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ABSTRACT. Using ¢ and large cardinals we extend results of Magidor-Malitz
and Farah-Larson to obtain models correct for the existence of uncountable
homogeneous sets for finite-dimensional partitions and universally Baire sets.
Furthermore, we show that the constructions in this paper and its predecessor
can be modified to produce a family of 2¢1-many such models so that no two
have a stationary, costationary subset of wi in common. Finally, we extend a
result of Steel to show that trees on reals of height w; which are coded by uni-
versally Baire sets have either an uncountable path or an absolute impediment
preventing one.

In [3] it was shown (using large cardinals) that if a model of a theory T satisfying a
certain second-order property P can be forced to exist, then a model of T satisfying
P exists already. The properties P considered in [3] included the following.

(1) Containing any specified set of Nj-many reals.

(2) Correctness about NS, .

(3) Correctness about any given universally Baire set of reals (with a predicate
for this set added to the language).

In this paper we add the following properties, all proved under the assumption of
Jensen’s ¢ principle.
(4) Correctness about Magidor-Malitz quantifiers (and even about the exis-
tence of uncountable homogeneous sets for subsets of [w1]<* and any [£]<).
(5) Correctness about the countable chain condition for partial orders.
(6) Correctness about uncountable chains through (some) trees of height and
cardinality wi.
(7) Containing a function on w; dominating any such given function on a club.
These results are obtained using two main tools (both due to Woodin):

(a) iterable models (also called Py,q.-preconditions), introduced in [21],
(b) stationary-tower forcing ([11]), or more specifically, Woodin’s proof of %-
absoluteness ([20]) .

While (b) requires higher large cardinal strength than (a), it allows one to assure (1).
Aside from (1) and (7), we can obtain all of these properties simultaneously using
the method (a) (with “some” being “all” for (5) and (6)). Aside from (1) and (4) we
can prove all of these properties simultaneously using the method (b). Property (4)
subsumes the next two properties in the list, but we do not see how to obtain it
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by stationary tower constructions. As a matter of fact, simultaneously obtaining
(1) and (4), and even (1) and (6), would imply ¥3-absoluteness conditioned on ¢
(see Theorem 3.7). That ¢ implies that one can iterate a P, pre-condition to
be correct about the countable chain condition for partial orders on w; is due to
Larson and Yorioka [13].

In the fourth section we show abstractly that these arguments can be modified to
build a family of 2¢* many models, no two having a stationary-costationary subset
of w1 in common. In the final section we prove a generalized version of a theorem
of Steel which can be used to show that the existence of a model of a given sentence
which is correct about a given universally Baire set is absolute, given a proper class
of Woodin cardinals.

1. MAGIDOR—MALITZ LOGIC

The language L(Q<*) is formed by adding to the language of set theory quan-
tifiers Q™ for each n in w. In this paper we restrict our attention to the so-called
wi-interpretation of this language. That is, a formula of the form

Q" 1, @9, .., T (X1, ..., Tp)

is interpreted as saying that there is an uncountable subset of w; such that every
n-tuple from this set satisfies ¢. The expressive power of this language is not
diminished by requiring ¢ to be symmetric, i.e., invariant under permuting its
free variables x1,...,2,. Recall that [Z]™ is the set of all n-element subsets of
Z and [Z]<% is the set of all finite subsets of Z. For K C [wq]™ an X C w; is
K-homogeneous if and only if [X]™ C K. Since an interpretation of a symmetric
formula is a subset of [w;]™, correctness for Magidor—Malitz logic is equivalent
to correctness for the existence of uncountable homogeneous sets (note that the
existence of countable homogeneous sets of any given order type is absolute between
transitive models.) We therefore say that a model M is correct for Magidor—Malitz
logic (or for Ramsey quantifiers) if wi is uncountable and, for every n € w and
every K C ([w1]™)™ definable in M from parameters in M (note that we do not
assume here that M satisfies ZFC), K has an uncountable homogeneous set if and
only if one exists in M. The following theorem was proved in [14].

Theorem 1.1 (O). If T is a theory in the language L(Q<%) and it is consistent
with ZFC that T has a model which is correct for Magidor—Malitz logic, then T has
such a model. (]

Requiring 7" from Theorem 1.1 to contain a large enough fragment of ZFC is not
a loss of generality. Here (and throughout this paper) “large enough fragment of
ZFC” means large enough to make ultrapower embeddings for generic ultrafilters
on wy elementary; the theory ZFC® from [12] suffices. In this case Theorem 1.1 can
be equivalently reformulated as follows:

Theorem 1.2 (Q). If a theory T extends a large enough fragment of ZFC and
it is consistent, then O implies the existence of a model M for T such that wM is

uncountable and M is correct about the existence of homogeneous sets for partitions
of [wi]™ for allm € N. O

The model M guaranteed by this result is not necessarily well-founded; asserting
well-foundedness of M requires some large cardinal strength (this follows from [3,
Proposition 7.10]). A model M of a large enough fragment of ZFC is correct for
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partitions of finite sets if it is correct about the existence of uncountable homoge-
neous sets for partitions K C [w1]<* in M. Our first result is a strengthening of
Theorem 1.2 (see Proposition 2.8).

Theorem 1.3 (0). If a theory T extends a large enough fragment of ZFC and it
is consistent, then { implies the existence of an model M for T such that w} is
uncountable and M is correct about the existence of homogeneous sets for partitions
of [wM]™ that belong to M, for eachn € w. If T is w-consistent, then then { implies
the existence of an model M for T such that wi! is uncountable and M is correct
about the existence of homogeneous sets for partitions of [w}]<“ that belong to M,

The proof is given in Theorem 1.12 at the end of this section. We show that
in the presence of large cardinals, correctness for partitions of finite sets can be
combined with correctness for any given universally Baire set of reals, with respect
to the logic of forceability.

Analogously to [3, §5], given a set of reals A let L(A) be the language of set theory
with an additional unary predicate for A. We say that a model M is correct for
A and partitions of [w1]<“ (in short, L(Q“, A)-correct) if wM = w;, M interprets
the additional unary symbol as A N M and about the existence of uncountable
homogeneous sets for every partition K € M of [w1]<“. Since correctness for I1}-
sets already implies well-foundedness of w, assuming w} = w; is not a loss of
generality in our context. The notation L(Q<“, A)-correct is perhaps misleading,
but L(Q<%) is an established notation for Magidor-Malitz logic. The reader may
wish to compare the following theorem with the results in [1].

Theorem 1.4. Suppose that there exist proper class many Woodin cardinals, let A
be a universally Baire set of reals, and let T be a set of sentences in L(A). Suppose
that there exists an L(Q“, A)-correct model of T in some set forcing extension.
Then there exists an L(QY, A)-correct model of T in every set forcing extension
satisfying .

Proof. Immediate from Lemma 1.5, Lemma 1.6, and Theorem 1.7 below. (I

The logic L, (Q<%) allows countable disjunctions in addition to quantifiers Q™
(n € N). It is well-known that an analogue of Theorem 1.1 for this logic can be
proved using the methods of [14]; for a proof see e.g., [4]. By standard methods
(see e.g., [2] for the case of L, .(Q)), the case of Theorem 1.4 when A is a Borel
set follows. This cannot be extended even to analytic sets unless large cardinals are
assumed ([3, Proposition 7.8]). An alternative way for proving these results using
iterated generic ultrapowers is outlined in our Theorem 1.3 and Theorem 1.12. Note
that this semantical result does not recover the full strength of Keisler or Magidor—
Malitz theorems. This is because these results provide completeness theorems for
logics Ly, w(Q) and Ly, (Q<¥). We do not know whether this can be achieved
for the logic with the quantifier corresponding to the existence of uncountable
homogeneous subsets of [w]<¥.

