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which contains one of the k specified vertices. We confirm the conjec-
ture for n > ck? where c is a constant. Furthermore, we show that under
the same condition the cycles can be chosen so that each has length at
most six. © 2003 Wiley Periodicals, Inc. J Graph Theory 42: 276-296, 2003
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1. INTRODUCTION

All graphs considered in this paper are finite and simple. Given a graph G =
(V(G),E(G)), we use 6(G) to denote the minimum degree of G, i.e., 6(G) =
min{d(v)|v € V(G)} where d(v) = [{uv € E(G)|u € V(G)}|. Given a positive
integer m, [m] denotes the set {1,...,m}.

The study of conditions that guarantee a graph to contain a given number of
vertex-disjoint or edge-disjoint cycles has a long history. Bollobas [2] devoted
two sections of his book *“Extremal Graph Theory” to this topic. One of the
most elegant early results on this topic is the following one due to Corradi and
Hajnal [3].

Theorem 1.1 (Corradi and Hajnal [3]). Given k > 1, if the minimum degree of a
graph G of order n > 3k is at least 2k then G contains k vertex-disjoint cycles.
This minimum degree condition is best possible.

Recently, interest has grown in the study of degree conditions that ensure
stronger properties. In proving a conjecture of Wang [11], Egawa et al. [5] in-
vestigated, for any given pair of integers n, k, the minimum integer h(n, k) such
that if G is an n-vertex graph with minimum degree h(n, k) then for any k inde-
pendent edges in G, there are k vertex-disjoint cycles in G, each of which contains
exactly one of the k specified edges.

Theorem 1.2 (Egawa et al. [5]). Let G be a graph of order n > 4k — 1, where
k > 2 is an integer. If 6(G) > n/2 +k — 1 then for any k independent edges
el,...,er, G has k vertex-disjoint cycles Cy,...,Cy of length at most four such
that e; € E(C;) for each i € [k].

Furthermore, for infinitely many pairs n, k, there exists a graph H on n vertices
with minimum degree n/2 + k — 2 and k independent edges in H such that there
do not exist k vertex-disjoint cycles (of any length), each of which contains
exactly one of the k edges.

In this paper, we study the vertex version of the problem. Given a set X of k£
vertices in a graph G, a vertex-disjoint cycle cover, or simply a cycle cover of X,
is a collection of k vertex-disjoint cycles in G, each of which contains exactly
one vertex in X. Given a pair of integers n and k, where n > 3k, let f(n, k) denote
the minimum integer m such that if G is a graph on n vertices with minimum
degree m then given any set X of k vertices in G, G contains a cycle cover of X.

More generally, given integers n, k, and /, where n > 3k and 3 <[/ < n, we let
fi(n, k) denote the minimum integer m such that if G is a graph on n vertices with
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minimum degree m then for any set X of k vertices in G, G has a cycle cover C
of X such that each cycle in C has length at most /. Note that f3(n,k) >
fa(n,k) > -+ > fy(n,k), and that f(n,k) = f,(n,k). In [8], Ishigami studied
fa(n, k).

Theorem 1.3 (Ishigami [8]). Let k > 1 be an integer and G a graph of order
n > 3k with 5(G) > |vVn+k* — 3k + 1| + 2k — 1. Then for any set X of k ver-

tices, G has a cycle cover of X in which each cycle has length at most four.

The degree condition is sharp. An example showing the sharpness is given in
Ishigami [8] and also in Example 2 in Section 7.

In this paper, we determine f(n,k) when n is large compared to k. For
n > ck?, where ¢ is a large enough constant, we prove that f(n,k) =

fo(n,k) = L\/n + (3K —dk+ 1) +3k — IJ. An example establishing f(n, k) >
L\/n + (5K —4k+ 1) +3k— 1J is given by Example 4 in Section 7. For the

main part of the paper, we prove that fg(n,k) < L\/n—k (2K — 4k + 1)+
2k — IJ. It then follows that f(n,k) = f,(n, k) = fu_1(n,k) = --- = fo(n, k) =
Wn (02 —dk+ 1) + 3k — 1J. A detailed discussion about fi(n,k) for

1 €{3,4,...,n} will be given in Section 7. Our main result is stated as follows,
which was earlier conjectured to be true by Enomoto [6].

Theorem 1.4.1. Let G be a graph with order n > ck?, where c is a large enough

absolute constant, and minimum degree at least L\/ n+ (2k —4k+1)+

%k — IJ. Then for any k distinct vertices in G there exist k vertex-disjoint cycles
of length at most six, each of which contains exactly one of the k specified
vertices.

We would like to point out that most of the effort in this paper is devoted to
showing f(n, k) < L\/n + (O —dk+ 1) +3k— 1J for n > ck® The proof
would be simpler and the requirement n > ck? can be weakened if one only
wishes to prove f(n, k) < [\/n + (3K —dk+ 1) +3k — IJ.

For convenience, we prove the following theorem, which implies Theorem
1.4.1. Note that the condition § > L\/n + (32 — 4k + 1) +3k — IJ is equiva-
lent to n < 6% + (—3k +4)§ — 2k + 3 in our context.

