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SOME RESULTS ABOUT (+4) PROVED BY ITERATED FORCING
TETSUYA ISHIU AND PAUL B. LARSON

Abstract. We shall show that the consistency of CH +—(+) and CH +(+)-+there are
no club guessing sequences on w;. We shall also prove that & does not imply the existence
of a strong club guessing sequence on wi.

§0. Introduction. The principle (+) and its variations were first considered
by the second author in [2]. They are very weak club guessing principles. The
properties of the principles were largely unknown until recently. While J. Moore
proved that MRP implies the negation of (4), it was not known whether the
negation of (+) has any large cardinal strength, or CH implies (+).

The first main result is to show that just from ZFC, we can build a model
of CH+—(+). Hence, it answers both questions in the previous paragraph. We
also build a model of CH+(+4) in which there is no club guessing sequence on
wy. This is the first model satisfying these properties.

The last part of this paper is devoted to construct a model of {* in which
there is no strong club guessing sequence on wi. It answers the question asked
by the first author in [1]. The proof in fact builds a model of $* in which
the “strong” version of (+) fails. This demonstrates how effective the use of
variations of (4) is in the investigation of guessing principles.

The structure of this paper is as follows. In Section 1, we shall give the defini-
tions of (+)g, (+)<w, and related notions. In Section 2, the results by S. Shelah
and J. Moore about the iteration adding no new reals are described. It will be
used repeatedly in the later sections. Then, we shall build a model of CH +—(+)
in Section 3. In Section 4, we shall prove some lemmas about the internalization.
They are slightly improved from the ones in [1]. By using these lemmas, we shall
prove the consistency of CH 4(+),, + there is no club guessing sequence on wy
in Section 5, and {* + ‘there is no strong club guessing sequence on w;’ in Sec-
tion 6.

Received by the editors June 3, 2010.

1991 Mathematics Subject Classification. 03E35.

Key words and phrases. Forcing, club guessing principles, (+), $F.

This material is based upon work supported by the National Science Foundation under
Grant No. 0700983.

© 0000, Association for Symbolic Logic
0022-4812/00,/0000-0000/$00.00



2 TETSUYA ISHIU AND PAUL B. LARSON

§1. The principle (+). The following principle was introduced by the second
author in [2].

DEFINITION 1.1. Let k < w and S a stationary subset of wy N Lim. (4)%(95)
is defined as the principle that asserts the existence of a stationary subset T of
[H(w2)] such that for every N € T, NNw; € S and for Ng,... ,Ny_; € T
with N; Nw; = NgNw; € S for every i < k, if D; € N; is a club subset of w; for
every i < k, then (,_, D; N Ng # @. (+)(S5) denotes (+)2(S5).

(+)<w(S) is defined as the principle that asserts the existence of a stationary
subset T of [H(wq)]¥ that witnesses (+)x(S) for every k < w, i.e. for every
N € T, NNw; € S and for every finite subset {Ng,...,Np_1} of T with
N;Nwi; = NgNw; € S for every i < k, if D; € N; is a club subset of wy for every
i < k, then ni<kDimN0 7& J.

Trivially, (4+)<w(S) implies (4+)x(S) for every k < w and for every k < w,
(+H)111(S) implies (+)x(S).

DEFINITION 1.2. We say that (F5 : § € w; N Lim) is a (+)<,-sequence if and
only if
(i) for every § € wy NLim, F; is a filter on ¢ such that every cobounded subset
of § belongs to Fjy, and
(ii) for every club subset D of wy, there exists a § € wy NLim such that DNJ €
Fs.

DEFINITION 1.3. Let k < w. We say that (F5 : 6 € wy N Lim) is a (4+)g-
sequence if and only if

(i) for every 6 € wy N Lim, Fs is a family of subsets of d such that Fj is
closed under superset and contains all cobounded subsets of § and for every

To,... ,Tp_1 € Fs, ﬂi<k x) is unbounded in §, and
(ii) for every club subset D of wy, there exists a § € wy NLim such that DNJ €
Fys.

We omit & when k = 2.

J. Moore showed that (+)«,, holds if and only if there exists a (+)<,-sequence
and (4) holds if and only if there exists a (+)x-sequence.

§2. Iteration adding no new reals. For every set X, let fx be the least
N
regular @ cardinal such that P(X) € H(0) and 0x = (Q‘H((’X)') . Notice that if

P is a forcing notion, then for every regular cardinal 8 > 0p, if G C P is generic,
then H(0)VI¢ = H(0)V[G].

DEFINITION 2.1. Let P be a forcing notion. If P is proper and adds no new
reals, then we say that P is totally proper. Let N be a set (typically a countable
elementary submodel of some H(6)). We say that a condition p € P is totally
(N, P)-generic if and only if p is (N, P)-generic and p decides all open dense
subsets of P lying in V.

We say that a condition p € P is finitely (N, P)-generic if and only if p is
(N, P)-generic and for every maximal antichain A of P lying in N, there are at
most finitely many a € A that is compatible with p.
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Clearly, for every proper forcing notion P, P is w“-bounding if and only if
whenever N is a countable elementary submodel of H(6p), P € N, and p €
P N N, there exists a ¢ < p that is finitely (N, P)-generic.