1.1. Proofs. The following is proved in [3]. In the presence of a proper class
of Woodin cardinals, universally Baire sets of reals are §"-weakly homogeneously
Suslin for all 6. We refer the reader to [21, 12, 3] for the definition of A-iterability.

Lemma 1.5. Assume that § < A are a Woodin and a measurable cardinal respec-
tively, A and w* \ A are 6T -weakly homogeneously Suslin sets of reals, and ¢ is a
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sentence whose truth is preserved by o-closed forcing. If there exists a partial order
in Vs that forces that ¢ holds in H(6) for some 6 > (2, then there ewists an
A-iterable model (N,NS,, ™) that satisfies ¢.

A forcing P has property K, if for all p, (o < wj) there is an uncountable
I C wy such that pa1), ..., Pan) has a lower bound for all a(1),...,a(n) in I. It
has precaliber ¥y if for all p, (o < wq) there is an uncountable I C w; such that
every finite subset of p, (a € I) has a lower bound. The following is well-known.

Lemma 1.6. Assume K C [Z]<%. The statement ‘there are no uncountable K-
homogeneous sets’ is absolute for (a) o-closed forcing extensions (b) precaliber Ry
forcing extensions. (c) If K C [Z]™ then the statement ‘there are no uncountable
K -homogeneous sets’ is absolute for property K, forcing extensions.

Proof. In all three cases forcing preserves Ni, and therefore we only need to check
that it does not add an uncountable homogeneous set.

(a) Assume P forces the existence of an uncountable homogeneous set, and let
H be its name. Pick decreasing conditions p (o < wy) such that p, decides first
« elements of H. Then the decided set is uncountable and K-homogeneous.

(b) If P forces an existence of an uncountable homogeneous set H, pick p, that
decides ath element of H is £,. If every finite subset of {p, | @ € I} has a lower
bound, then {&, | a € I} is homogeneous.

(c) This proof is very similar to the proof of (b). O

Theorem 1.7. If { holds and (M, I) is an iterable pair, then there is an iteration
Ji (M, I) — (M*, I*) of length wy such that M* is correct for partitions of [w1]<%.

We give two proofs of Theorem 1.7. The first uses the presentation of Magidor—
Malitz logic given in [4] and its modularity makes it more susceptible to generaliza-
tions. The second is shorter and more straightforward. We note that one can easily
add correctness about NS, to M*. On the other hand, the proof can easily be
adapted to make M™* incorrect about NS, , showing that correctness for Ramsey
quantifiers does not imply correctness about N.S,,,. To see this, note the the proofs
of Theorem 1.7 do not require putting any specific set into the generic filter at a
given stage. The standard P,,,, bookkeeping argument then allows putting the im-
ages of each stationary subset of w; in each model of the iteration into the generic
filter stationarily often, thus assuring N.S,,,-correctness (see the game-theoretic for-
mulation of the basic iteration lemma for P,,q, in [12]). On the other hand, we
are free to take some costationary subset of w; in some model and keep it and its
images out of all the generic filters, thus assuring that the image of this set will
be nonstationary in V' even though it is stationary in the final model. With this
observation one gets the following strengthening of Theorem 1.4, where if M is a
model of a sufficient fragment of ZFC which is correct about w; we say that M is
correct about NS, if NS,, " M = NS‘JUVII.

Theorem 1.8. Suppose that there exist proper class many Woodin cardinals, let A
be a universally Baire set of reals, and let T be a set of sentences in L(A). Suppose
that there exists an L(QY, A)-correct model of T in some set forcing extension.
Then in every set forcing extension satisfying ¢ there exists an L(Q%, A)-correct
models M, M' of T such that M is correct about NS, and M’ is not.



ABSOLUTENESS FOR UNIVERSALLY BAIRE SETS AND THE UNCOUNTABLE II 5

1.2. First proof of Theorem 1.7. For a transitive model N of ZFC° let Ly be
the language of set theory extended by adding the constants for elements of N (and
all universally Baire sets and NS,,,). Let (V¥ox € 2)¢(x) be the shortcut for ‘z is
uncountable and ¢(x) holds for all but countably many = € z.” For a 1-type ® in
LN let

02(x) = {(v"°2 € 2)(2) | $(2) € D(2)}.

Also let 9°® = ® and 9" ® = J(9"®). A type ® is totally unsupported in N if
0" ® is not realized in N for all n > 0.

If j: N — N* is an elementary embedding and ® is an N-type then j® is a type
defined in the natural way:

j@(x) ={o(z, (@) | ¢(x,a) € ©(z)}
(here @ stands for an arbitrary n-tuple of parameters).

Lemma 1.9. Assume (N,I) is an iterable pair and types ®; (i > 0) are totally
unsupported in N. Then there is N-generic G C IT such that each j®; is totally
unsupported in N* for the generic embedding j: N — N*.

Proof. Let v = wi¥. Enumerate all pairs (f,0"®;) for f: v — v in N. Pick G
recursively, by finding a decreasing sequence Ay, (k > 0) in IT. Assure that Ay, is
in k-th dense subset of I in N. To find Agk.1, consider the k-th pair (f,0"®;).
If there is ¢ € 9™ ®; such that the set

By ={a € A | N | =¢(f(a))}

is stationary then let Aoy 1 = By.

We claim that such a ¢ has to exist. Otherwise let D = V{B, | By € NS, }.
Then D € N and C = Ay, \ D is equal to Ag, modulo a club. Also, if for every
¢ € 0"®; we have that N = (Vo € C)¢(f(a)). We consider two possibilities.
First, if C' = f[C] is uncountable, then C’ realizes 9"*1®;, contradicting our
assumption that this type is unsupported in N. Otherwise there is @ € N such
that f~!(a)NC is uncountable. Therefore N |= ¢(«) for all ¢ € 9"®;, contradicting
the assumption that 0" ®; is unsupported in N.

The construction clearly satisfies the requirements. We need to check that N*
does not realize any one of jO"®;. Fix a name & for an element of N*, n € N, and
i € N. Then Intg(z) = [f]g for some f. Let k be such that (f,0"®;) appears as
the kth pair. Then Asgy1 Ca € wy | N E —¢(f(a),ad)} for some ¢ € 0™ P;, hence
Asgr1lF—¢(2, j(d)) and therefore & does not realize 9™ ®;. O

Let N be a model of ZFC®°, let X C wi, and let ¥(x) be a formula. We write

(aax € X)y(x) for ‘the set of z € X such that - (z) holds (in V)
is bounded in wi,
(aa® € X™)Y(Z) for (aax; € X)(aaxs € X)...(aax, € X)¢Y(T),

where I is an n-tuple of variables.
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Now write (& is assumed to be of appropriate length, this length being w in the
definition of ®$*)

(aaz € X)N = ¢(x,d)}.

€ N,
€ N,(aaxz € X")N E ¢(Z,d)}.

We suppress writing parameters @ € N from now on, with the understanding that ¢
is a formula in the language extended by adding constants for all elements of the
model N. The proof of the following lemma is modeled on [4, Lemma 7.3.4].

Lemma 1.10. Assume N is a model of ZFC® and X C wi¥. if 94®x is supported
i N for some d > 1 then there is an uncountable Y € N such that <I>§“’ D) <I>)<(w,

Proof. For n € N and d € N write
(VRox €? Z)p(x) for (VRoxy € Z)(VNoxg € 1) ... (VRomg € 24-1)0(2),
(VR € Z™)p(x) for (VNoxy € Z)(VRowy € Z) ... (Voz, € 2)9(T),
(VRoz €4 Zn) for (Vozy € Z)(Voxy €1 Z) ... (Vox,, € Z)¢(Z).