Theorem 1.4.2. Let 6, k be positive integers with 6 > ck, where c is a sufficiently
large constant. Let G be a graph with order n < > + (—3k +4)6 — 2k + 3 and
minimum degree 6. Then given any set X = {xy,...,x¢} of k vertices in G, there
exist k vertex-disjoint cycles Cy, . . ., Cy of length at most six, such that x; € V(C;)
for each i € [k].
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Before we move on, we mention a related result and compare our result to that
one. Given a set X of vertices in a graph G, if a cycle cover C of X spans V(G) (i.e.
if C forms a 2-factor of G), then we call it a spanning cycle cover of X. In [4],
Egawa et al. studied the function g(n, k), defined to be the minimum m such that
if G is a graph on n vertices with minimum degree m then given any set X of k
vertices in G, G contains a spanning cycle cover of X. Note that, trivially,
g(n,k) > f(n,k), while in reality f(n,k) should be much smaller than g(n,k).
Egawa et al. [4] determined g(n,k) for all feasible pairs n, k. In particular, for
n > 6k — 3, it is shown that g(n,k) = [5]. As a key step in establishing the
corresponding sharp upper bounds on g(n, k), they first obtained upper bounds
on f5(n, k), and then showed that a cycle cover of X in which each cycle has length
at most five can be extended to a spanning cycle cover of X under the given degree
conditions. While their upper bounds on f5(n, k) (Egawa et al. [4], Theorem 1.4.1)
are good enough to enable them to obtain sharp upper bounds on g(n, k), they are
far too large to be sharp for f5(n, k). As we will see in Section 7, f5(n, k) is very
close to f4(n, k), and is around /n + ck for some small constant ¢, while the upper
bound given in Egawa et al. [4] is roughly n/2 for large n. In general, studying
f(n,k) and studying g(n,k) are two problems with quite different natures. To
ensure spanning cycle covers, the host graph G often needs to be very dense (i.e.,
with its average degree on the order of n = n(G)). For dense graphs, especially for
graphs G whose average degree exceed n(G)/2, Szemerédi’s regularity lemma
[13] has proven to be a very useful tool (see [10] for a survey and [9] for a recent
application). On the other hand, the graphs we consider in this paper are sparse
(having average degree as small as O(y/n)). No generally applicable powerful
tools have yet been developed to handle sparse graphs effectively.

The rest of the paper is organized as follows. Sections 2—6 are devoted to the
proof of Theorem 1.4.2. Section 7 contains a discussion of fj(n, k) for different
values of /.

2. PRELIMINARIES

We introduce some notions needed for the proof. For undefined notations and
terminology the reader is referred to [1,12]. Let G = (V(G), E(G)) be a graph. Let
v € V(G) and U C V(G). Then N(v,U) denotes the set {u € Uluv € E(G)};
it is the set of neighbors of v in U, and let d(v,U) = |[N(v, U)|. Let N[v,U] =
N(v, U)U{v}. When U = V(G), we simply write N(v),N[v] for N(v, V(G))
and N[v, V(G)], respectively.

If U and W are two disjoint subsets of V(G), then E(U, W) denotes the set
{uw € E(G)|u € U,w € W}, i.e., the set of edges in G with one endpoint in U and
the other endpoint in W. Let e(U, W) = |E(U, W)|. For convenience, we some-
times write e(H,H'),e(v,H),N(v,H) for e(V(H),V(H")),e({v}, V(H)),N({v},
V(H)), respectively, where H and H' are subgraphs of G. The distance between
two vertices u# and v in a graph H is denoted by disty(u, v). The subgraph of G
induced by a subset S of V(G) is denoted by GIS]. For the purpose of this paper,
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we simply call a vertex-disjoint cycle cover of X in which each cycle has length
at most six a cover of X.

Our approach to the proof of Theorem 1.1.2 is by contradiction. Let G be a
graph with n vertices and minimum degree 6, where n and ¢ satisfy the inequality
in Theorem 1.4.2, and let X = {xy,...,x;} be a set of k vertices for which the
desired cycles do not exist. We obtain a contradiction by deriving the inequality
n> &+ (—3k+4)5 — 2k +3.

We first deal with the case k = 1 separately, proving n > 6> + & + 1 for this
case. When k =1, we have X = {x;} and that G has no cycle of length at
most six containing x;. Let yj,...,ys be distinct neighbors of x;. Clearly,
N(y;) "N(y;) = {x;} for i # j; otherwise we obtain a cycle of length at most
four containing x;. For each i, let z; € N(y;) —x;. We have N(z;) N N(zj) = ¢;
otherwise we get a cycle of length at most six containing x;. Noting that
IN[zi]| > 6+ 1 for each i, we have n =n(G) > 1+, |N[z]| > 1+ 6(6+1) =
8% + 6 + 1. We henceforth assume that k > 2.

Since adding edges to G does not violate the conditions of G in Theorem 1.4.2,
we may assume that G is edge-maximal, that is, G does not contain a cover of X
but adding any non-edge to G yields a cover of X. In this case, it is easy to see that
given any subset Y of X with order k — 1, G contains a cover of Y. Let Y be a
subset of X with order k — 1, and let C be a cover of Y. For any y € Y, let C,
denote the cycle in C that contains y. We define an ear to C, as a path connecting
y to a vertex on Cy — {y} which is internally disjoint from ((Jcc, V(C)) UX.
For a vertex u in V(G) — Jcee V(C), a pseudo ear from u to Cy is a path from u
to a vertex on C, which is internally disjoint from | .. V(C). The ear number of
C, is the maximum number of internally disjoint ears of length at most three that
C, has, and the ear number of C is defined as the sum of the ear numbers of
its cycles.

Now, among all the covers of a subset of X of order k — 1, we choose a cover C
such that

(1) the total length of the cycles in C is minimum, and
(2) subject to (1) the ear number of C is maximum.

Without loss of generality, we may assume that C covers xi,...,x;_1. Let
Z=1lk—1], and let C={Cy,...,Cy_1}, where C; covers x; for all i€ Z.
Let a;, b; denote the two neighbors of x; on C; for all i € Z. Note that since G is
edge-maximal, X induces a clique. Let W = (U,c; V(Ci)) U {x}.

Lemma 2.1. Let u € (V(G) — W)U {x}, and let i € I. Then |N(u,C;)| < 3.
Furthermore, |N(x, C;)| = 3 if and only if N(xx, C;) = {a;, x;, b;}.

