ear of length at most three, we have eðFi;Ci � xiÞ ¼ 0. Also,
given y 2 D, since i 2 IC

3 , by definition S�y does not contain a neighbor of xi. Let
S� ¼

S
y2D S�y . Then eðS�; xiÞ ¼ 0:

We have

eðS�;CiÞ ¼ eðS� � Fi;Ci � xiÞ
� 5jS� � Fij
� 5jVðGÞ � Fij
¼ 5ðjVðGÞj � jFijÞ
� 5f½�2 þ ð�3k þ 4Þ� � 2k þ 3� � ð� � 6k þ 9Þð� � 3k þ 3Þg
< 30k�:

Hence, eðS�;
S

i2IC
2
CiÞ � 30k� � jIC

2 j:
By our choice of zy and Lemma 2.4, we have

e S�;
[
i2IC

2

Ci

0
@

1
A ¼

X
y2D

e S�y ;
[
i2IC

2

Ci

0
@

1
A

�
X
y2D

e zy;
[
i2IC

2

Ci

0
@

1
A � jS�y j

�
X
y2D

e zy;
[
i2IC

2

Ci

0
@

1
A � ð� � 4k þ 3Þ

¼ e Z;
[
i2IC

2

Ci

0
@

1
A � ð� � 4k þ 3Þ:

Therefore, eðZ;
S

i2IC
2
CiÞ � 30k�

ð��4kþ3Þ jIC
2 j � 34kjIC

2 j if � � 34k: &

Under the assumption that � � ck, where c is a large constant, the last three
claims together with the first statement of Lemma 2.4 yield:

Corollary 4.1. eðZ;
S

i2I2
CiÞ � ðjDj þ 4Þ � jI2j:
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5. THE CASE OF 22II3i

Recall that, for each i 2 I 3; ai; bi denote the two neighbors of xi on Ci and that by
Lemma 2.1 Nðxk;CiÞ ¼ fai; xi; big. Let

IA
3 ¼ fi 2 I 3 : jNðCi;ZÞj � 1g;

and

IB
3 ¼ fi 2 I 3 : jNðCi;ZÞj � 2g:

Then IA
3 and IB

3 partition I 3. The following claim is immediate from our defi-
nitions of IA

3 and Z:

Claim 5.1. For all i 2 IA
3 ; eðCi; ZÞ � jCij � 1: &

For the case i 2 IB
3 , we prepare some lemmas.

Lemma 5.1. Let 1 � i � k. Let P1;P2 be two paths of length at most two such

that VðP1Þ \ VðP2Þ ¼ fxig and VðPjÞ \W ¼ fxig for j ¼ 1; 2. Let u be a vertex
on P1 � xi and v be a vertex on P2 � xi. Then distG�Wðu; vÞ � 3:

Proof. For i ¼ k, we follow the proof of Lemma 2.2. For i < k, we switch the
roles of xi and xk by replacing Ci with ðCi � aixibiÞ [ aixkbi, and apply similar
arguments. &

Lemma 5.2. Let i 2 IB
3 . Let P be a pseudo ear from xk to Ci � xi and Q be

an ear to Ci. Suppose that P and Q are internally disjoint and that one of

them has length at most three and the other has length at most four. Then
VðPÞ \ VðCi � xiÞ ¼ VðQÞ \ VðCi � xiÞ:

Proof. Suppose that VðPÞ \ VðCi � xiÞ ¼ u;VðQÞ \ VðCi � xiÞ ¼ v, and
u 6¼ v. Let L1 denote the portion of Ci between u and xi that avoids v, and let
L2 denote the portion of Ci between v and xi that contains u. Without loss of
generality, we may assume that L1 contains ai. Let L01 be the portion of L1

between u and ai. Let C0 ¼ L2 [ Q and C00 ¼ xkai [ L01 [ P (see Fig. 4); they are
vertex-disjoint cycles that go through xi and xk, respectively. We show that both
have length at most six, in which case ðC � CiÞ [ C0 [ C00 forms a cover of X, a
contradiction.

First, we assume that Q has length at most three and P has length at most four.
In that case, Lemma 2.5 implies that each of the two portions of Ci between xi
and v has length at most three. It is straightforward to verify that C0 and C00 both
have length at most six.