Claim. Assume H realizes 0°®x for some d > 1. Then for allm >0 and n > 1

we have
(Vo € ®Y ™) (aad € X™)N = (Vi € H")p(a, 7).

Proof. Induction on n, for all m simultaneously. Assume n = 1 and pick ¢ € @QH
(with parameters suppressed). For ¥ € X™ let ¢5(z) be ¢(¥, z). Since
(aay € X™)g(z) € Ox
we have
(aay € X™)N = (VRox € H)py(x).
Now assume the assertion holds for n and fix ¢ € @?*"“.
assumption,

By the inductive

(aaw € X™)(aaz € X)N = (Voz € H")p(w, 2, ©).
Fix @ such that
(aaz € X)N = (Voz € H™)op(w, 2, 7).
If we let 15(y) be (YNoz € H™)p(i, y, T), then ¥z(y) € ®x(y) and therefore
N [ (Vg € H) (Vi € H)o(@,y, D),
equivalently N = (VRoz ¢ H" )¢ (w, ). O

By the claim, for every n and ¢ € ®% we have M = (VY7 €? H")¢(7).
Write # €? Z for x € [JUJ---JZ, where |J occurs d — 1 times, and A C? B if
ACUU:--UB, where |J occurs d — 1 times. Note that the quantifier (V¥ox €% 2)
introduced earlier agrees with these conventions.

A set E C? H is solid if for all m,n € N, every € € E™, and every ¢ € ®31"
we have M = (VXoz € H™)¢(e, ). Since E is solid if and only if each of its finite
subsets is solid, by Zorn’s Lemma we can find a maximal solid £ C X. We claim
F is uncountable. Assume otherwise. For all m,n € N, € € E™ and ¢ € @}””
we have N |= (VRoz €4 H")¢(€,%). Since there are only countably many such
quadruples (m,n, €, ¢), we can find a € H such that a ¢ E and E U {a} is still
solid, contradicting the maximality of E.
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Let Y C? H be uncountable and solid. Then for every n > 1 and ¢ € ®% we
have N = ¢(b) for all b € Y™, therefore Y is as required. O

The following consequence of Lemma 1.10 is an extension of [4, Lemma 7.3.4].

Lemma 1.11. Assume N is a model of ZFC® and K € N s such that N models
‘K C [wi1]=¥ and there are no uncountable K-homogeneous sets.” If X C wl is a
mazximal K-homogeneous set, then ®x is totally unsupported in N.

Proof. If ®x is realized by some b € N, then b # a for all a € X and X U {b}
is still K-homogeneous, contradicting the maximality of X. Now assume 0"®x is
realized by some H. By Lemma 1.10 there is an uncountable Y € N such that
every @ € Y <% satisfies @ € K, contradicting our assumption. O

First Proof of Theorem 1.7. It will suffice to construct M* = M,,, with correct w;

and such that for every partition K C [w1]<% in M, if there are no uncountable

K-homogeneous sets in M then there are no uncountable K-homogeneous sets in V.
Let (04 : @ < wiy) be a ¢-sequence. We recursively build an iteration

<<Moula)7Gﬂaja'y ey S Y S w17ﬁ < w1>

of (M,I) and a set U C wy as follows. For each a < wy, let @ be ®,_ as defined
above using M, for N, and put o € U if and only if ®¢ is totally unsupported
in M,. When constructing G, we apply Lemma 1.9 to ensure that each jg(aﬂ)q)ﬁ
(BeUnN(a+1)) is totally unsupported in My 1.

In order to assure correctness for NS,,, we apply the standard construction as
described in [21, 12]. At any given stage « the bookkeeping machine requires us to
put a specified member B of I} into G,. Letting I* be the ideal generated by I,
and the powerset of the complement of B the structure (M, I*) is an iterable pair
and therefore Lemma 1.9 still applies.

Having completed the construction of the iteration, fix K C [wi]<% in M,,
such that in M, there exists no uncountable K-homogeneous ¥ C w;. Let X be a
maximal K-homogeneous subset of w1, i.e., such that [X]<* C K but [XU{{}<¥ ¢
K for any £ € wy \ X. Let o < w;y and k € M, be such that K = j,., (k), and let
B € [a, wl) be such that

( ) - ﬂv
(2) o X nB;
(3) jgwl P is contained in ® x as computed over M, ; (Mg, XN/3) is an elemen-

tary submodel of (M, X), in particular og is jos(k)-maximal over Mg.

Then Lemma 1.11 implies ®5 is totally unsupported in Mg, hence 3 € U. Then
Jpw, ®° is totally unsupported in M,,. If £ € X \ 3, then (3) implies jgu,, ®xrp
is realized by € in M, , a contradiction. Therefore X C 3, and we conclude that
there are no uncountable K-homogeneous sets in M, . O

1.3. Second proof of Theorem 1.7. This proof is similar and uses the following
notion from [9]: a subset of [w1]<¥ is stationary if it contains a subset of every club
subset of w;. More generally, given a normal uniform ideal I on w; we say that a
subset of [w1]<“ is I-positive if it contains a subset disjoint from each member of I.
We also let a < b mean sup(a) < inf(b), when a and b are sets of ordinals.

Let {05 : 0 < wy) be a ¢-sequence. We construct an iteration

(Mo, I0,Gg,jaq: B<wi,a<y<wi)
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in the usual way, with the following modifications. We allow the ordinary construc-
tion to determine cofinally many members of each G, including the first one, and
fill in the intervening steps ourselves. For each 3 < w1, let ®3 be the set of unary
formulas with constants in Mg satisfied by every member of o3, and for v € [3,w1],
let @g be jg, Py, the set of ¢ such that for some ¢’ € ®g, ¢ is ¢’ with its constants
replaced by their jg.-images.
While constructing G g, we include stage for each tuple (B, f,) of the following

type:

e B is a stationary subset of [wiwﬁ P in Mg for some nonzero p € w;

e f: B— wivjﬁ is a function in Mg with f(b) > max(b) for all b € dom(f);

e (<[
When we come to the stage for a given (B, f, ), we have some A € [E which we have
decided to put into Gg. If A has stationary intersection with the complement of the
first-coordinate projection of B, then we put this intersection in Gg. Otherwise, if
possible, we find some ¢ € @? such that the following set A’ is in I;.

eifp=1 A ={aecA| Mg —-¢(f(a))}
e if p=m+ 1, A’ is the set of a € A for which for I;—many a € [wi\lﬁ]m,
(av,a) € B and Mg = —¢(f(a,a)).
Then we put A’ in Gg. If there is no such ¢, we do nothing at this stage.

Now, at the end of our construction, consider some K C [w1]<* in M* and sup-
pose that X C w; is an uncountable K-homogeneous set (without loss of generality,
we may assume that [X]<“ C K). Fix o and K’ such that K = j,., (K'). We
will derive a contradiction from the assumption that for no § € (o, ws) is there an
uncountable j,g(K’)-homogeneous set in Mg.

Let ® be the set of formulas with constants from M that are satisfied by every
member of X. Note then that the set of countable ordinals satisfying all the mem-
bers of @ in M is uncountable. Fix £ € [a,wq) such that wi\/lg =¢ 0 =XNE and
@2’1 is the set of formulas in ® with constants in the je.,-image of M.