Proof. If u € V(G) — W and u has four neighbors on C;, then u has two
neighbors v, v on C; — x; with distance at least three on C; — x;. In this case, we
can replace the portion of C; — x; between v and v/ with vuv' to get a cycle C’
containing x; which is shorter than C;, and (C — {C;}) U{C'} forms a cover of
X — {x} with smaller total length than C, a contradiction to our choice of C.
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Now, suppose u = x;. Suppose that either |N(xi, C;)| >4 or |N(x, Ci)| =3
but N(xi, C;) # {ai,xi,b;}. Then x; has two neighbors v, v’ on C; — x; such that
the portion L of C; between v and «' which contains x; has length at least three.
In that case, we let C' = (C; — L) U uxxv'. Now, (C—{C;}) U{C'} is a cover
of X — {x;} with smaller total length than C, again a contradiction to our choice
of C. [ |

For j=1,2,3, let Z; ={i € T : e(xx,C;) =j}. Since X induces a clique,
for ieZ; and j=1,2,3,x has j— 1 neighbors on C; —x;. By Lemma 2.1,
T1,7,,75 partition Z. For i € T,, let v; denote the unique neighbor of x; on
C; — x;. For i € 75, Lemma 2.1 shows that a;, b; are the two neighbors of x; on
Cl' — Xj.

Let D = N(x;,G— W). For each y € D, let S, = N(y,G — W).

Lemma 2.2. Let y,y € D, where y # Y, and let z € S,U{y} and zZ € Sy U
{y'}. Then distg_w(z,7)) > 3. In particular, this implies that N[z,G — W]N
N[Z,G— W] =0, and that S, N Sy = (.

Proof. Otherwise, suppose that distc_w(z,7') < 2. Then distc_w(y,y’) < 4,
in which case, a shortest y,y’-path in G — W together with yx;y’ forms a cycle
of length at the most six containing x; that is vertex disjoint from the cycles
in C. This cycle together with C forms a cover of X, a contradiction. It
follows that N[z,G —w|NN[7,G — W] =. Letting z=y and 7 =y yields
S,NSy = 0. |

Next, we partition each of Z| and 7, into subsets as follows. Let
I¢ ={i €I, : for some y € D, e(x;,Sy) > 2},

If =7 — I/l‘,

745 = {i € I, : for some y € D, e(x;,Sy) > 2},

I8 = {i € I, — T4 : there exists an ear of length at the most three to C;},
I¢ =7, - T4 — 1B,

Sy S y’

x 1 x_{k-1} x k
FIGURE 1. The main part of graph G.
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Lemma 2.3. Forall i € I8 UT5 UIZC UZsz and all y € D, x; has at most one
neighbor in §,.

Proof. For i€ If UI§ UIzc, it follows from the definitions that x; has at
most one neighbor in §,. Hence we may assume that i € Z3. Suppose that x; has
two neighbors u and «’ in S,. By Lemma 2.1, x; is adjacent to the two neighbors
a;,b; of x; on C;. Let C' denote the cycle obtained from C; by replacing edges
a;x;b; with a;xb;, and let C” = x;uyu'x;. Then (C — {C;}) U{C’,C"} is a cover of
X, contradicting our assumption. ]

Given y € D, let §; = Sy — Uicrpuzsizeur, N(xi)-

Lemma 24. |D|>6—3k+3. Also, for all yeD,|S,|>6—3k+2and
S| > 6 — 4k +3.

Proof. Since x; has at most three neighbors on C; for each i € Z, |D| =
IN(x, G—W)| > 6(G) —3(k—1) > 6 — 3k + 3.ByLemma?2.1,foreachi € Z,y
has at most 3 neighbors on C;. Hence y has at most 3(k —1)+1=3k—2
neighbors in W. It follows that |S,| = [N(y,G — W)| > 6 — 3k + 2.

By Lemma 23, [S;|>1S,|—[ZfUZSUZSUT;| > IS, —(k—1) > 6~
4k + 3. ]

Now, for each y € D, we choose z, € S such that e(zy,Uiezzc C;) is mini-
mum. Let Z = {z, : y € D}. The following fact is clear from our definition of Z.

Fact 1. Foralli € I8 UZ8UZI§ UT;5,e(x;,Z) = 0. Also, |Z| = |D|.

Lemma 2.5. Leti € T, and let P be an ear to C; that intersects C; at x; and u.
Then, each of the two portions of C; between x; and u has length at the most that
of P.

Proof. Otherwise, let L be the portion of C; between x; and u that is longer
than P. Let C' = (C; — L) U P. Now, C’ is shorter than C; and (C — {C;}) U{C'}
is a cover of X — {x;} with smaller total length than C, contradicting our choice
of C. -

In the following three sections, we prove a series of claims with the aim to
obtain a upper bound on e(Z,W). This upper bound on e(Z, W), together
with some other claims will be used in Section 6 to provide a lower bound on
n, the number vertices in G, leading to the inequality that would give the
contradiction.

3. THECASE OF icZ;

In this section, we get upper bounds of e(Z, C;) for i € Z;.

Claim 3.1. Forall i € I{,e(Z,C;) < |D| +6.
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Proof. By the definition of 7%, there exists y € D with e(x;, S) > 2. Let u, u'
be two neighbors of x; in S,. Then C' = xuyu'x; is a cycle of length four
containing x;, and (C — {C;}) U{C'} is a cover of X — {x;}. By our choice of
|Gl <|C =4

Let v be an arbitrary vertex on C; —x;. We claim that e(v,Z — {z,}) < 1.
Otherwise, suppose that v has two neighbors zy, z,» in Z — {z,}, where y',y" € D
are two vertices different from y. Let C" = vzyy'xxy"zv. C” is a cycle of length
six containing x;, which is vertex disjoint from (C — C;) U C’. We thus obtain a
cover of X, a contradiction. Hence e(v,Z — {z,}) < 1 for all v € V(C;) — {x;}.

Now, we have e(Z — {z,}, C;) < |Z — {z,}| +|Ci — x;| < (|D| — 1) + 3. Hence
e(Z,Cy) = e(2y, C1) + e(Z — {z,},C) <4+ (D] ~ 1) + 3 = |D| +6. .

Claim 3.2. Vi€ I8 ¢(Z,C) < 2|D| + 4.

Proof. By Fact 1, e(Z,x;) = 0. Hence it suffices to show that e(Z, C; — x;) <
2|D| + 4. Let z € Z. By the proof of Lemma 2.1, z has at most three neighbors on
C; — x;, and if z has three neighbors on C; — x; then they must be consecutive in
order.