The following lemma is due to S. Shelah and proved in [4].

LEMMA 2.2. Let P be an w®-bounding proper forcing notion and Q a P-name
for an w*-bounding proper forcing notion. Let 6 > GP*Q be a regular cardinal.

Ny and Ny two countable elementary submodels of H(6) with P,Q € Ny € N.
Suppose that p is finitely (Ny, P)-generic and (N1, P)-generic, ¢ € Ny is a P-
name for an element of Q). Then, there exists a P-name ¢ such that (p,q’) is

finitely (Ng, P * Q)-generic and (N1, P x Q)-generic.

The main point of the previous lemma is that if p is strong enough, then we
do not have to extend p to find a finitely (Ny, P * Q)—generic condition. This
is a key lemma to prove the preservation of w“-bounding forcing by countable
support iteration.

It was pointed out by S. Shelah in [4] that a countable-support iteration of
totally proper forcing notions may add a new real. In the same book, he gave
several conditions that guarantees that the iteration adds no new reals. The

following is one of them.

LEMMA 2.3. Suppose that (Pa,Qg 1B < a<mn)is a countable support itera-
tion such that for every a <n, P, forces that

(i) Qg is D-complete with respect to some simple 2-completeness system D, and

(ii) Qp is proper in every totally proper extension.

Then, P, adds no new reals.

Instead of completeness systems, we shall use the notion of completely proper
forcing, introduced by J. Moore in [3]. Consider the language of ZFC with a
predicate P for a distinguished forcing. Let ZFC? be the axioms of ZFC with
the power set axiom replaced by “P(P(P)) exists”. The objects of the category
9 are countable transitive sets M together with a distinguished element P
such that M satisfies ZFCT when P is interpreted as PM.

An arrow MN in 90 is an elementary embedding € : M — N with the property
that ¢ € N and N F ‘M = dom(e) is countable’. We write M — N to mean
that MN is an arrow in 9. We usually consider commutative diagrams in 91,
so there will be at most one arrow between two given objects.

DEFINITION 2.4. Suppose that N is a model of ZFCY and M is an elementary
submodel of N such that M € N and N ‘M is countable’. Let M and N be the
transitive collapses of M and N respectively. Then, there is a unique induced
arrow MN that commutes with the collapsing map (See Figure 1).

DEFINITION 2.5. Let 6 be a regular cardinal. Then, a (P,0)-diagram is a
diagram in 9% such that there exist a minimum M in the order induced from the
arrows and an elementary embedding ¢ : M — H(6) such that e(P™) = P. Let
M denote ¢’ M. A P-diagram means a (P, §)-diagram for some 6.
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FIGURE 1. Induced arrow
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FI1GURE 2. Completely proper forcing notion

DEFINITION 2.6. Let MN be an arrow in 9. Let G C PM. We say that G
is MN -prebounded if it satisfies the following condition: for every N in 9, if
G € N and there is an arrow from N to N, we have N E‘G is bounded in P™".

Note that G is not necessarily in N, so we cannot ask if N satisfies ‘G is
bounded in PY’. The point of the previous definition is that despite of this fact,

no matter how we pick the expansion N of N with G € N, N satisfies ‘G is
bounded in PV’

DEFINITION 2.7. A forcing notion P is completely proper if there is a regular
cardinal 6 such that for every (P,#)-diagram of the form M — N; (i < 2) and
p € PM | there exists a (M, PM)-generic filter G C PM such that n p € G, and
G is ]\Wi—prebounded for ¢ < 2.

Figure 2 depicts the definition of completely proper forcing notions. Suppose
that we are given the diagram of M, Ny, N;. Then, for every p € PM there
exists a (M, PM)-generic filter such that p € G and for both i < 2, whenever N;
is in 9 and G € N;, N; satisfies ‘G is bounded in PYi’. Note that G may not
belong to either Ny or Nj.

In [3], J. Moore proved the following lemma.

LEMMA 2.8. Every completely proper forcing notion is D-complete with respect
to some simple 2-completeness system D.

The following lemma easily follows from Lemma 2.3 and Lemma 2.8.

LEMMA 2.9. Let P = <Pa,Q5 : B < a <n) bea countable support iteration
such that for every o < mn, P, forces that

(i) Qa is completely proper, and

(ii) Qo is proper in every totally proper extension.
Then, P is totally proper.
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§3. The negation of (+) is consistent with CH. This section is devoted
to the construction of the model of CH+—(+).

DEFINITION 3.1. Let F = (F5 : 6 € w; NLim) be a sequence on w; that
satisfies (i) of Definition 1.3, i.e. for every § € wy; N Lim, Fy is a filter on ¢ such

—

that every cobounded subset of § belongs to Fs. Let P(F') be the forcing notion

defined as p € P(F) if and only if p is a closed bounded subset of w; so that for
every § € pNLim, pNé ¢ Fs. P(F) is ordered by end-extension.