Now suppose that 8 > ¢, p € w\ {0}, A € Gg, B € Mg is a stationary subset of
[w{wﬁ]p with first-coordinate projection containing A modulo I, and f: B — w{wﬁ
is a function in Mg. Then there exist a (possibly 0) k € w, a k-tuple b contained
in the critical sequence of jg¢ 5, an I¢-positive B’ C [w)"€]F+P in M and a function
/B — wi\/lg in M such that B = {a | (bUa) € jeg(B') Amax(b) < min(a\b)} and
f(a) = f/(bUa) for all a € B. By induction on k, we show, under the assumption
that f(b) > max(b) for all b € dom(f), that there exists a ¢ € <I>§ such that the
following set A;5 is in Ig.

o ifp=1, Ay ={a e A| My = =¢(f(a))};
e if p=m+1, A} is the set of a € A for which for Ig—many a € [wiw[’]m,
(o,a) € B and Mg = —¢(f (o, a)).
By our construction, this shows that X C €.

In the case where ¥ = 0 and p = 1, if there is no ¢ as desired then A €

P(w1)Ms\ I and f € (wi')Ms are such that A forces [f], to satisfy each member

of ®J*1. For each n € w, we show that there is a club E,, C wi’ in My such
that for all increasing n-tuples (vg,...,vp_1) from ANC, (f(v0),..., f(Vn_1)) is
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an increasing sequence and {f(vp), ..., f(¥n—1)} is in jog(K’).” Then in Mg there
exists a sequence of clubs (E/ : n < w) such that each FE/ satisfies this statement
for n, and their intersection is the desired set.

Note first of all that since f(a) > « for all @ € dom(f), we may assume
by shrinking if necessary that for all finite sequences (vp,...,v,) from AN C,
(f(v0), ..., f(vn)) is an increasing sequence.

For each n, by reverse (finite) induction starting at ¢ = n — 1 and ending at
i = 0 we show that the following holds for each i: for each i-tuple a from o¢, Mg
satisfies the sentence “there is a club subset C' C w; such that for all n — i-tuples
Vo, -+ oy Un—i—1) from ANC, if (f(vg),..., f(Wn—i—1)) is an increasing sequence
above sup(a), then a U {f(10),..., f(Vn—i—1)} is in jog(K’).” Since o¢ is jae (K')-
homogeneous, this holds for ¢ = n — 1. It if holds for ¢ = j + 1, then for each
j-tuple a from o¢ there is a club set D € P(w1)M# such that in Mg, for each
X € DN A there is a club C¢ such that for all n — j-tuples (vo,...,vp—;—1) from
ANCe, if (f(x), f(v),..., f(Vn—i—1)) is an increasing sequence above sup(a), then
aU{f(x), f(0)s---s f(Un—i—1)} is in jag(K’). Then letting E, = DNA{C, : x €
D N A}, we have the desired statement for i, and EY is the desired club E,,.

The case where k = 0 and p = m+1 is similar. Suppose that for every ¢ € ®3 the
set A’¢ is nonstationary. Let B’ be the set of members of B whose least members

are in A. For each n € w we find a club E, C wiw" in Mg such that for all
increasing n-tuples (b, ...,bn,—1) from B’ N [E,]", (f(b), f(bo),..., f(bn—1)) is an
increasing sequence and {f(b), f(bo), ..., f(bp—1)} is in jos(K’). Then Mz has an
intersection of such clubs as above. Again, we may assume by shrinking if necessary
that f(b) < a for all &« € A and b € B' N [a]<*.

Again, by reverse finite induction starting at ¢ = n — 1 and ending at i =
0 we show that the following holds for each i: for each i-tuple a from o¢, Mg
satisfies the sentence “there is a club subset C' C w; such that for all n — i-tuples
{boy -+ bp—i—1) from B'N[C]" "%, if (f(by),..., f(bn—i—1)) is an increasing sequence
above sup(a), then a U {f(by),..., f(bn—i—1)} is in jog(K’).” Since o¢ is jae(K')-
homogeneous, this holds for ¢ = n — 1. It if holds for ¢ = j + 1, then for each
j-tuple a from o¢ there is a club set D € P(w1)M# such that in Mg, for each
b € B'NP(D) there is a club C, such that for all n— j-tuples (b, ...,b,—j_1) from
B' N [Cy)™, if (f(b), f(bo), .., f(bn_i—1)) is an increasing sequence above sup(a),
then a U {f(b), f(bo),..., f(bn—i—1)} is in jog(K’). Then letting

Ei =DNA{Cy,:be B'NnP(D)},

we have the desired statement for ¢. The statement for ¢ = 0 implies that there is
an uncountable homogeneous set for jog(K’) in Mpg.

If k =j5+1, let n = max(b) and let b= = b\ {n}. Then by our induction
hypothesis there is a ¢ € @, such that the set of o < w{w" for which for stationarily
many a € [wy"]", b= U{a} Ua € je,(B') and M, = =¢(jen (f)(b~ U{a} Ua)) is
in Gy,. Then ¢ is as desired.

1.4. Proof of Theorem 1.3. Theorem 1.3 follows from the proof of Theorem 1.7
once we notice that that proof did not require iterability (i.e., we did not use the
fact that the models produced were wellfounded). One could rephrase Theorem 1.7
as follows.
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Theorem 1.12. Assume M is a countable model of a large enough fragment of
ZFC. Then M has an elementary extension M* whose wy is uncountable and which
is correct about partitions of [w1]™ for each n € w. If M is an w-model, then has
an elementary extension M™ whose wy is uncountable and which is correct about
partitions of [w1]<¥. Moreover, M* is correct about all Borel sets with codes in the
well-founded part of M .

Proof. The proof of this is largely the same as the proofs of Theorem 1.7. Let
(00 : @ < w1) be a O-sequence. We recursively build a sequence

<(M043I06)7Gﬂaja'y ta < Y < wlvﬂ < w1>

such that each G an Mg-normal ultrafilter of P(w{wﬁ)Mﬂ and Mgy, is the Gg-
ultrapower of M. We don’t require the ultrafilters Gg to be generic over the
models Mpg.

Note that if X € Mg is countable in Mg and f: w{wﬁ — X is a function in Mg,
then the Mg-normality of Gg implies that f is constant on a set in Gg. Conversely,
if X is uncountable and f is injective, then f represents a new element of j(X) in
the ultrapower (these facts are standard; the point is just that they don’t depend
on wellfoundedness). It follows that elements of M,,, will have uncountable extent
if and only if they are uncountable in M, .

One can likewise construct the iteration following the construction in the proof
of Theorem 1.7. The argument goes through without change except for one point.
If n is a nonstandard integer of Mg, then clearly we cannot argue by finite reverse
induction on n. If the integers of M are nonstandard, then, we have to settle for
correctness about partitions of [wq]™ for each standard integer n. O

While M* constructed in the above proof of Theorem 1.12 need not be well-
founded, the wellfounded part of its wy contains the well-founded part contains the
well-founded part of wi’. Therefore, assuming M is well-founded, M* is correct
about L, ., sentences belonging to M. Note that the method of the proof gives proof
of the following consequence of Keisler’s completeness theorem for L, (Q): For
any L, (Q) sentence ¢ the statement ‘¢ has a correct model’ is forcing-absolute.

In [14] Magidor and Malitz provide an axiomatization for L(Q<*) and, us-
ing ¢, prove the corresponding completeness theorem. Their axiomatization in-
volves schemata of arbitrarily high complexity (and necessarily so; see [15]), Our
result is purely semantic and we do not know whether there is a reasonable axiom-
atization for the logic of ‘correctness for partitions of [w;]<“.” Note that we have
completely avoided the problem of defining the syntax for this logic by embedding
T into ZFC.