Call a portion of C; —x; containing four consecutive vertices (or all of
V(C; — x;) if C; — x; has fewer than four vertices) a maximal portion. Since
C; — x; has at most five vertices, C; — x; has at most two maximal portions.
Suppose that e(Z, C; — x;) > 2|Z| + 4 = 2|D| + 4, then there exist five vertices in
Z with three neighbors on C; — x;. By the pigeonhole principle, three of them,
Say Zy,,Zy,,Zy; have their neighborhoods on C; — x; in the same maximal por-
tion. Also, by pigeonhole principle, two of the three, say z,, and z,,, have the
same neighborhood on C; — x;.

Let u,u', u” be the three consecutive vertices on C; — x; adjacent to z,; and zy;.
Since z,,’s three neighbors on C; — x; belong to the same maximal portion as
u,u',u”, it is clear that ' is a neighbor of zy3. Let C' = (C; — {wu/, ut"}) U
{uzy,,zyu"}, and let C" = u'zy,yrx1y32,,u' (see Fig. 2). Now, C’' and C” are

FIGURE 2. Proof of Claim 3.2.
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vertex-disjoint cycles of length at the most six containing x; and x, respectively,
and (C — {C;})U{C’,C"} is a cover of X, a contradiction. ]

Since |D| > 6 — 3k + 3 > 2, the last two claims yield the following.

Corollary 3.1.  e(Z,{U;c7, Ci) < (2|D] +4) - |Z4].

4. THE CASEOFicZ,

In this section, we obtain upper bounds on e(Z, C;) for i € Z,.
Claim 4.1. For all i € I4,e(Z,C;) < |D| + 3.

Proof. By the definition of 7%, there exists y € D such that e(x;,S,) > 2.
Let u,u’ be two neighbors of y in Sy, and let C' = x;uyu'x;. Since C’ is a cycle
of length four containing x;, and (C — {C;}) U{C’} is a cover of X — {x;}, our
choice of C implies that |C;| < |C'| = 4.

Now, if e(Z —{z,},V(Ci) — {x;}) =0 then we have e(Z,C;) = e(z,,C;) +
e(Z—-{z},C) <|Ci|+ (|Z] = 1) <4+ |D| — 1 = |D| + 3 and we are done. So,
we may assume that wzy € E(G), for some w € V(C;) —x; and y' € D — {y}.
Recall that v; denotes the unique neighbor of x; on C; — x;. Since C; has length
at most four, the length of the portion of C; — x; between w and v; is at most two.
This portion together with wzyy'x;v; forms a cycle C” of length at most six
containing x; (see Fig. 3a). Now, (C — {C;}) U{C’,C"} is a cover of X, which is
a contradiction. ]

Claim 4.2. Forall i € I8, ¢(Z,C;) < |D| + 4.

Proof. Recall that v; denotes the unique neighbor of x; on C; — x; and that x;
has no neighbor in Z by our choice of Z (see Fact 1). Let A = N(Z, C;), then
A Q V(Cl) - {X,’}.

Suppose |A| > 4. Then |C;| > 5 and A has a vertex b within distance |C;| — 5
from v; on C; — x;. Note that b is connected to x; by a path Q of length three in
(G — W) U {b}. Now, Q together with the edge x;v; and the portion of C; between
v; and b completes a cycle C* of length at the most (|C;| —5)+3+1=|C;i| — 1
containing x¢. In that case, (C — {C;})U{C*} is a cover of X — {x_1} with
smaller total length than C, contradicting our choice of C (see Fig. 3b). Hence
|A| < 3.

By our definition of I%, there exists an ear L of length at most three to
C;. If there exist y',y" € D,y" # ", such that L intersects Sy Uy" at a vertex
u' and intersects S,» Uy” at a vertex u” then since u',u” € V(L) — {u;, x;},
we have distg_w(u',u”) < 1, contradicting Lemma 2.2. Hence there is at most
one vertex y € D such that L intersects S, Uy. Let Z~ = Z — {z, : L intersects
SyU{y}}. Then |Z7| > |Z| — 1.
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x i X k

FIGURE 3. a: Proof of Claim 4.1 and (b) Proof of Claim 4.2.

Let u; denote the other endpoint of L. By Lemma 2.5, each of the two portions
of C; between u; and x; has length at most three. Let v € C; — {x;, u;}, and let P
be the portion of C; between u; and x; that contains v. Suppose that v has
two neighbors, say z,; and z,,, in Z~. Let C’ denote the cycle obtained from C;
by replacing P with L. C’ is a cycle of length at most six containing x;. Let
C" = vz, y1Xky22y,v. C" is a cycle of length six containing x;. Now, (C — {C;}) U
{C’,C"} is a cover of X, a contradiction. Hence v has at most one neighbor in Z~;
thus it has at most two neighbors in Z.

Recall that |A| <3.If u; A, then our above discussion shows that
e(Z,C))=e(Z,A) <2IA| <6< |D|+4. Ifu; €A, then e(Z,C;) =e(Z,A) =
e(Z,u)) +e(Z,A—u) <|D|+2|A—u| <|D|+4. ]

Claim 4.3. If 6> ck, where ¢ is a sufficiently large constant, then
e(Z,Uere o) < ckIT§|.

Proof. Let i € ZS. By the definition of ZS,C; has no ear of length at
most three. Let D; = N(x;,G— W). We first argue that we may assume
N(u,G—W)NN(u',G— W) #0( if u,u’ € D; and u # u'. Otherwise, let v €
N(u,G—W)NN(u',G— W), and let C" = x;uvu'x;. If |C;| > 5, then replacing C;
with C’ in C yields a cover of X — {x;} with smaller total length than C, a con-
tradiction. Hence |C;| < 4. Now, we may assume that there exist y,y’ € D such
that each of zy, zy has a neighbor on C; — x;, since otherwise, |N(C; — x;,Z)| < 1,
in which case, our choice of Z implies e(Z,C;) < |C;| — 1 < 3, and it suffices to
prove the claim for Z§ — {i}.