LEMMA 3.2. Let F = (Fs5 : 0 € wy NLim) be a sequence on wy that satisfies

(i) of Definition 1.3. Then, P(F) is proper. Moreover, P(F') is proper in every
totally proper extension.

PROOF. First, we shall show that P(F) is proper. Let P = P(F). Let 0 > 6p
be a regular cardinal, N a countable elementary submodel of H () with F.Pe
N, and p € PN N. Define § = N Nw;. It is easy to build two generic sequence
(P2 :n < w) and (p. : n < w) for N such that p§ = p} = p and for every n < w,
P Np,, = p. Define o = U, ., % U{6} and g1 = U,,, o U{6}. If go € P, then
clearly qo is (N, P)-generic. Suppose not. Then, gy N € Fy. Since every pair
of elements in Fy must have unbounded intersection in §, ¢ NJ & Fs. It follows
that ¢; € P and hence ¢; is (IV, P)-generic.

To see that P(ﬁ) is proper in every totally proper extension, let W be any
totally proper extension of V. Note that since P(w)" = P(w)V, F satisfies
(i) of Definition 1.3 in W. Thus, we can consider P(F)". By using the same

proof as above, we can show that P(F)" is proper. However, it is easy to see
P(F)W = P(F)V. Therefore, P(F)" is proper in W. -
LEMMA 3.3. Let F = (Fy : § € wy N Lim) be a sequence on wy that satisfies

(i) of Definition 1.3. Then, P(F) is completely proper.

—

PROOF. Let P = P(F). Let M, Ny, N1 be countable transitive sets such that
M is the transitive collapse of a countable elementary submodel M of H(0) with
P e M, M — Ny, M — N;. Let p € PM. We need to show that there is a
M-generic filter G C PM which is J\Wi—prebounded. Let 6 = w M.

We can easily build three generic sequence (pf : n < w) (k < 3) such that
p) = pb = p2 = pand for every k < | < 3 and n < w, p¥ Np!, = p. Then
for each i = 0,1, for at most one k& < 3, |, pk e Fs™i. Thus, there exists
a k < 3 such that |J,_,p* ¢ FsNi for i = 0,1. Let ¢ = Upew Ph U {6} and
G={p e PM:qg<yp} Thenfori=0,1,if N; - N; and G € N;, then
we have ¢ € N; and ¢ is a lower bound of G. Thus, G is Wi—prebounded for
1=0,1. 4

THEOREM 3.4. It is consistent with GCH that (+) fails.
ProOOF. We begin with the model of GCH. Let P be the countable support

—

iteration of length wo of the bookkeeping of all forcing notions of the form P(F)
where F is a (+)-sequence. By Lemma 3.3, P(F) is completely proper. It is

—

easy to see that P(F') is proper in every extension that has the same w; and
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countable subsets of wy. Therefore, P is proper and by Lemma 2.9, P adds no
new reals. Thus, P forces that CH holds and (+) fails. -

84. Internalization. In this section, we shall prove the lemmas that are
slighly improved from the ones proved by the first author in [1], which are nec-
essary for the next section.

First, we shall state the rough idea behind the lemmas. Let 6',6 be un-
countable regular cardinals such that 8" < 0. Let 2 be a structure expanding
(H(0),€,<m(g)) where <pg) is a fixed well-ordering of H(f). Then, we can
find a structure B on H(#') such that whenever N is a countable elementary
substructure of B, we have Sk*(N) N H(¢') = N.

In order to deal with (4+)<.,, we need to use a tower of structures instead of a
single structure.

DEFINITION 4.1. A sequence (Ng : f < n) is called a tower if and only if

(i) (increasing) for every v < f < n, N, C Ng,
(ii) (continuous) for every 8 < n, if 3 is a limit ordinal, then Ng = (J,_5 N,
and
(iii) for every d < with 6 +1 <n, (N, :v <6) € Nsy1.

Typically, we also assume that each N, is a model of ZFC™. Here, ZFC™
denotes the axioms of ZFC without the power set axiom. Then, for example,
N, € Nyy1 when v+ 1 <n.

However, if (N, : v < §) is a tower of countable elementary substructures of
B, (SK*(N,) : v < 6) is not a tower in general. The reason is that since the
operation of taking the Skolem hull is not definable over 21, (Sk*(N¢) : € < 7)
may not belong to V1. So, we would like to define a good closure operation that
is definable over a reasonable structure and gives you back a nice substructure
to work on. This is exactly the motivation for Lemma 4.3.

We temporarily say that a set A is good if and only if A is a transitive, w; € A,
(A, €) FEZFC™, and A is closed under countable sequences, i.e. A¥ C X.

Let A be a good set, and <4 a fixed well-ordering on A. Let 2 be a structure
expanding (A, €, <4). We shall define two sequences (g : § < w1) of expansions
of A and (F: f < wi) as follows. Let Ay = A and Fy = @.