2. MORE ON CORRECTNESS FOR PARTITIONS OF FINITE SETS

2.1. Partitions of []<¥ for k > wy. If (M, ) is an iterable pair and j: (M,I) —
(M*,I*) is an iteration, then M* is equal to the collection of all sets of the form
j(f)(a), where f is a function in M and a is a finite subset of the critical sequence
corresponding to j. It follows that if M is countable and j is an iteration of length
w1, then M™* is the union of countably many sets each having cardinality N; in M*.
The results of the previous section then give the following.
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Theorem 2.1. If ¢ holds and (M, I) is an iterable pair, then there is an iteration
g (M, I) — (M*,I*) of length wy such that M* is correct about the existence of
uncountable homogeneous sets for partitions of [k]<% for every k € M. ([l

Theorem 2.2. Suppose that there exist proper class many Woodin cardinals, let
A be a universally Baire set of reals, and let T be a set of sentences in L(A).
Suppose that there exists an A-correct model of T' that is correct about the existence
of uncountable homogeneous sets for partitions of any [k]<“ in some set forcing
extension. Then there exists such model in every set forcing extension satisfying <.

Correctness about the existence of uncountable homogeneous sets for partitions
of pairs implies the following.

Corollary 2.3. Suppose ¢ holds and that there exist proper class many Woodin
cardinals. Let T be a large enough fragment of ZFC' that holds in some forcing
extension. Then there is an uncountable transitive model M of T that is correct
about the countable chain condition of all partial order in M. We can also assure
M is A-correct for any given universally Baire set A. O

Analogously to Theorem 1.3 we obtain the following.

Theorem 2.4 (O). If a theory T extends a large enough fragment of ZFC and
it is consistent, then { implies the existence of a model M for T such that wM is
uncountable and M is correct about the existence of homogeneous sets for partitions
of [k]<% that belong to M for every k € M.

2.2. [w1]™ vs. [w1]<“. By the results of §1, the existence of class many Woodin
cardinals implies the following.

R<% If A is universally Baire and ¢ is a sentence of L(Q<%, A) that has a correct
model in some forcing extension, then ¢ has a correct model in every forcing
extension satisfying ¢.

R=“ If A is universally Baire and ¢ is a sentence of L(Q<%, A) that has a correct
model in some forcing extension, then ¢ has a correct model in every forcing
extension satisfying ¢.

The case of R<“ (R<¥, respectively) when A is a Borel set easily follows from the
method of [14] (Theorem 1.12, respectively) and it does not require large cardinals.
The general case of R<% (and therefore of RS requires large cardinals; this easily
follows from [3, §7.2], where the weaker logic L(Q, A) was considered.

In this section we shall show that R<“ is a genuine improvement of R<% already

in the case when A is Borel. For a universally Baire set A consider the following
two assertions.

R<%(A) If ¢ is a sentence of L(Q<*, A) that has a correct model in some forcing
extension, then ¢ has a correct model.
R=“(A) If ¢ is a sentence of L(Q<%, A) that has a correct model in some forcing
extension, then ¢ has a correct model.
Along with proving that ¢ implies R<“(Borel), Magidor and Malitz showed that
forcing with a Cohen algebra preserves R<“(Borel) ([14, p. 257]). This shows
that R<“(Borel) does not imply CH. Below we dwell on their ideas and further
investigate in which models R<*(A) and R<“(A) hold.

Lemma 2.5. Assume R<% (Borel). Then there exists a Suslin tree, a ccc-destructible
(w1, w1)-gap in P(w)/Fin and an entangled set of reals.
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Proof. This is immediate; for the definitions see e.g., [18]. O

Before stating a less trivial consequence of R<“, let us record an immediate
consequence of Lemma 1.6.

Lemma 2.6. Assume A is universally Baire.

(1) If R<%(A) holds then it holds in every forcing extension by a forcing that
has property K, for alln.

(2) If R<“(A) holds then it holds in every forcing extension by a forcing that
has precaliber N1 . ([

The content of (1) of Lemma 2.7 below is in the well-known equivalence of
statements ‘the real line is not covered by N; many Lebesgue null sets’ and ‘the
Lebesgue measure algebra has precaliber X;.” We reproduce proof for the reader’s
convenience and to assure that the former assertion’s expressibility in L, ., (Q<%) is
transparent. Clause (2) is essentially given in [14, p. 257], where it was shown that
R<¥ is preserved by the forcing for adding any number of Cohen reals. We don’t
state the obvious variations for R<“(A) or R<%(A) of two propositions below.

Proposition 2.7. (1) Assume R=“(Borel). Then the real line can be covered
by N1 Lebesgue null sets.
(2) Every model of ZFC has a forcing extension in which R=* (Borel) holds but
the real line cannot be covered by Ny meager sets.
(3) Fvery model of ZFC has a forcing extension in which R<“ (Borel) holds but
the real line cannot be covered by Ny Lebesgue null sets.

Proof. (1) We shall find a sentence ¢ of L(Q<* Borel) that has a correct model if
and only if the real line can be covered by N; null sets.

Assume for a moment there is an increasing sequence of null G sets N, (o < w1)
such that Ua<w1 N, = R. Let F, C R be a compact set of positive measure
disjoint from Ny, and define K C [w1]<¥ by s € K if and only if (., Fo # 0.
An uncountable K-homogeneous set gives a family of compact sets with a finite
intersection property, and the intersection of this family is disjoint from J,, Na.
Therefore a sentence ¢ asserting enough ZFC plus ‘There exist compact sets of
positive measure F,, (o < wip) such that the partition K defined by s € K if and
only if (,c, Fo # § has no uncountable homogeneous set” has a correct model in
every extension in which the real line can be covered by N; many null sets. (Note
that we only need correctness for a rather simple Borel set.)

We claim that the converse is also true. Assume otherwise. Let M be a model
correct for ¢ and assume the real line cannot be covered by N; many null sets.
Let F, (o < wp) be compact positive sets witnessing ¢ in M. By downward
Lowenheim—Skolem theorem we may assume M is of size N;. By the ccc-ness of
Lebesgue measure algebra there is a compact positive set F© € M forcing that
the generic filter contains uncountably many of the F,’s. Let r € F be a real
that avoids all null sets coded in M. Then r is a random real over M, hence
H = {a <w; | r € F,} is uncountable. Then H is an uncountable homogeneous
set, contradicting the assumption on M.

(2) A model of ¢ satisfies R<“ by the L, variant of Theorem 1.1, e.g., The-
orem 1.12. The standard forcing for adding Ry Cohen reals has precaliber X; and
it forces that the real line cannot be covered by fewer than Ny meager sets . By
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Lemma 2.6 the extension obtained by adding Cohen reals to a model of ¢ is as
required.

(3) This is similar to the proof of (2), using the well-known fact that every
measure algebra has property K, for all n. O

The model of (3) of Proposition 2.7 gives the following.

Proposition 2.8. Fvery model of ZFC has a forcing extension in which R<% (Borel)
holds, but R<* (Borel) fails. O

3. EXTENSIONS OF THE ¥2-ABSOLUTENESS ARGUMENT
Let us recall a conjecture of John R. Steel presented in [19].

Conjecture 3.1. Assuming sufficient large cardinals, every %3 sentence ¢ that
holds in some forcing extension satisfying ¢ holds in all forcing extensions satisfy-
ing Q.