By Lemma 2.2, one of {y,z,} and {y',z,} is disjoint from V(C’). Without
loss of generality, we assume that {y,z,} N V(C’) = (). Let b denote a neighbor
of z, on C; — x;. The portion of C; — x; between b and v;, the unique neighbor
of x; on C; — x;, has length at most two, which together with v;x;yz,b completes a
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cycle C” of length at most six. Now, (C — {C;}) U{C’,C"} is a cover of X, a
contradiction. Hence N(u,G — W)NN(u',G — W) = () for all u,u’ € D;,u # u'.

Since x; has at most six neighbors on C; for j € Z — {i} and two neighbors on
Ci, we have [Di|>6—-6(k—2)-2—-1=6-6k+9. Let Fi=U,p
N[u,G—W]. By Lemma 2.1, for all u¢€ D;|Nu,G—W]|>1+4+(6—3
(k—1)—1)=06—-3k+3. By our discussions above, |F;| > |D;|-(6—3k
+3) > (6 — 6k +9)(6 — 3k + 3).

Since C; has no ear of length at most three, we have e(F;, C; — x;) = 0. Also,

given y € D, since i € Z$, by definition S, does not contain a neighbor of x;. Let
S™=U,epS, . Then e(S—,x;) = 0.

yeD ¥y *
We have
E(Si, Cl) = €(S7 — Fl', C,’ — x,')
<587 — Fil
< 5[V(G) — Fil
=5(|V(G)| — |Fil)
< 5{[6% + (=3k+4)6 — 2k +3] — (6 — 6k +9)(6 — 3k +3)}
< 30k6.

Hence, ¢(S™, U, ez Ci) < 30k6 - |Z§].
By our choice of zy and Lemma 2.4, we have

elsJa|=>els,, |JC

i€z§ yeD i€z§

Zze ZyaUCi |S;|

yeb i€I§

> elz, (G| (6—4k+3)

yeD zEIC

=elz,|JC|-(6—4k+3)

(-7 C
€15

Therefore, e(Z, Ujeze Ci) < 5 32,’§i3 IS | < 34k|Z§| if 6 > 34k. [ |

Under the assumption that § > ck, where c is a large constant, the last three
claims together with the first statement of Lemma 2.4 yield:

Corollary 4.1. ¢(Z,,.7, Ci) < (D] +4) - |Z2].
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5. THE CASE OF icZ3

Recall that, for each i € 73, a;, b; denote the two neighbors of x; on C; and that by
Lemma 2.1 N(xt, C;) = {a;,x;,b;}. Let

I8 ={i€I;:IN(C,Z)| < 1},

and
15 ={ieZ5: IN(C;,2)| < 2}.

Then 74 and Z% partition Z5. The following claim is immediate from our defi-
nitions of 75 and Z.

Claim 5.1. Forall i € T4,e(C;,Z) < |Ci| — 1. -

For the case i € Z5, we prepare some lemmas.

Lemma 5.1. Let 1 <i < k. Let Py, Py be two paths of length at most two such
that V(Py) N V(Py) = {x;} and V(P;)) "W = {x;} for j = 1,2. Let u be a vertex
on Py — x; and v be a vertex on P, — x;. Then distg_w(u,v) > 3.

Proof. For i = k, we follow the proof of Lemma 2.2. For i < k, we switch the
roles of x; and x; by replacing C; with (C; — a;x;b;) U a;xib;, and apply similar
arguments. [ ]

Lemma 5.2. Let i€ Ig. Let P be a pseudo ear from x; to C; — x; and Q be
an ear to C;. Suppose that P and Q are internally disjoint and that one of

them has length at most three and the other has length at most four. Then
V(P) N V(C, — x,-) = V(Q) N V(C, — x,»).

Proof. Suppose that V(P)NV(C;—x;) =u,V(Q)NV(C; —x;) = v, and
u # v. Let Ly denote the portion of C; between u and x; that avoids v, and let
L, denote the portion of C; between v and x; that contains u. Without loss of
generality, we may assume that L; contains g;. Let L] be the portion of L,
between u and g;. Let C' = L, U Q and C" = xa; U L} U P (see Fig. 4); they are
vertex-disjoint cycles that go through x; and x;, respectively. We show that both
have length at most six, in which case (C — C;) U C" U C” forms a cover of X, a
contradiction.

First, we assume that Q has length at most three and P has length at most four.
In that case, Lemma 2.5 implies that each of the two portions of C; between x;
and v has length at most three. It is straightforward to verify that C' and C” both
have length at most six.

Next, we assume that Q has length at most four and P has length at most three.
If C” is shorter than C; then (C — C;) U C” is a cover of X — x; with smaller total
length than C, a contradiction. Hence the portion of C; between a; and u that
contains x; has length at most length of P plus one, which is at most four (see
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FIGURE 4. Proof of Lemmma 5.2.

Fig. 4). This implies that L, has length at most two. So, C’ has length at most six.
Also, Lemma 2.5 implies that the portion of C; between v and x; that contains u
has length at most four, hence L} has length at most two. Thus, C" has length at
most six. [ |

Claim 5.2. For each i € I5, there exists a vertex w; € V(C;) — {x;} such
that N(Z,C; — x;) C {w;}. In particular, for all i € I5 e(Z,C;) < |Z].

Proof. By our choice of Z,e(x;,Z) = 0. Thus the first part of the claim
implies the second part. Let zy and z,» be two arbitrary vertices in Z that have
neighbors on C; — x;. Let u be a neighbor of z, on C; — x;, and let v be a neighbor
of zy» on C; — x; (see Fig. 5a). We prove that u = v, which will prove the first part
of the claim.