Next, we assume that Q has length at most four and P has length at most three.
If C00 is shorter than Ci then ðC � CiÞ [ C00 is a cover of X � xi with smaller total
length than C, a contradiction. Hence the portion of Ci between ai and u that
contains xi has length at most length of P plus one, which is at most four (see
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Fig. 4). This implies that L2 has length at most two. So, C0 has length at most six.
Also, Lemma 2.5 implies that the portion of Ci between v and xi that contains u
has length at most four, hence L01 has length at most two. Thus, C00 has length at
most six. &

Claim 5.2. For each i 2 IB
3 , there exists a vertex wi 2 VðCiÞ � fxig such

that NðZ;Ci � xiÞ � fwig: In particular, for all i 2 IB
3 ; eðZ;CiÞ � jZj:

Proof. By our choice of Z; eðxi; ZÞ ¼ 0. Thus the first part of the claim
implies the second part. Let zy0 and zy00 be two arbitrary vertices in Z that have
neighbors on Ci � xi. Let u be a neighbor of zy0 on Ci � xi, and let v be a neighbor
of zy00 on Ci � xi (see Fig. 5a). We prove that u ¼ v, which will prove the first part
of the claim.

Clearly, P1 ¼ xky
0zy0u and P2 ¼ xky

00zy00v are two internally disjoint pseudo ears
of length at most three from xk to Ci. Let C� be the cycle containing xk obtained
from Ci by replacing aixibi with aixkbi. Then P1 and P2 are two internally disjoint
ears of length three to C�. If Ci does not have two internally disjoint ears of length
at most three, then ðC � fCigÞ [ fC�g would be a cover of X � fxig with the
same total length as C which has larger ear number than C, contradicting our
choice of C. Hence, there exist two internally disjoint ears Q1;Q2 of length at
most three to Ci. By Lemma 5.1, Q1 must be internally disjoint from one of P1

and P2. Assume that Q1 is internally disjoint from P1. By Lemma 5.2,
VðQ1Þ \ VðCi � xiÞ ¼ VðP1Þ \ VðCi � xiÞ ¼ fug:

If P2 is internally disjoint from Q1 then Lemma 5.2 implies that fvg ¼
VðP2Þ \ VðCi � xiÞ ¼ VðQ1Þ \ VðCi � xiÞ ¼ fug. Hence, we may assume that
P2 intersects Q1 internally at a vertex w. The union of the portion of Q1 between

FIGURE 4. Proof of Lemma 5.2.
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xi and w and the portion of P2 between w and v has length at most four and is
internally disjoint from P1 (since both Q1 and P2 are internally disjoint from
P1). This union contains an ear Q0 of length at most four to Ci with endpoints xi
and v. Applying Lemma 5.2 to P1 and Q0 yields u ¼ v. Hence there exists
wi 2 VðCi � xiÞ such that NðZ;Ci � xiÞ � fwig: &

For each i 2 IB
3 , either ai 6¼ wi or bi 6¼ wi. By symmetry, we may henceforth

assume that ai 6¼ wi, for all i 2 IB
3 :

Lemma 5.3. Let i 2 IB
3 : Then

(i) If Q is an ear or pseudo ear of length at most four to Ci then
VðQÞ \ VðCi � xiÞ ¼ fwig:

(ii) If P is an ear of length at most five to Ci or a pseudo ear of length at most

five from xk to Ci; then VðPÞ \ VðCiÞ 6¼ faig:

Proof. (i) Let zy0 and zy00 be two arbitrary vertices in Z that have neighbors on
Ci � xi. Let P1 ¼ xky

0zy0wi, and let P2 ¼ xky
00zy00wi: P1 and P2 are two internally

disjoint pseudo ears from xk to Ci. Let Q be an ear of length at most four to Ci. By
Lemma 5.1, P1 or P2, say P1, is internally disjoint from Q. By Lemma 5.2,
VðQÞ \ VðCi � xiÞ ¼ VðP1Þ \ VðCi � xiÞ ¼ fwig. Similarly, if Q is a pseudo ear
of length at most four, we consider Q and ears Q1;Q2 which were defined in the
proof of Claim 5.2.