Note the resemblance to Woodin’s ¥3 absoluteness based on CH ([20], [11]) which
was one of the starting points to the first part of this paper ([3]). By standard facts
about Woodin cardinals ([11, Theorem 2.5.10]), Conjecture 3.1 is equivalent to
its consequence stating that ¢ (together with appropriate large cardinals) implies
every X3 statement true in some forcing extension satisfying ¢. Results of §1 can
be interpreted as confirmation of Conjecture 3.1 in the case when the %2 sentence
¢ states the existence of a partition of [w1]<“ satisfying some first-order properties
with no uncountable homogeneous sets. However, Conjecture 3.1 is not likely to
be proved by iterating P, preconditions as in §1. A major obstacle is that for
each P,q, precondition (N,I) there exists a real number not belonging to any
of the iterates of (N, I) (take e.g., the real coding (N,I)). At this point we do
not see how to prove a version of absoluteness for Magidor-Malitz logic using the
stationary tower. In this section we solve some other technical problems related to
Conjecture 3.1. Assuming ¢ and using stationary tower, we find a model containing
all reals and satisfying the following

(1) Correctness about the countable chain condition for partial orders on w;
(Theorem 3.5).
(2) Correctness about uncountable chains through (some) trees of height and
cardinality wy (Theorem 3.5).
(3) Containing a function on w; dominating any such given function on a club
(Proposition 3.9).
While both (1) and (2) are consequences of correctness for the existence of un-
countable homogeneous sets for partitions of [w1]?, (3) cannot be obtained using
Ppraz preconditions. This is because if for every f: w; — wp there is an iteration
of a P4, precondition (N, I) with a function dominating f on a club, then CH
fails. This assertion easily implies that a function definable from (N, I) dominates
f on a club, and therefore that the size of the continuum is not smaller than the
cofinality of wi* ordered by the dominance modulo NS, and therefore that CH
fails. This is one of the points in Woodin’s proof that the saturatedness of NS, ,
together with the existence of H(R)# implies CH fails ([21, §3.1]).
The version for correctness about the countable chain condition was proved
in [13] before the work in this paper and its predecessor. The version for trees
on wj is left to the reader.
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3.1. The setup. Definitions of the stationary towers P.s and Qs can be found
e.g., in [21] or [11]. We work with the terms from Section 4 of [3]. There, V[h] is a
forcing extension of V', and M is a model whose wy (which we also call A) is a Woodin
cardinal in V'[h], which sees a club C' C A contained in the Woodin cardinals of V[h]
whose limit points 3 have the property that C'Nj is contained modulo a tail in each
club subset of § in V[h], and such that V;[h] € M for some strongly inaccessible
cardinal ¢ > X of V[h]. Inside the model M, then, one can construct V[h]-generics

for ng\h]. The following theorem (due to Woodin, see [11, 3]) summarizes the
situation. As discussed in [3], the assumption of a measurable Woodin cardinal can
be replaced with a so-called full Woodin cardinal.

Theorem 3.2. Suppose that § is a measurable Woodin cardinal and k > 0 is a
Woodin cardinal. Then there is a condition a € P., such that if G C P, is a V-
generic and a € G, then GNVy is a V-generic filter for Q<s and, letting j: V — M
be the embedding induced by G,

jw) = 6;

k is a Woodin cardinal in V[G];

M s closed under sequences of length less than k in V[G];

there exists in M a club set C' C & contained in the Woodin cardinals of V
such that for each limit point 5 of C, (C N B)\ D is a bounded subset of 3
for each club D C B inV.

Note that in this context, since § is strongly inaccessible in V' and w; in M, there
exist in M V-generic filters for each partial order in V.

In Theorem 3.5, we show that if ¢ holds in M then M can build the generic so
that the final image model is correct about the countable chain condition for its
partial orders on wy, and correct about whether its trees of height and cardinality
w1 have uncountable paths. In each case the argument involves inserting cofinally
many steps into the construction of each generic filter H, (or just stationarily
many), in order to ensure that a set given by a fixed {-sequence is not an initial
segment of an uncountable path or antichain.

Lemma 3.3. Suppose that § < X are Woodin cardinals, G C Qs is V-generic,
a € Qcy is such that Qs regularly embeds into the restriction Q<x(a) of Q< to
a. Let j: V — N be the embedding induced by G. Let T be a tree on wi of height

WiV with no uncountable branches in N. Let p be a cofinal branch of T, let b be a

condition in Q<x(a) and let f be a function in V from b to w{. Then there is a

b < b forcing that [f]g does not extend p, where H is the induced Q< -generic.

Proof. Tt is a standard fact that in this situation N and V|G| agree about the
existence or nonexistence of cofinal paths through 7' (more generally, about ¥
sentences with parameters in P(§)V; briefly, there is in some outer model an el-
ementary embedding with critical point above § from N into a model containing
P(6)VICl; as an example of this, see the relationship between My and M on page
95 of [11]). Consider then the set of nodes in T" which b forces [f]y to extend.
This set cannot be p, but it must be a pairwise compatible set, so it cannot contain
p, either. So extend b to b’ forcing that [f]m does not extend some fixed member
of p. (I

Lemma 3.4. Suppose that § < X are Woodin cardinals, G C Qs is V-generic,
a € Qcy is such that Qs regularly embeds into the restriction Q<x(a) of Q<y to



ABSOLUTENESS FOR UNIVERSALLY BAIRE SETS AND THE UNCOUNTABLE II 15

a. Let j: V — M be the embedding induced by G. Let P be a partial order on w}M
in M which is ccc in M. Let A be a predense subset of P, not necessarily in M, let
b be a condition in Q-x(a) and let f be a function in V from b to w) . Then there
is a b < b forcing that [flug is compatible with some member of A, where H is the
induced Q. -generic.

Proof. By the same standard fact as in the proof of Lemma 3.3, M and V[G] agree
about the existence or nonexistence of uncountable antichains of P. Consider then
the set X of elements of P which b forces [f]p to be incompatible with. If X does
not contain A then the lemma clearly holds, so assume otherwise. In V[G], and
thus in M there is a countable X’ C X such that every element of P is compatible
with an element of X if and only if it is compatible with an element of X’. Since
A is predense and A C X, this means that X’ is predense, so every element of P
is compatible with some member of X’. Since X’ is countable, it will continue to
have this property in the Q. y-ultrapower, contradicting that b forces that [f]y will
be incompatible with every member of X'. O

We say that a model N is correct about the countable chain condition on partial
orders on w; if w)¥ = w; and for every partial order P on w; in N, P has an
uncountable antichain in IV if and only if it has one in V. We say that a model
N is correct about uncountable paths through trees of height and cardinality wy if
wlV = w; and for every tree of height and cardinality w; in N, P has an uncountable
branch in N if and only if it has one in V.

Theorem 3.5. Suppose that k is a measurable Woodin cardinal. Let A be a k-
universally Baire set of reals and let ¢ be a sentence in the language of set theory
with one additional unary predicate. Then the following hold, where the models are
taken to be over a language with an additional unary predicate for the interpretation
of A in the corresponding model.

(1) Suppose that some partial order P € V,; forces the existence of a model N
of @ which is correct about uncountable paths though trees of height and
cardinality wi. Then in every set forcing extension of V by a forcing in
V. which satisfies { there exists a model M of ¢ which is correct about
uncountable paths through trees of height and cardinality w .

(2) Suppose that some partial order P € V,; forces the existence of a model N
of @ which is correct about the ccc on partial orders on wy. Then in every
set forcing extension of V' by a forcing in V,, which satisfies & there exists
a model M of ¢ which is correct about the ccc on partial orders on wy.