Suppose that we have defined 2, and F, for all v < . Then, let Fg :
B x [A]=¥ — A be defined by Fj(v,z) = Sk™ (z). Then, define A5 = (2o, Fj).
After we have defined 25 and Fj for all § < wy, let F' = U5<w1 Fg and A* =
<Q[07 F>

The following lemma lists some trivial facts.

LEMMA 4.2. (i) For every 8 < wy and x € [A]<%N, F(B,z) < 2.
(ii) If N is a countable substructure of A* and 8 € N Nwy, then N is an
elementary substructure of Ag.
(iii) If N is a countable elementary substructure of Ag for some B < wi, and
v € NNB, then N is an elementary substructure of 2.
(iv) Ify < B<wi and vy € z € [A]SN0, then F(v,z) C F(B,x).
(v) If v,y € [A]SN, 2 Cy, and v < wy, then F(vy,z) C F(v,y).
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(vi) For every v < wy, § < wy, and an C-increasing sequence (xg : < J) in
[A]SRO; F(’77U5<5 xﬁ) = U,@<5 F(’y,x,g).

PROOF. (i) is trivial since for every 8 < w1, 2g is an expansion of 2.

For (ii), let N be a countable substructure of 20* and 5 € NNw;. Suppose that
o(v,v1,... ,v,) be a formula in the language of Ag. Suppose that a1,... ,ax €
N and A F (Jv)p(v,a1,...,a5). Let a € A be <4-least such that Ag F
o(a,aq,...,a;). It suffices to show that a € N. Let x = F(B,{a1,... ,ax}).
Since N is a substructure of 2A*, IV is closed under F'. So, z € N. Since x is
countable, we have + C N. Since z < 3 and a is definable from aq, ... ,a; over
2z, we have a € z. So, a € N.

(iii) can be proved by the same argument as in the previous paragraph.

For (iv), notice that since v € F(8,z) < g, by (iii)) F(8,z) < 2A,. Since
F(v,z) = Sk™ (z), we have F(vy,z) C F(3,z).

(v) and (vi) are clear from general facts about the Skolem hull. =

Then, we can prove the following lemma.

LEMMA 4.3. Let A and B be good sets with B € A. Let <4 be a fized well-
ordering on A. Let 2 be a structure expanding (A, €,<4,B). Let B be a struc-
ture expanding (B,€,<4| B) such that whenever N < B, Sk® (N)N B = N.
Let (Ng : f < 1) be a tower of countable subsets of B. For each 8 < 1, let
0 = Ng Nwy. Then, there exists a tower (Mg : 8 < n) of countable elementary
substructures of A such that for every f <n if Ng <‘B, then Mg N B = Ng.

PRrROOF. (Mg : B < n) is defined by induction as follows. Let My = F(0, No).
When f is a non-zero limit ordinal and (M, : v < ) is defined, then let Mg =
U, <5 M. For every 8 <n with 8 +1 <, let Mg1 = F (65 + 1, Ng41).

Claim 1. (Mg : 3 < n) forms a tower.

I By definition, this sequence is continuous. We shall show that for every
B <nwith f+1<mn, (My:v <) € Mgyq. Since (N, : v < ) € Ngp1, we
have (N, : v < ) € Mgyq. Since F | (6g+1) x [A]SR0 = F5, 14, (M, :y < ) is
definable from (N, : v < ) over 2;,41. Recall that Mgy = F(dg +1, Ngy1) <
Asz41. Thus, (M, 1y < f) € Mpy.
For every B < n with 84+ 1 < 7, since My is a countable element of Mg,
we have Mg C Mpgyq. So, it is easy to see that (Mg : 8 < 7) is increasing.
- (Claim 1)

Claim 2. For every B <n, Mg < 2.

 If 8 is 0 or a successor ordinal, this is trivial from the definition. If 5 is a
nonzero limit ordinal, then Mg is a union of an increasing sequence of elementary
substructures of 2. Hence, Mg < 2. - (Claim 2)

Claim 3. For every § <, if Ng < B, then Mg N B = Ng.

- Suppose that § < n and Ng < 8. By the definition of B, we have
SK™ (N3) N B = Nj. So, it suffices to show that Mz C Sk™ (Ng).
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If 8 = 0, then My = F(0, Ng) = Sk™(Np). By Lemma 4.2 (ii), Sk (Np) <
Ao. Thus, My C SK™ (Ny).

If § is a successor ordinal, let v be its predecessor. Then, Mg = F(6y+1, Ng) =
Sk™97+1(Ng). Since (Ng : € <) € Ng, we have 8, +1 € Nj. So, by Lemma 4.2
(i), Sk (N3) < s 41. Therefore, Mg C SK™" (Ng).

Finally, assume 3 is a limit ordinal. Let z € Mp. Since Mg = |J., 5 M5, there
exists v < f such that € M, = F(0,+ 1, Nyy1). Since 6, +1 € N,y C Ng
and Nyy1 € Nyto C Ng, we have M, 1, € Sk (Ng). Since M., is countable,
we have M, 1 C Sk™ (N3). Hence, € SK™ (Np). - (Claim 3)

4|

§5. CH+(+)<,+there is no club guessing sequence on w;. The follow-
ing property is needed for our proof of the preservation lemma for a (4+)<,-
sequence.