(ii) Let P be an ear of length at most five that intersects Ci at ai. Suppose for
now that P has length five and that P ¼ xiu1u2u3u4ai (see Fig. 5b). If P1 or
P2 intersects u3u4ai, then we obtain a pseudo ear of length at most four
intersecting Ci � xi at ai 6¼ wi, contradicting (i) of the claim. Hence P1;P2 are
vertex-disjoint from u3u4ai. By Lemma 5.1, P1 or P2, say P1, is also vertex-
disjoint from u1u2. Consequently, P1 is vertex-disjoint from P. Let C0 ¼ P [ aixi,

FIGURE 5. a: Proof of Claim 5.2 and (b) Proof of Lemma 5.3.
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and let C00 ¼ xkbi [ L [ P1, where L denotes the portion of Ci � xi between
bi and wi. One can easily verify that C0;C00 have length at most six. Now,
ðC � CiÞ [ C0 [ C00 forms a cover of X, a contradiction. The same arguments
apply if the length of P is less than five.

In the case where P is a pseudo ear of length at most five from xk to Ci,
consider P and ears Q1;Q2 defined in Claim 5.2, and apply similar arguments as
above. &

For each i 2 IB
3 , let RðaiÞ ¼ fu 2 VðGÞ �W : distG�ðW�faigÞðu; aiÞ � 2g:

Claim 5.3. All of the following statements hold.

(i) For all i 2 IB
3 ; jRðaiÞj � � � 3k þ 3:

(ii) For all i; j 2 IB
3 ; i 6¼ j;RðaiÞ \ RðajÞ ¼ ;:

(iii) For all i 2 IB
3 and y 2 D;RðaiÞ \ N½zy;G�W � ¼ ;:

Proof. (i) Let x 2 Nðai;G�WÞ, then N½x;G�W � � RðaiÞ. By Lemma 2.1,
x has at most three neighbors on each cycle in C. Therefore, jRðaiÞj �
dðx;G�WÞ þ 1 � � � 3ðk � 1Þ � 1 þ 1 ¼ � � 3k þ 3:

(ii) Since i; j 2 IB
3 , by the proof of Claim 5.2, there are two internally

disjoint ears Qi;Q
0
i of length at most three to Ci, and two internally disjoint

ears Qj;Q
0
j of length at most three to Cj. Suppose RðaiÞ \ RðajÞ 6¼ ;. Then there

is a path L of length at most four connecting ai and aj which is internally
disjoint from W . Furthermore, by Lemma 5.3 (ii), it is easy to see that
VðLÞ \ VðQi [ Q0

i [ Qj [ Q0
jÞ ¼ ;. Also, by Lemma 5.1, one of Qj;Q

0
j, say Qj, is

vertex-disjoint from Qi. Consequently, Qi;Qj; L are pairwise vertex-disjoint.
Recall that Qi intersects Ci at xi and wi. Similarly, Qj intersects Cj at xj and wj.

Let C0
i be the cycle containing xi, obtained from Ci by replacing the portion of Ci

between xi and wi that contains ai with Qi. Lemma 2.5 implies that C0 has length
at most six. Similarly, let C0

j be the cycle containing xj, obtained from Cj by
replacing the portion of Cj between xj and wj that contains ai with Qj;Cj has
length at most six. Finally, let C0

k ¼ ajxkai [ L;C0
k is a cycle of length at most six

containing xk. Now, ðC � fCi;CjgÞ [ fC0
i;C

0
j;C

0
kg is a cover of X, a contradiction.