Correctness about NS, can be added to conclusion of Theorem 3.5 and The-
orem 3.6 below. The proof of each theorem involves adding a few steps to the
construction of each H, in the proof of the corresponding theorem in [3]. The
point is that the model M from that proof constructs a collection of V' [h]-generic
filters H, (a < A), and if at a given stage a {-sequence in M guesses a cofinal
branch in a given tree in the current model ((V[h][H,])¢), Lemma 3.3 says that we
can extend our construction in such a way that that branch is not extended in the
extension of the tree. Similarly, if at a given stage a {-sequence in M guesses a max-
imal antichain in a given partial order in the current model, Lemma 3.4 says that
we can extend our construction in such a way that that antichain is not extended in
the extension of the partial order. The new elements of the construction discussed
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here require only cofinally many stages of the construction of each H,, and so do
not interfere with the original argument. They do not interfere with each other,
either: one can combine these two arguments to obtain both correctness properties.
However, they do interfere with the argument that allows the construction in M to
put any given real in the model it is constructing, as adding a given real to a model
requires control over the entire construction of the generic filter at that stage. If
we restrict to the set of wi-trees, however, then we can obtain correctness about
paths while picking up all the reals. The point here is that for each level of each
wi-tree in the construction, there is only one stage where nodes on that level are
created. So once Lemma 3.3 has been applied to make sure that a given path is not
extended, that path can never be extended accidentally later in the construction,
while picking up a given real, say. Combining this observation with the arguments
from Section 4 of [3], we have the following.

Theorem 3.6. Suppose that k is a measurable Woodin cardinal. Let A be a k-
universally Baire set of reals and let ¢ be a sentence in the language of set theory
with one additional unary predicate. Suppose that some partial order P € V,; forces
the existence of a model N of ¢ (with the additional symbol interpreted as AVP)
which is correct about uncountable paths though wy-trees and which contains all the
reals. Then in every set forcing extension of V by a forcing in V,, which satisfies
O there exists a model M of ¢ (with the additional symbol interpreted as AN M)
which is correct about uncountable paths through wy-trees and contains any given
Ni-many reals.

The following well-known observation shows that a version of this construction
which obtained correctness about uncountable paths through trees of height and
cardinality w; while picking up all the reals would show that ¢ decides all 33
sentences with respect to models obtained by set forcing.

Theorem 3.7. Suppose that M is a transitive model of ZFC + CH which contains
the reals, and for every tree T of height and cardinality wy in M, T has an uncount-
able path in M if and only if it has on in V. Suppose that M satisfies a sentence
@ of the form A C RVB C Ry(A, B), where the quantifiers of ¥ range over the
reals. Then ¢ holds in V.

Proof. Let A C R be such that VB C Ry(A, B) holds in M, let (z, : @ < wyq) be a
listing of the real in M, and for each o < wy and any set of reals X let X [a denote
X N{zs: B < a}. Then for any X C R and any formula 6 whose quantifiers range
only over reals, §(A, B) holds if and only if there is a club C' C w; such that for all
a € C, 0,(Xa) holds, where 6, is the formula 6 with its quantifiers restricted to
{Zo : @ < wi}. Since CH holds in M, there is a natural tree in M of height and
cardinality wy giving the initial segments of a supposed club C' C wy and set B C R
such that for all @ € C, =, (Ala, Bla) holds. Since A witnesses ¢ in M, there
is no uncountable path through this tree in M, and thus by the assumption of the
theorem, there is none in V', which means that A witnesses ¢ in V. (]

As we noted above, the following theorem follows easily from Theorem 1.7,
though it can be proved much more easily using the approach from Lemmas 3.3
and 3.4.
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Theorem 3.8 (). If (M, I) is an iterable pair, then there is an iteration j: (M,I) —
(M*,I*) of (M,I) such that the model M* is correct about the ccc on partial or-
ders on w1 and about the existence of uncountable paths through trees of height and
cardinality w1 .

Proposition 3.9. In the situation of Theorem 3.2, assuming ¢ holds in V'[h] then

there is a function in V[h] whose image under the (@Z[)\h] -generic filter can be made
to dominate any function from A to A in M on a club.

The proof given below uses the following standard fact from the stationary tower
(see [11]): for any ordinal v < A, the function on Py, () which takes each X C ~
to the ordertype of X represents v in the generic ultrapower. The stationary set
defined in the lemma then forces that the image of g will take the value v at 4.
This contrasts with the situation when canonical function bounding (see [10], for
instance) holds; then, no function in wj™* can represent any ordinal above the wq of
the ground model.

Lemma 3.10. Let 6 be a Woodin cardinal and let (o, : o < wi) be a sequence
witnessing that  holds. Define g: w1 — wy by letting g(a) be the corresponding
ordertype if o, codes a wellordering of a, and O otherwise. Then for any ~v > ¢ the
set of countable X C V, such that o.t.(X Nvy) = g(o.t.(X NJ)) and X captures
every predense subset of Q.5 in X is compatible with every condition in Q5.

Proof. Pick a € Q<5 and F': [V]<“ — V. By a standard argument (see Corollary
2.7.12 of [11]), there exists a continuous increasing C-chain (X, : a < wj) of
countable subsets of V,, such that

XoNUa € a;

each X, is closed under F’;

each X1 end-extends X, below d;

each X, captures every predense subset of Q.5 in X,.

Let f: w1 — (X, N7) be a bijection, and let S be the set of (a, 3) € w? such that
f(a) < f(B). Then some o, codes Sla, and this « is as desired. O

Proof of Proposition 3.9. Suppose H C Q,, is a V[h]-generic filter as in the X3-
absoluteness proof in [3]. Suppose that v is less than 7,41 (which itself can be
chosen to arbitrarily large below \). Let a be the stationary set of countable subsets
of V, given by Lemma 3.10. Then Q,,_ regularly embeds into the restriction of
Q<4 to conditions below a, and a forces that the image of g under the induced
Q<. -embedding will take value v at 7,. In this way, Lemma 3.10 can be used
in M to ensure that the image of the function g dominates any given function in
M on a club. (]

An another warm-up problem towards proving Y2-absoluteness from ¢ is the
question of whether the model M* constructed in the ¥2 absoluteness proof can
be made to contain a sequence which is a {-sequence in M. If M had contained a
canonical function which necessarily dominated every function in N on a stationary
set then this would have shown that M™ could not contain a {-sequence of M. We
note the following fundamental fact ([21, 12]) about P4, iterations which shows
that for every iterable pair (M, I) there is a function f: w; — wy such that for
every iteration j: (M,I) — (M*,I*) of length wy, f dominates every member of
Wit N M* on a club: if (M,I) is an iterable pair coded by a real x such that M
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is countable and z# exists, then for every countable ordinal § and every iteration
g (M,I) — (M*,I*) of length (3, the ordinal height of M* is less than the least
z-indiscernible above f.

4. TREES OF MODELS

Here we show that any of these constructions can be modified to produce a
2<¥i_tree of models whose paths produce models with no stationary, costationary
subsets of w; in common. The statement of the following theorem is essentially
its own proof. The point is that during the construction of a P,,,, iteration or a
sequence of stationary tower generic as in the E% absoluteness argument, one can
take any given stationary, costationary set in the current model and choose whether
to put the current wy in the image of this set (for Py,q, this is standard, for the
%32 argument this was shown in [3]). The tree-of-models construction below is an
attempt to capture the idea that if CH implies some 7 statement ¢ (which doesn’t
follow from ZFC), then there are 2“* many distinct witnesses ¢. Undoubtedly this
can be made more precise.