DEFINITION 5.1. We say that a (4)<.-sequence (F¢ : { € wi NLim) is p-point
like if and only if for every £ € wy N Lim,
(1) there exists an x € Fg such that otp(z) = w,
(ii) for every y C &, either y € F¢ or £\ y € Fg, and
(iii) whenever (z,, : n < w) is a C-decreasing sequence in F¢, there exists an
x € Fy such that x C* x,,.

While we are not sure whether (4)~,, implies a p-point like (+)<,-sequence, it
can be easily built from a club guessing sequence on w; and a p-point as follows.

LEMMA 5.2. Suppose that there is a club guessing sequence on wyi and there is
a p-point. Then, there exists a p-point like (+)<,,-sequence.

PROOF. Let (Cs : 6 € wy NLim) be a tail club guessing sequence on w; and U
a p-point. Without loss of generality, we may assume that for every § € wy NLim,
otp(Cs) = w. For every n < w and § € wy NLim, let Cs(n) denote the (n + 1)-st
element of Cy. For each § € w; N Lim, define Fy to be the filter on § generated
by the sets of the form {Cs(n) : n € z} for some z € U. It is easy to check that
(F5: 6 € wy NLim) is a p-point like (4)<,-sequence. =

We shall prove a preservation theorem for a class of forcing notions that pre-
serve a p-point like (+)<,-sequence.

DEFINITION 5.3. Let P be a forcing notion, A a set, and F = (Fe : € €
w; NLim) a (4)<,-sequence. We say that P is (+)<,-proper for F on A if and
only if there exists a club subset E of [A]¥ such that whenever

(1) (Ny:v <d+1)is a tower of countable elementary substructures of (4, €)

with N5 Nwyp = 57
(ii) N5 and Nj ;1 belong to E,
(iii) F,P € Ny,
(iv) pe PN Ny,
(v) = € Fs with otp(z) = w,
(vi) for every v € &, Ny Nw; =+ and N, € E,
(vii) for every y € Fs N Nsi1, 2 C* y,
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there exists a ¢ < p such that ¢ is (N, P)-generic for every v € x. We say that
P is (+)<q-proper for F if and only if P is (4),-proper for F on H(Ap).

First of all, we shall show that as long as 6 is a sufficiently large regular
cardinal, the choice of # does not matter in the definition of (+)-properness.

LEMMA 5.4. Let F be a (4+)<w-sequence and P a forcing notion. The following
are equivalent.

(i) P is (+)<y-proper for F.
(i) For some 6 > 0p, P is (+) < -proper for E' on H().
(iii) For every 8 > Op, P is (4+)<,-proper for F on H(0). Moreover, it is
witnessed by E = {N € [H(0)]* : P € N and P < H(0)}.

PRrROOF. First we shall prove (i) implies (iii). Suppose that P is (+)<,-proper
for F. Suppose that (Ny :v <6+41) is a tower of countable subsets of H(0)
with 6 = Ny Nwy, Ns and Ng;q are elementary submodels of H(6), ﬁ, P € Ny,
p € PN Ny, x € Fs with otp(z) = w, for every v € x, N, is an elementary
submodel of (H(#), €), and for every y € F5N Nsi1, x C* y. We shall show that
there exists a ¢ < p such that ¢ is (N, P)-generic for every v € x.

Note that 8p € Ny. Since [:”, P, Op € Ny and P is (+)<,-proper for ﬁ, there
exists a club subset £ € Ny of [H(0p)]" that witnesses the (+),-properness
of P for F. For every v < § + 1, define N, =N, N H(0p). It is easy to see that
<N7 1y < 4§+ 1) is a tower of countable subsets of H(fp), § = N5 Nw;, Ns and
Ns41 belong to E, ﬁ,P € Ny, for every v € x, ]\77 is an elementary submodel
of H(Ap), and for every y € Fs N N5 1, x C* 3. Hence, there exists a ¢ < p
such that ¢ is (Nw P)-generic for every v € x. However, for every v € z, since
P(P) C H(0p), Ny,NP(P)=N,NP(P). So, q is (N, P)-generic.

Clearly (iii) implies (ii).

So it suffices to show that (ii) implies (i). Let 6 > 0p be a regular cardinal such
that P is (+)<e-proper for ' on H () witnessed by a club subset E of [H (6)]®.
Then, there exists a structure 2 expanding (H(0), €, <g (), P) such that for
every N € [H(9)]*, SkK*(N) € E. Let B be a structure expanding (H(Ap), €

s ZH@O)] H(0p), P) such that for every countable N < 9B, Sk (N)NB=N.
We shall show that E' = {N € [H(0p)]*° : N < B} witnesses P is (+)<.-
proper for F. Let (N4 : v <841) be a tower of countable elementary substruc-
tures of (H(0),€), Ns and Nsi1 belong to E’, F,PeNy,pe PN Ny, x € Fy
with otp(z) = w, for every v € , Ny Nw; = and N, € E’. By Lemma 4.3,
there exists a tower (M, : v < § + 1) of countable elementary substructures of
2 such that for every ordinal v < 6 + 1, if N, < B, then M, N H(Ap) = N,. In
particular, for every v € z, since N,, < B, we have M, N H(0p) = N, and hence
M,Nwy = NyNwi = . Since P is (+)«,-proper on H(#) witnessed by E, there
exists a ¢ < p such that ¢ is (M., P)-generic for every v € 2. However, for every
v € z, we have M, N H(0p) = N,. So, ¢ is also (N, P)-generic. -

The main point of the (+)<,-properness is that it preserves F as a () <w-
sequence.