Clearly, Py = xiy'zyu and P, = x;y"zy v are two internally disjoint pseudo ears
of length at most three from x; to C;. Let C* be the cycle containing x; obtained
from C; by replacing a;x;b; with a;x;b;. Then P, and P, are two internally disjoint
ears of length three to C*. If C; does not have two internally disjoint ears of length
at most three, then (C — {C;}) U{C*} would be a cover of X — {x;} with the
same total length as C which has larger ear number than C, contradicting our
choice of C. Hence, there exist two internally disjoint ears Q;, Q> of length at
most three to C;. By Lemma 5.1, O; must be internally disjoint from one of P
and P,. Assume that Q; is internally disjoint from P;. By Lemma 5.2,
V(Ql) N V(Cl - X,’) = V(Pl) N V(C, - Xi) = {M}

If P, is internally disjoint from Q; then Lemma 5.2 implies that {v} =
V(P2)NV(C; —x;) = V(01) N V(C; — x;) = {u}. Hence, we may assume that
P, intersects Q; internally at a vertex w. The union of the portion of Q; between
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FIGURE 5. a: Proof of Claim 5.2 and (b) Proof of Lemma 5.3.

x; and w and the portion of P, between w and v has length at most four and is
internally disjoint from P; (since both Q; and P, are internally disjoint from
Py). This union contains an ear Q' of length at most four to C; with endpoints x;
and v. Applying Lemma 5.2 to P, and Q' yields u = v. Hence there exists
w; € V(Cl —xi) such that N(Z, C; — x,-) - {Wi}. |

For each i € Z5, either a; # w; or b; # w;. By symmetry, we may henceforth
assume that a; # w;, for all i € Ig.

Lemma 5.3. Let i € I5. Then

(1) If Q is an ear or pseudo ear of length at most four to C; then
V(Q) N V(Cl - X[) = {Wi}.

(ii) If P is an ear of length at most five to C; or a pseudo ear of length at most
five from xi to C;, then V(P)NV(C;) # {a;}.

Proof. (i) Let zy and z,» be two arbitrary vertices in Z that have neighbors on
Ci — x;. Let Py = xiy'zyw;, and let P, = x;y"zyw;. P; and P, are two internally
disjoint pseudo ears from x; to C;. Let Q be an ear of length at most four to C;. By
Lemma 5.1, Py or P, say Pi, is internally disjoint from Q. By Lemma 5.2,
V(Q)NV(C; —x;) = V(P) N V(C; — x;) = {w;}. Similarly, if Q is a pseudo ear
of length at most four, we consider Q and ears Q;, Q> which were defined in the
proof of Claim 5.2.

(i1) Let P be an ear of length at most five that intersects C; at a;. Suppose for
now that P has length five and that P = x;u uyusuqa; (see Fig. 5b). If P or
P, intersects uszusa;, then we obtain a pseudo ear of length at most four
intersecting C; — x; at a; # w;, contradicting (i) of the claim. Hence Py, P, are
vertex-disjoint from usu4a;. By Lemma 5.1, Py or P,, say P, is also vertex-
disjoint from u;uy. Consequently, P is vertex-disjoint from P. Let C' = P U a;x;,
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and let C” = x;b; UL U Py, where L denotes the portion of C; — x; between
b; and w;. One can easily verify that C’,C” have length at most six. Now,
(C—C)uC'UC” forms a cover of X, a contradiction. The same arguments
apply if the length of P is less than five.

In the case where P is a pseudo ear of length at most five from x; to C;,
consider P and ears (O, O, defined in Claim 5.2, and apply similar arguments as
above. [}

For each i € 7%, let R(a;) = {u € V(G) — W : distg_w—{a) (u,a;) < 2}.
Claim 5.3. All of the following statements hold.

() Forall i € I8 |R(a;)| > 6 — 3k +3.
(i) Foralli,j€I5,i+#j,R(a;) NR(a;) = 0.
(iii) For all i € I8 and y € D,R(a;) N N[z,,G — W] = 0.

Proof. (i) Let x € N(a;,G — W), then N[x,G — W] C R(a;). By Lemma 2.1,
x has at most three neighbors on each cycle in C. Therefore, |R(a;)| >
dx,G—-W)+1>6—-3k—-1)—1+1=06—-3k+3.

(i) Since i,j € Z2, by the proof of Claim 5.2, there are two internally
disjoint ears Q;, Q! of length at most three to C;, and two internally disjoint
ears Qj, Q; of length at most three to C;. Suppose R(a;) N R(a;) # . Then there
is a path L of length at most four connecting a; and a; which is internally
disjoint from W. Furthermore, by Lemma 5.3 (ii), it is easy to see that
VL) NV(QUQ; UQiUQ) = (). Also, by Lemma 5.1, one of Q;, 0, say Qj, is
vertex-disjoint from Q;. Consequently, Q;, Q;, L are pairwise vertex-disjoint.

Recall that Q; intersects C; at x; and w;. Similarly, Q; intersects C; at x; and w;.
Let C; be the cycle containing x;, obtained from C; by replacing the portion of C;
between x; and w; that contains a; with Q;. Lemma 2.5 implies that C’ has length
at most six. Similarly, let C’ be the cycle containing x;, obtained from C; by
replacing the portion of C; between x; and w; that contains a; with Q;; C; has
length at most six. Finally, let C, = ajxga; U L; C is a cycle of length at most six
containing x;. Now, (C — {C;, C;}) U {Cl’, C, C’} is a cover of X, a contradiction.