Theorem 4.1. Let S(«, 8,7) (o, 8,7 < w1) be pairwise disjoint stationary subsets
of wi. Let N, (x € 25%1) be a collection of transitive models of ZFC such that
P(w1)N= is countable for each N, and for each pair x C y in 251 let Jazy: Nz — Ny
be an elementary embedding with critical point w{v“”. Suppose that for each x € 25%1
of limit length the model Ny is the direct limit of the models Ny, (y C x) under these
embeddings. For each x € 2<“' of limit length we let (A% : a € dom(x)) list the
stationary, costationary subsets of w{v“” in N, in such that a way that x C y implies
that AY, = ju,(AZ) for each a € dom(x).
Suppose further that

e whenever x(y) = 0 and w{vﬂ” € S(a, B,7v) for some 8 and some a < w{V”,

then wi¥= is in AY for ally D x, and that
e whenever xz(y) = 1 and w{V“ € S(a, B,7) for some a and some § < w{Vm,
then w{vf s mot in A% for any y D x.

Now let x,y be any two distinct elements of 21, and suppose that v < wy s such that
z(y) =0 and y(y) = 1. Let C, = {wivm' co’ C )} oand let Cy = {wi\’y’ 2y C oyl
and let B, and By be two stationary, costationary subsets of wi in Ny and N,
respectively. Fix o, < wi such that By = A% and B, = A%, and let n be the
mazimum of min(Cy \ (a + 1)) and min(Cy \ (6 + 1)). Then B, A B, contains
C:NCyNS(e, B,7) N (w1 \ M), and so is stationary.

5. SPECIAL TREES ON REALS

In [16], Steel shows that in the presence of large cardinals, trees on reals in L(R)
without uncountable branches in V' have an absolute impediment preventing such
a branch from being added by forcing. In this section we generalize this result to
trees coded by arbitrary universally Baire sets, using results of Woodin on the inner
model HOD (the class model consisting of all hereditarily ordinal definable sets,
see [5, 8]) in place of inner model theory.

Given a tree T, we let T denote the set of sequences whose proper initial
segments are all in 7. We think of the trees on reals in this section as sets of reals.
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Theorem 5.1 ([16]). Assume that there exist infinitely many Woodin cardinals
below a measurable cardinal. Let T C R<“* be a tree in L(R). Then exactly one of
the following holds.

o There is an uncountable branch of T in V.
e There is a function f: TT — w* in L(R) such that for each p € T, f(p)
codes a wellordering of w in ordertype dom(p).

In our generalization of this result, we can prove one of the two directions in a
slightly more general context than the other.

We will be using the following well-known facts, though some of them are un-
published. The axiom AD™Y is a strengthening of the Axiom of Determinacy due
to Woodin (for this and the two following theorems, see [7]).

Theorem 5.2 (Woodin). If AD" holds and S is a set of ordinals, there is a Q C 0
such that L|Q] = HODg and L[Q,z] = HODg, for every countable x C w;.

Theorem 5.3 (Woodin). If AD" holds and Q is a set of ordinals, then for a Turing

cone of reals x, MQL[Q"T] is a Woodin cardinal in HODé[Q’m].

Note that if @ is a set of ordinals and x is a real, then every set of ordinals in
L[Q] is in HODG".
The statement DCg says that trees on reals of height w have maximal branches.

Theorem 5.4 (Martin; see [6]). If AD + DCg holds, then every set of Turing
degrees contains or is disjoint from a cone, and the intersection of countably many
cones is nonempty.

Our proof uses a simple version of Woodin’s stacking argument.

Theorem 5.5. Let T C R<“! be a tree, let S be a set of ordinals coding trees on
the ordinals projecting to T and its complement, and suppose that L(S,R) = AD*.
Then at least one of the following two statements is true.

(1) There is an uncountable branch of T in V.

(2) There is a function f: TT — w* in L(S,R) such that for each p € T,

f(p) codes a wellordering of w in ordertype dom(p).

Furthermore, if there exists a Woodin cadinal 6 and every set of reals in L(S,R) is
&t weakly homogeneously Suslin in V', at least one of (1) and (2) is false.

Proof. We work in L(S,R). First suppose that (2) fails. We show that (1) holds.
Since there are wellorderings of P(w)?9Ps.» uniformly definable from p, there must
be a p € Tt which is uncountable in HODg ,. Fix  C 6 as in Theorem 5.2, with
respect to S. Then p is uncountable in L[Q, p]. We have then by Theorem 5.3 that
for a Turing cone of reals z, wé’ (@2l is & Woodin cardinal in H ODgEg’p 1 We
would like to see that for a cone of z,

L[Q,p,=]
wf[ODQ.p < wlL[Qm]_
This follows from the fact that each model of the form H ODgE?’p ' has a definable
(uniformly from p) wellordering <, of its reals, and so the following set of triples
is definable from @ and p: the set of («,14,7) such that for a cone of x,

HODL[Q-,IWE]
wy @ >«
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and the pair (i,j) is in the <,-least element of w“ in HODCLQE?’M] coding a
wellordering of w of ordertype a. By the countable completeness of the cone mea-
sure (Theorem 5.4), this gives a sequence of surjections in L[Q, p] from w onto each
ordinal o which is less than

HODL[Q"F’I]
Q.p
Wi
for a cone of z.
Now, fix an z such that
L[Q,p,z]
HOD

w, P S wf[Q,P]

and wX9?*) is 4 Woodin cardinal in HODgEg’p’w]. Let
_ L(Q,p,]
M = HODQ,p .

Let 6 = wQL[Q’p’I]. Since 4 is countable in V', we can choose an M-generic filter g for
Coll(wy, <8)M. Then the nonstationary ideal is presaturated in M|[g]. Furthermore,
since S € M, there are trees in M|g] projecting in V to T and its complement. This
means that Mg is T-iterable [21, 12]. Stepping outside of L(S,R) to a model of
Choice and taking any iteration j of M|g] of length wy, then, j(p) is an uncountable
member of T'F.

To see the last part of the Theorem, suppose that 7" and f are coded by §T-
weakly homogeneously Suslin sets of reals, and suppose that p is an uncountable
path through 7. Then there is a countable elementary submodel X of some large
enough initial segment of the universe containing d, T, f and p whose transitive
collapse M has the property that (letting 6 be the image of § under the collapse),
if M(g] is a forcing extension of M by Coll(wy,0)™, then Mlg] is (T, f)-iterable
([21, 12, 3]). Letting p be the image of p under the collapse, then, every forcing
extension of M([g] by (P(w1)/NS.,)™¥ has f(p) as an element, which means that
M]g] has f(p) as an element, giving a contradiction, since f(p) codes a wellordering

of w of the same length as p, and this length is w{VI[g]. (I

The following theorems can be used to show that if there exists a proper class of
Woodin cardinals and the tree T is a weakly homogeneously Suslin set of reals, then
there is a model of the form L(S,R) satisfying ADT, where S is a set of ordinals
coding trees projecting to T and its complement. In this context, then, exactly one
of (1) and (2) above hold.

Theorem 5.6 (Steel [17, 11]). Suppose that there exist proper class many Woodin
cardinals. Then universally Baire sets of reals have universally Baire scales.

Theorem 5.7 (Woodin [17]). Suppose that there exist proper class many Woodin
cardinals, and let A be a weakly homogeneously Suslin set of reals. Then A is
universally Baire and L(A,R) = AD*.

Theorem 5.8 (Woodin). Suppose that AD" holds and that M is an inner model
containing the reals. Then M = AD".
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