10 TETSUYA ISHIU AND PAUL B. LARSON

LEMMA 5.5. Let F = (Fj5 : § € wyNLim) be a p-point like (+) ,,-sequence and
P a forcing notion that is (+)<w-proper for F. Then, P forces that F generates
a (4)<w-sequence.

Proor. Let p € P and D a P-name for a club subset of wy. Let § = 0p. Pick
a sufficiently large regular cardinal 6. Build a tower (N, : v < wi) of countable
elementary submodels of (H(0), €) with P, F.p € Ny. Define E = {7y < wy :
N, Nw; = ~}. Then, E is a club subset of w;. Since F is a (4)<.-sequence,
there exists a § € E such that ENé € Fs. Since F is p-point like, there exists
an x € Fs such that otp(z) = w, x C ENJ, and @ C* y for every y € Fs N Ns41.
Then, we can apply (+)<,-properness of P for F to (Ny vy <d+1), p, and z to
get ¢ < p such that ¢ is (IV,, P)-generic for every v € z. It implies that for every
vex, qglFy=NyNw; € D’. Thus, ¢ IHz C DN 6 and hence DN € Fy'. A

The following forcing notion, defined by S. Shelah in [4], is the most obvious

one to force that C is not a tail club guessing sequence.

DEFINITION 5.6. Let C = (Cs : 0 € wy NLim) be a guessing sequence on ws.
Then, let P(C) be the forcing notion defined as p € P(C) if and only if p is a
closed bounded subset of w; such that for every § € pNLim, Cs € pNd. P(C)
is ordered by end-extension.

P(é) is (+)<w-proper for any p-point like (4)«,-sequence. In particular, it
preserves any p-point like (+)<,-sequence.

LEMMA 5.7. Let C = (Cs5 : § € wi N Lim) be a tail club guessing sequence on
wy and F = (F5 : 6 € wy NLim) a p-point like (+)<y-sequence. Then, P(C) is
(4+)<w-proper for F.

PROOF. Set 6 = QP(G) and let (N, : v < 6 + 1), p, and = be as in the
assumption of the definition of (+).,-properness. For every v < §, let 6, =
N, Nwy. Let (y, : n < w) be the increasing enumeration of z. Notice that by
(vi) of Definition 5.3, for every n < w, 0., = N5, Nwi = ,. It is easy to build
a decreasing sequence (p,, : n < w) such that

(i) po = p, and

(ii) for every n < w,

(a> Pn € Ny,

(b) pry1 is (N5, , P)-generic,

(c) if (v +1) N Cs # @, then (v, Ynt1) N (Cs \ py2) # 2.
We claim Cjy \ « is unbounded in §. Since P € Ny C Nsy1 and § € Nsiq, we
have Cs € Ngsy1. If C5 & Fy, then since Fis p-point like, 6 \ C5 € F5 N Ns41.
By assumption,  C* § \ Cs. Thus, we have Cs Nz is bounded in ¢ and hence
Cs \ z is unbounded in 4. Suppose that Cs € Fs. Since Fis p-point like, there
exists a y € Fs N Ns11 such that y is an unbounded co-unbounded subset of Cj.
By assumption,  C* y. Thus, Cs \ z is unbounded in 4.

Let ¢ = U, <., PnU{0}. Since Cs\ z is unbounded in ¢, there are unboundedly
many n < w such that (v, Vnt1) NCs # @ and hence (7, Ynt1) N (Cs \ q) # 2.
Therefore, C5 ¢* ¢, which implies ¢ € P. Thus, ¢ witnesses the lemma. n
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The following lemma is the reason why we defined the (+)<,-properness. It
shows that not only P(C') preserves p-point like (+).-sequences, but also the
iteration of the forcing notions of the form P(C') preserves them.

LEMMA 5.8. Let F' = (F5 : 6 € wy NLim) be a (+)<w-sequence. Suppose that
(Pa,Qp : B < a<mn)is a countable support iteration such that

(i) for every a <m, 1p, IF ‘Qq is (+)<o-proper for E’, and
(ii) P, adds no new real.

Then, P, is (+)<w-proper for F.