(iii) Suppose that there exists y* € D such that N[y*,G — W] N R(a;) # 0.
Then there exists a pseudo ear of length at most five from x; to C; that intersects
C; at a;. This contradicts Lemma 5.3 (ii). [

6. LOWER BOUND ON THE NUMBER OF VERTICES

In this section, we first use Corollaries 3.1 and 4.1 and Claims 5.1 and 5.2 to
obtain an upper bound on e¢(Z, W). Then we use this upper bound on e(Z, W) and
Claim 5.3 to obtain a lower bound on n, showing that n > 8+ (=3k+4)6—
2k 4+ 3, which will yield the desired contradiction and complete the proof of
Theorem 1.4.2.
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By Corollaries 3.1 and 4.1 and Claims 5.1 and 5.2, we have

e(Z,W) < (2ID| +4) - |T1| + (ID| +4) - [T + > _(IC — 1) + |D| - |Z5]
i€
< ID|QIT| + |Ta| + 1Z5)) + 41T | + 41To| — 1Z5] + D _|Cil.
i€

Let d = 6 — 3k + 3 + |Z»| + 2|Z,|. By Lemma 2.2, we have

Ny, G- W]' > D|(§+1) —e(Z, W)

> D|(8+ 1 = (2/Z1] + [Za] + [Z5])) — 4IZ:| — 4/Z>|
+ (73] = ) |Gl
€T}
> (0 =3k+3+|To| +2[Z:[)(6 + 1) — (2Z1] + |Z2])d
— |Z5|(6 — 3k + 3 + |Za| + 2|T:1|) — 4|Z1| — 4T
+175] — Z |Cil
€Ty
= (8% + (=3k+4)6 — 2k +3) —k+ (|Zo| +2|Z:)(6 + 1)
— QIT1| + |Z2))d — |Z5)(6 — 3k + 3 + |T2| +2|Z1))
— AT\ | - 4To| + |75 - ) IC
€Ty
= (6% + (=3k +4)6 — 2k +3) +2|Z,|(6 —d — 1 — |T5])
+|Za|(6 —d — 3 — |Z5]) — |Z5)(6 — 3k +3) — k
+175] - Z |Cil.

€Ty
Claim 5.3 implies that |Ujczs R(a;)] > (8 — 3k +3) - |Z%], and that ., Nlzy,
G- W], Uiezg R(a;),and W are pairwise disjoint. Hence, we have
n— (6 + (=3k +4)6 — 2k + 3)
> | U Ny G =W+ Rla)| + W]
yeb €18
— (6% + (=3k +4)6 — 2k + 3)
> DT (6 —d — 1 — |Z2]) + |T2l(5 — d - 3

—|Z8) —k+ T4 = Y 1G] + (Z Gil + 1)

gy} -
€75 i
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> 2|T1[(3k — 3 — |Ta| = 271 | — 1 — |Z5))
+[Z2l(3k = 3 — [Zo] = 2|T1| - 3 - |Z5))
— (1Z1] +|Za| + 1Z5]) + 3(IZ:1| + |Z2| + |Z5])
=2[T1|(3k =3 = 2|T1| — |Z2| — |Z5])
+[Z2l(3k — 4 = 2|T1| — |Zo| - Z5]) + 2|73
>2|Z1|(3k — 3 —2(k — 1))
+|T5|(3k — 4 = 2(k — 1)) + 2|75
= 2|T3|(k — 1) + |Za| (k — 2) + 2|75
>0,

since k > 2. This yields n > 6 + (—3k + 4)6 — 2k + 3 and completes the proof
of Theorem 1.4.2. [}

7. CYCLE COVERS WITH VARIOUS LENGTHS

Recall that fi(n, k) denotes the minimum integer m such that if G is an n-vertex
graph with minimum degree m then for any set X of k vertices G contains a cycle
cover of X using cycles of length at most /.

In this section, we consider f;(n, k) for each [ € {3,4,...,n}. As we will see,
each is either determined or almost determined. For convenience, we assume that
n is sufficiently large compared to k in the following discussions.

For [ =3, it is not too hard to show that f3(n,k) < |5] 4+ k. The following
example shows that f3(n,k) > 5] + k, and hence we have f3(n,k) = |5 + k.

Example 1. Let d = 5] + k — 1. For sufficiently large n with respect to k, we
have d > 3k — 1. We construct an n-vertex graph Hz with minimum degree d such
that for some set X of k vertices in H3, H3 does not have a cycle cover of X using
triangles. Note that since d <5+ k — 1, we have n > 2d — 2k + 2. Let X, A, B, D
be vertex sets such that |X|=k,|A|=k—1,|D|=d —2k+2, and |B| =n—
d — 1. Consider a complete graph on X UA U B U D. The graph Hs is obtained
from this complete graph by deleting of the edges within D and all the edges
between X and B. Consider any vertex v € V(Hs). It is straightforward to
check that d(v) =d if ve€ X and that d(v) >d if ve AUD. If v € B, then
dv)=n—1—k>2d—-3k+1>d since d >3k —1. So Hs has minimum
degree d.

However, one can easily check that Hs does not contain a cycle cover of X
using triangles (see Fig. 6). ]

For [ = 4, Theorem 1.3 asserts that fy(n,k) < |vVn+k* —3k+ 1] + 2k — 1.
We construct an example below to show that fi(n,k) > |Vn+k*> —3k+ 1]+
2k — 1, and hence equality holds in both inequalities.
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FIGURE 6. Graph Hs.

Example 2. Letd = [vVn+ k* — 3k + 1] + 2k — 2. For sufficiently large n with
respect to k, we have d > 3k. Note that since d < v/n + k* — 3k + 1 + 2k — 2, we
have n > d* + (—4k + 4)d + 3k* — 5k + 3. We construct an n-vertex graph H,
with minimum degree d such that for some set X of k vertices, Hy does not have a
cycle cover of X using cycles of length at most four.

Let X = {X], Ce ,Xk},A = {al, - ,ad,3k+2},A’,B,D1, - 7Dd73k+2 be pair-
wise disjoint sets such that |X| =k, |A'| =2k — 1,|A| =d — 3k + 2,|D;| =d — k,
for each i, and |B| =n — [d* + (—4k + 3)d + 3k* — 2k + 1]. Since n > d*+
(—4k +4)d + 3k* — S5k + 3, we have |B| > d — 3k + 2.