(iii) Suppose that there exists y� 2 D such that N½y�;G�W � \ RðaiÞ 6¼ ;.
Then there exists a pseudo ear of length at most five from xk to Ci that intersects
Ci at ai. This contradicts Lemma 5.3 (ii). &

6. LOWER BOUND ON THE NUMBER OF VERTICES

In this section, we first use Corollaries 3.1 and 4.1 and Claims 5.1 and 5.2 to
obtain an upper bound on eðZ;WÞ. Then we use this upper bound on eðZ;WÞ and
Claim 5.3 to obtain a lower bound on n, showing that n � �2 þ ð�3k þ 4Þ��
2k þ 3, which will yield the desired contradiction and complete the proof of
Theorem 1.4.2.
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By Corollaries 3.1 and 4.1 and Claims 5.1 and 5.2, we have

eðZ;WÞ � ð2jDj þ 4Þ � jI1j þ ðjDj þ 4Þ � jI2j þ
X
i2IA

3

ðjCij � 1Þ þ jDj � jIB
3 j

� jDjð2jI1j þ jI2j þ jIB
3 jÞ þ 4jI1j þ 4jI2j � jIA

3 j þ
X
i2IA

3

jCij:

Let d ¼ � � 3k þ 3 þ jI2j þ 2jI1j: By Lemma 2.2, we have

���� [
y2D

N½zy;G�W �
���� � jDjð� þ 1Þ � eðZ;WÞ

� jDjð� þ 1 � ð2jI1j þ jI2j þ jIB
3 jÞÞ � 4jI1j � 4jI2j

þ jIA
3 j �

X
i2IA

3

jCij

� ð� � 3k þ 3 þ jI2j þ 2jI1jÞð� þ 1Þ � ð2jI1j þ jI2jÞd
� jIB

3 jð� � 3k þ 3 þ jI2j þ 2jI1jÞ � 4jI1j � 4jI2j
þ jIA

3 j �
X
i2IA

3

jCij

¼ ð�2 þ ð�3k þ 4Þ� � 2k þ 3Þ � k þ ðjI 2j þ 2jI1jÞð� þ 1Þ
� ð2jI1j þ jI2jÞd � jIB

3 jð� � 3k þ 3 þ jI2j þ 2jI1jÞ
� 4jI1j � 4jI2j þ jIA

3 j �
X
i2IA

3

jCij

¼ ð�2 þ ð�3k þ 4Þ� � 2k þ 3Þ þ 2jI1jð� � d � 1 � jIB
3 jÞ

þ jI2jð� � d � 3 � jIB
3 jÞ � jIB

3 jð� � 3k þ 3Þ � k

þ jIA
3 j �

X
i2IA

3

jCij:

Claim 5.3 implies that j
S

i2IB
3
RðaiÞj � ð� � 3k þ 3Þ � jIB

3 j, and that
S

y2D N½zy;
G�W �;

S
i2IB

3
RðaiÞ, andW are pairwise disjoint. Hence, we have

n� ð�2 þ ð�3k þ 4Þ� � 2k þ 3Þ

� j
[
y2D

N½zy;G�W �j þ j
[
i2IB

3

RðaiÞj þ jW j

� ð�2 þ ð�3k þ 4Þ� � 2k þ 3Þ
� 2jI1jð� � d � 1 � jIB

3 jÞ þ jI2jð� � d � 3

� jIB
3 jÞ � k þ jIA

3 j �
X
i2IA

3

jCij þ
X
i

jCij þ 1

 !
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� 2jI1jð3k � 3 � jI2j � 2jI1j � 1 � jIB
3 jÞ

þ jI2jð3k � 3 � jI2j � 2jI1j � 3 � jIB
3 jÞ

� ðjI 1j þ jI2j þ jIB
3 jÞ þ 3ðjI1j þ jI2j þ jIB

3 jÞ
¼ 2jI1jð3k � 3 � 2jI1j � jI2j � jIB

3 jÞ
þ jI2jð3k � 4 � 2jI1j � jI2j � jIB

3 jÞ þ 2jIB
3 j

� 2jI1jð3k � 3 � 2ðk � 1ÞÞ
þ jI2jð3k � 4 � 2ðk � 1ÞÞ þ 2jIB

3 j
¼ 2jI1jðk � 1Þ þ jI2jðk � 2Þ þ 2jIB

3 j
� 0;

since k � 2. This yields n � �2 þ ð�3k þ 4Þ� � 2k þ 3 and completes the proof
of Theorem 1.4.2. &

7. CYCLE COVERS WITH VARIOUS LENGTHS

Recall that flðn; kÞ denotes the minimum integer m such that if G is an n-vertex
graph with minimum degree m then for any set X of k vertices G contains a cycle
cover of X using cycles of length at most l:

In this section, we consider flðn; kÞ for each l 2 f3; 4; . . . ; ng. As we will see,
each is either determined or almost determined. For convenience, we assume that
n is sufficiently large compared to k in the following discussions.