PROOF. For every regular cardinal 6 > 6p , and 8 < a <7, let (0, 3,a) be
the following assertion: For every (N, :v < d+2), p, ¢, and z, if
(1) (Ny:v <d+2)is a tower of countable subsets of H(#) with Ns Nw;y =4,
(ii) N5, Nsi1, and Njo are elementary submodels of (H(6), €),

(ili) F,P,, B, € Ny,
(iv) p E Ny is a Pg-name for an element of Pg 4,
v) x € Fs with otp(x) = w,
(vi) forevery vy € x, N,Nwi =~y and N, is an elementary submodel of (H (9), €),
(vii) for every y € FsN N5+1, x C*y, and
(viil) g € Pg is finitely (NN, Pg)-generic for every v € z, finitely (Ns, Pg)-generic,
finitely (Njs41, Pg)-generic, and (Nsi2, P3)-generic,

then, there exists a ¢’ € P, such that ¢' | 8 = ¢, ¢ IFq¢ | [8,a) < p’, and
¢’ is finitely (N5, P,)-generic for every v € z, finitely (Nj, P,)-generic, finitely
(Ns41, Py)-generic, and (Ns42, Py)-generic.

Let ¢'(0,5,«) denote the assertion that under the same assumption as in
(0, 8, a), there exists a ¢' € P, such that ¢’ | 8 =4¢q, ¢ IF¢' | [8,a) <P, and
¢’ is (N, P,)-generic for every v € x.

Note that (N, : v € ) does not belong to N5 1. Let (3, a) denote p(6p, , 5, )
and ¢'(f, ) denote ' (0p,, 5, ).

By the same argument as in 5.4, we can prove the following claim.

Claim 1. For every regular 6 > 0p, , ©(0, 3, a) if and only if (3, ). Moreover,
©'(0, B, «) if and only if ¢'(5, «).

The following claim is trivial.

Claim 2. For every § < v < a < wa, if both ¢(8,v) and (v, ) hold, then so
does (8, a).

To prove (8, «), the seemingly weaker conclusion ¢'(8, ) suffices.
Claim 3. For every 8 < o < wa, ¢(8,a) is equivalent to ¢'(8, «).
- Trivially, ©(83, ) implies ¢'(8, ). Assume ¢'(8, ). Let 6’ = 0p, . Let

o+
0 = (2H(9 )> . By Claim 1, it suffices to show ¢(6,3,a). Suppose that 6,

(Ny v <d+42), p, q, and z are as in the assumption of ¢(6, 8, «). For every
v <6, let NI = N, N H(0'). Notice that (N! : v < 4) is a tower of countable
subsets of H(¢').
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In Nji1, pick two countable elementary substructures N 41 and Nj 4o oOf
(H(0'),€) such that (N, < 6) € Nj,, € Ns,,. Define D to be the set of
all r € Pg such that r decides all open dense subsets of Pg lying in Ny ,.

Note D € Nsiy. Let A C D be a maximal antichain in Pg lying in Nsiq.
Since ¢ is finitely (Nsy1, Pg)-generic, there exists a finite subset {rog,... ,rx_1}
of AN Ny that is predense below g. Without loss of generality, we may assume
that for every i < k, r; is compatible with gq.

Fix i < k. Since 7; decides all Pg-names for ordinals lying in Nj_ ,, r; is
compatible with ¢, and ¢ is (V. Pg)-generic for every v € =, r; is also (N;, Pg)-
generic for every v € z. In N1, we can pick a y} € Fs such that otp(y}) = w
and for every v € y;, 7; is (N}, Pg)-generic. By assumption, we have » C* y,
ie. x\ y; is finite. Thus, x Uy, € Nsi1. Thus, for every i < k, there exists
a y; € Fs N Nsyq such that  C y; and r; is (NZ/,P,g)—generic for every v € y;.
Let y = (;cpvi- Then, y € F5N Nsy1, o C y, and for every i < k, r; is
(N7, Pg)-generic for every 7 € y.

Again fix ¢ < k. By the definition of D, r; decides all open dense subsets
of Pg lying in Nj_,. It is easy to see that r; is totally (Nj,, Pg)-generic and
totally (Ng,,, Pg)-generic. By applying ¢'(5, ) to (N] : v < §+2), p, y, and
r;, we can pick an r, € P, such that v} [ 8 = ry, r; I} [ [B,a) < p’, and 7}
is (N, Py)-generic for every v € y. Without loss of generality, we may assume
’I“; S N5+1.

Pick a Pg-name 7 € Nsyy so that 1p, IF7" € PB,Q’ and for every ¢ < k,
ri 9 = rl | [8,a). Recall that {rg,...,rt—1} is predense below ¢ and for
every i < k, r; IFrl | [8,a) < p’. Thus, q IF7+ < p’. Also since for every
i < kand y €y, ris (N, Py)-generic, ¢ -7 is (N, [G3], Ps.o)-generic for every
vEY.

By Lemma 2.2, there exists a ¢’ € P, such that ¢’ [ 8 =¢, qIFq¢ | [8,a) <7,
and ¢’ is finitely (Nsy1, Py)-generic, and (Ngyo, Py )-generic. Then, we have
qIFq 1 [8,a) < 7 < p’. Moreover, for every v € z, since ¢ is (N, Pg)-generic
and ¢ IH7 is (N;[G'g],PB,a)—generic’, q' is (N,, Py)-generic. Since N, C Ny
and ¢ is finitely (Njs41, Py )-generic, it implies that ¢ is finitely (N, P, )-generic.
Therefore, ¢’ witnesses (6, 8, a). - (Claim 3)

Claim 4. For every 8 < n, ¢(8,8 + 1) holds.