Let Z = BU (U;D;). Put a complete graph on each of the sets X, A" and Z,
and put an empty graph on vertex set A. Then add all the edges between X
and AUA’, and all the edges between A’ and B. Finally, for each i, add all the
edges between a; and D;. The resulting graph is the graph H, (see Fig. 7a).
It is clear that Hy has n vertices. Consider any vertex v in the graph.
Clearly, if v € V(H3) — Z then d(v) > d with equality if v € X. If v € Z, then
dv)>|Z| =1+ 1= |B|+ %i|Di| >(d —3k+2) +(d — 3k +2)- (d — k) =d°+
(—4k +3)d + 3k* — 5k + 2. Hence d(v) —d > d* + (—4k + 2)d + 3k* — S5k +
2 > 0 since d > 3k. Hence Hy has minimum degree d. However, it is clear that Hy
does not contain a cycle cover of X using cycles of length at most four. [

For /=35, we did not make an effort to determine fs(n,k). It may not
be very interesting, at least for large n, because the following example
shows that f5(n,k) > |Vn+k* — 4k + 1] 4+ 2k — 1. Since f5(n, k) < fa(n, k) =
|Vn+k*—3k+1]+2k—1, we have |[vVn+k?—4k+1|+2k—1<
fs(n k) < |vVn+k*>—3k+ 1| +2k— 1. The lower and upper bounds do not
differ by very much. For large n, they differ by at most one. In particular, we see
that the difference between fs5(n, k) and fy(n, k) is very small. For large n, f5(n, k)
and fy(n, k) differ by at most one.

Example 3. Letr d=|Vn+k>—4k+1]|+2k—2. Since  d <
Vn+k*—4k+1+4+2k—2, we have n>d*+ (—dk+4)d+3k*> — 4k +3.
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FIGURE 7. (a) Graph H, and (b) Graph Hs.

We construct an n-vertex graph Hs with minimum degree d such that for some set
X of k vertices, Hs does not have a cycle cover of X using cycles of length at most
five. The construction of Hs is very similar to that of Hy.

Define vertex-disjoint sets X,A,A',B,Dy,...,Dy 31,2 as in the construction
of Hy, where each set except B has the same order as before; let |B| =
n— [d*+ (—4k +3)d + 3k*> — k + 1]. Since n > d* + (—4k + 4)d + 3k* — 4k +
3, we have |B| > d — 3k + 2. Add another set F with k vertices. Let each of the
sets X,A',B,F and the D;’s induce a complete graph, and let A induce an in-
dependent set. Add all the edges between X and A’ U A and all the edges between
F and BU (|J; D;). Finally, add all the edges between B and A’, and for each i,
add all the edges between a; and D;. The resulting graph is Hs (see Fig. 7b). One
can verify that Hs has n vertices and minimum degree d. However, Hs has no
cycle cover of X using cycles of length at most five. [ ]

The next example, suggested by H. Enomoto [6], shows that f(n,k) >
{\/n+(§k2—4k+1)+§k—1J.

Example 4. Let d = |/n+ (3k* —4k+1)+3k —2|. We construct an n-
vertex graph H with minimum degree d such that for some set X of k vertices,
H does not have a cycle cover of X.

Let A,By,...,By 3112,X be disjoint sets of vertices where |Bj|=---=
|By_sks2| =d+1,|X| = k,and |A| = n — [d*> + (—3k +4)d — 2k + 3]+ (d + 1).
Since d < \/n+ (3k* —4k+1) +3k —2, we have |A|>d+1. Let C be a
subset of A with order 2k — 1. For each i € [d — 3k + 2|, choose a vertex b; in B;.
Let each of the sets X,A, By, ..., By_3t12 induce a complete graph. Then add all
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the edges between the set X and the set CU{by,...,by_3+2}. The resulting
graph is the graph H. One can easily verify that H has n vertices and minimum
degree d. However, H does not have a cycle cover of X, because in such a cycle
cover each of the k cycles (which are pairwise vertex-disjoint) has to use at least
two vertices from C, but C only has 2k — 1 vertices. [

Since fs(n,k) > -+ > fu(n, k) = f(n, k), Theorem 1.4.1 and Example 4 together
imply that fo(n, k) = - - = f,(n, k) = f(n, k) = Nn O —dk+1) +3k— 1J
for n > ck?.

ACKNOWLEDGMENT

The authors thank Dr. Hikeo Enomoto for helpful comments.

REFERENCES

[1] C. Berge, Graphs (3rd ed.), Elsevier Science Publishers B.V., Amsterdam
(1991).

[2] B. Bollobas, Extremal Graph Theory, Academic Press, London, New York,
San Francisco, xx 4488 pp. (1978).

[3] K. Corradi and A. Hajnal, On the maximal number of independent circuits in
a graph, Acta Math Acad Sci Hungar 14 (1963), 423-439.

[4] Y. Egawa, H. Enomoto, R. J. Faudree, H. Li, and I. Schiermeyer, Two-factors
each component of which contains a specified vertex, manuscript (2000).

[5]1 Y. Egawa, R. Faudree, E. Gy0ri, Y. Ishigami, R. Schelp, and H. Wang,
Vertex-disjoint cycles passing through specified edges in graphs satisfying
Ore conditions, Graphs and Combinatorics 16 (2000), 81-92.

[6] H. Enomoto, personal communication (1998).

[7] H. Enomoto, Graph partition problems into cycles and paths, Graph theory
(Prague, 1998), Discrete Math 233 (2001), 93-101.

[8] Y. Ishigami, Vertex-disjoint cycles of length at most four each of which
contains a specified vertex, J Graph Theory 37 (2001), 37-47.

[9] Y. Ishigami, Almost-spanning subgraphs with bounded degree in dense
graphs, Eur J] Combin (to appear).

[10] J. Komlés, A. Shokoufandeh, M. Simonovits, and E. Szemerédi, E. The
regularity lemma and its applications in graph theory, Theoretical aspects of
computer science, Advanced lectures (Lecture notes in computer science,
Vol. 2292) (2002), 84-112.

[11] H. Wang, Covering a graph with cycles passing through given edges, J Graph
Theory 26 (1997), 105-109.



296 JOURNAL OF GRAPH THEORY

[12] D. B. West, Introduction to Graph Theory, Second Edition, xx + 588
pp- (2000).

[13] E. Szemerédi, On sets of integers containing no k elements in arithmetic
progression, Acta Arithmetica 27 (1975), 199-245. [Collection of articles in
memory of Jurii Vladimirovi¢ Linnik.]