For l ¼ 3, it is not too hard to show that f3ðn; kÞ � bn
2
c þ k. The following

example shows that f3ðn; kÞ � bn
2
c þ k, and hence we have f3ðn; kÞ ¼ bn

2
c þ k.

Example 1. Let d ¼ bn
2
c þ k � 1. For sufficiently large n with respect to k, we

have d � 3k � 1. We construct an n-vertex graph H3 with minimum degree d such
that for some set X of k vertices in H3;H3 does not have a cycle cover of X using

triangles. Note that since d � n
2
þ k � 1, we have n � 2d � 2k þ 2. Let X, A, B, D

be vertex sets such that jXj ¼ k; jAj ¼ k � 1; jDj ¼ d � 2k þ 2, and jBj ¼ n�
d � 1. Consider a complete graph on X [ A [ B [ D. The graph H3 is obtained
from this complete graph by deleting of the edges within D and all the edges
between X and B. Consider any vertex v 2 VðH3Þ. It is straightforward to

check that dðvÞ ¼ d if v 2 X and that dðvÞ > d if v 2 A [ D. If v 2 B, then
dðvÞ ¼ n� 1 � k � 2d � 3k þ 1 � d since d � 3k � 1. So H3 has minimum

degree d.
However, one can easily check that H3 does not contain a cycle cover of X

using triangles (see Fig. 6). &

For l ¼ 4, Theorem 1.3 asserts that f4ðn; kÞ � b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ k2 � 3k þ 1

p
c þ 2k � 1.

We construct an example below to show that f4ðn; kÞ � b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ k2 � 3k þ 1

p
cþ

2k � 1, and hence equality holds in both inequalities.
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Example 2. Let d ¼ b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ k2 � 3k þ 1

p
c þ 2k � 2. For sufficiently large n with

respect to k, we have d � 3k. Note that since d �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ k2 � 3k þ 1

p
þ 2k � 2, we

have n � d2 þ ð�4k þ 4Þd þ 3k2 � 5k þ 3. We construct an n-vertex graph H4

with minimum degree d such that for some set X of k vertices, H4 does not have a
cycle cover of X using cycles of length at most four.

Let X ¼ fx1; . . . ; xkg;A ¼ fa1; . . . ; ad�3kþ2g;A0;B;D1; . . . ;Dd�3kþ2 be pair-
wise disjoint sets such that jXj ¼ k; jA0j ¼ 2k � 1; jAj ¼ d � 3k þ 2; jDij ¼ d � k,
for each i, and jBj ¼ n� ½d2 þ ð�4k þ 3Þd þ 3k2 � 2k þ 1�. Since n � d2 þ
ð�4k þ 4Þd þ 3k2 � 5k þ 3, we have jBj � d � 3k þ 2:

Let Z ¼ B [ ð[iDiÞ. Put a complete graph on each of the sets X, A0 and Z,
and put an empty graph on vertex set A. Then add all the edges between X

and A [ A0, and all the edges between A0 and B. Finally, for each i, add all the
edges between ai and Di. The resulting graph is the graph H4 (see Fig. 7a).

It is clear that H4 has n vertices. Consider any vertex v in the graph.
Clearly, if v 2 VðH3Þ � Z then dðvÞ � d with equality if v 2 X. If v 2 Z, then
dðvÞ� jZj � 1 þ 1 ¼ jBjþ �ijDij �ðd � 3kþ 2Þ þðd � 3k þ 2Þ � ðd � kÞ ¼ d2þ
ð�4k þ 3Þd þ 3k2 � 5k þ 2. Hence dðvÞ � d � d2 þ ð�4k þ 2Þd þ 3k2 � 5kþ
2 � 0 since d � 3k. Hence H4 has minimum degree d. However, it is clear that H4

does not contain a cycle cover of X using cycles of length at most four. &

For l ¼ 5, we did not make an effort to determine f5ðn; kÞ. It may not
be very interesting, at least for large n, because the following example
shows that f5ðn; kÞ � b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ k2 � 4k þ 1

p
c þ 2k � 1. Since f5ðn; kÞ � f4ðn; kÞ ¼

b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ k2 � 3k þ 1

p
c þ 2k � 1, we have b

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ k2 � 4k þ 1

p
c þ 2k � 1 �

f5ðn; kÞ � b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ k2 � 3k þ 1

p
c þ 2k � 1. The lower and upper bounds do not

differ by very much. For large n, they differ by at most one. In particular, we see
that the difference between f5ðn; kÞ and f4ðn; kÞ is very small. For large n; f5ðn; kÞ
and f4ðn; kÞ differ by at most one.

Example 3. Let d ¼ b
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ k2 � 4k þ 1

p
c þ 2k � 2. Since d �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nþ k2 � 4k þ 1
p

þ 2k � 2; we have n � d2 þ ð�4k þ 4Þd þ 3k2 � 4k þ 3.

FIGURE 6. Graph H3.
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We construct an n-vertex graph H5 with minimum degree d such that for some set

X of k vertices, H5 does not have a cycle cover of X using cycles of length at most
five. The construction of H5 is very similar to that of H4:

Define vertex-disjoint sets X;A;A0;B;D1; . . . ;Dd�3kþ2 as in the construction

of H4, where each set except B has the same order as before; let jBj ¼
n� ½d2 þ ð�4k þ 3Þd þ 3k2 � k þ 1�: Since n � d2 þ ð�4k þ 4Þd þ 3k2 � 4kþ
3, we have jBj � d � 3k þ 2. Add another set F with k vertices. Let each of the
sets X;A0;B;F and the Di’s induce a complete graph, and let A induce an in-

dependent set. Add all the edges between X and A0 [ A and all the edges between
F and B [ ð

S
i DiÞ. Finally, add all the edges between B and A0; and for each i,

add all the edges between ai and Di. The resulting graph is H5 (see Fig. 7b). One
can verify that H5 has n vertices and minimum degree d. However, H5 has no
cycle cover of X using cycles of length at most five. &

The next example, suggested by H. Enomoto [6], shows that f ðn; kÞ �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ ð9

4
k2 � 4k þ 1Þ

q
þ 3

2
k � 1

j k
:

Example 4. Let d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ ð9

4
k2 � 4k þ 1Þ

q
þ 3

2
k � 2

j k
. We construct an n-

vertex graph H with minimum degree d such that for some set X of k vertices,

H does not have a cycle cover of X.
Let A;B1; . . . ;Bd�3kþ2;X be disjoint sets of vertices where jB1j ¼ � � � ¼

jBd�3kþ2j ¼ d þ 1; jXj ¼ k, and jAj ¼ n� ½d2 þ ð�3k þ 4Þd � 2k þ 3�þ ðd þ 1Þ.
Since d �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ ð9

4
k2 � 4k þ 1Þ

q
þ 3

2
k � 2, we have jAj � d þ 1. Let C be a

subset of A with order 2k � 1: For each i 2 ½d � 3k þ 2�, choose a vertex bi in Bi.
Let each of the sets X;A;B1; . . . ;Bd�3kþ2 induce a complete graph. Then add all

FIGURE 7. (a) Graph H4 and (b) Graph H5.

294 JOURNAL OF GRAPH THEORY



the edges between the set X and the set C [ fb1; . . . ; bd�3kþ2g. The resulting
graph is the graph H. One can easily verify that H has n vertices and minimum

degree d. However, H does not have a cycle cover of X, because in such a cycle
cover each of the k cycles (which are pairwise vertex-disjoint) has to use at least

two vertices from C, but C only has 2k � 1 vertices. &

Since f6ðn; kÞ � � � � � fnðn; kÞ ¼ f ðn; kÞ, Theorem 1.4.1 and Example 4 together

imply that f6ðn; kÞ ¼ � � � ¼ fnðn; kÞ ¼ f ðn; kÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ ð9

4
k2 � 4k þ 1Þ þ 3

2

q
k � 1

j k
for n � ck2:
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