I By Claim 3, it suffices to show ¢'(5,8 + 1). Let (Ny : v <0+ 2), p, q,
and z be as in the assumption of ¢/(8,8 + 1). Let Gg C Ps be generic with
q € Gg. Work in V[G]. By assumption, Qs = (Qp)* is (+)<,-proper for F.
Let s = (p)9¢(B). For every v € m, since q is (N, Pg)-generic, N,[Gp] is an
elementary submodel of H(6)V[Gs]. So, (N,[Gg] : v <& +1), s, and z satisfy
the assumption of Definition 5.3. Since Qg is (+)<.-proper for ﬁ, there exists
a t < s such that t is (N, [G3], Qp)-generic for every v € z. Let { be a Pg-name
for t¢.

Let ¢ € Psy1 be so that ¢ | 8 = ¢ and ¢ IF¢/(8) = #. Then, clearly ¢’
witnesses ¢’ (6, 8, av). - (Claim 4)
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Now, we shall prove the limit case.

Claim 5. Let 8 < o < 7. Suppose that for every 8, o’ with 8§ < ' < o’ < q,
©(f',a’) holds. Then, so does ¢(f, a).

I By Claim 3, it suffices to show ¢'(5,a). Let 0, (N, : v < 6 +2), p, z,
and ¢ be as in the assumption of ¢(8,a). Let (§, : n < w) be the increasing
enumeration of z. Let ap = f and for each m < w, let a1 = sup(a N Ny,).
Note that for every m < w, ay;, € Ns,, and since Ns =, s N, = U Ns
(ot : m < w) is an increasing cofinal sequence in o N Nj.

We shall build sequences (p,, : m < w) and {(g,, : m < w) as follows.

(i) po =pand g0 = ¢,

(ii) for every m < w,
(a) pm is a P,,,-name for an element of P, ,
(b) pm € Némv
(¢) gm € Pa,,,
(d) Gm+1 | Om = Gm,
(e)
()

m<w m?

G Fma1 T [@ms @my1) < P | [ms Q1)
¢m 1s finitely (N, P,,,)-generic for every v € z, finitely (N, P, )-
generic, finitely (Ns41, Pa,, )-generic, and (N2, P,,, )-generic
(8) @m+1 I Pms1 < P [ [my1, @), and
(h) gm+1 FPm1 is (N5, [Gapnir)s Pasnir,a)-generic for every n < m’.
By definition, pg = p and gy = ¢ satisfy the inductive hypothesis. Suppose that
Pm and ¢, have been defined.

Let G C P,, be generic with ¢,, € G. Let p,, = (pm)¢. Then, p,, €
P, o NNs, [G]. Since q is (Nj,,, Pg)-generic, N, [G] is an elementary sub-
model of H(#)VICl. Since P,,, . is proper, there exists an p,, < p,, that is
(Ns,,|G], Pa,,.a)-generic. Let p,41 € N5, bea P, . -name for p;, | [my1, @)
and $,, € N5, a Py, -name for p, | [, Qmy1).

Apply @(tm, Cmy1) t0 (Ny : 01 <7 < 3+2), Sy Gm, and x \ 041 to get
dm+1 € Pam+1 such that gm+1 { Om = Gdm; m I+ Lqurl f [amvam+1) < Sm’v and
Gm+1 is finitely (N, Py, )-generic for every v € @\ 0,41, finitely (Ns, P,
generic, finitely (Nsi1, Pa,,,,)-generic, and (Nsi2, P,,, ., )-generic.

Most of the inductive hypothesis are clear. We need to show that for every v €
TN 0mt1s Gm1 18 (N5, P, )-generic. If v = 6y, then ¢y, is (Nj,,, Pa,, )-generic

m

m+1 )'

and g, - ‘4, is (Ns,, [Gam]vPam,aerl)'generiC and gmy1 [ [, @mag1) < S
Thus, ¢my1 is (Ns,,, Pa,,., )-generic. Suppose n < m. By inductive hypothesis,
Gm is (Ns, , Pa,, )-generic and g, I ‘pp, is (N(;H[C?am,Pam’a)—generic’. Since
dm |F‘Qm+1 f [amaam—i-l) § ém S pm f [amaam—i-l)’; we have dm |F‘Qm+l f
[y @my1) 18 (N5, [Gan ]y Pay i1 )-generic’. Therefore, gy,41 is (N5, , Pa
generic.

We shall show that ¢’ = J,,.,, ¢ Witnesses ¢’(3, ). Clearly we have ¢’ |
B = q. By the construction of ¢, it is also easy to see ¢ IF ‘¢’ [ [5,a) < p’. We
also need to show that ¢’ is (N5, , Py)-generic for every n < w. Let n < w. Then,
Gn+1 is (Ns,, Pa, )-generic and gni1 IF ‘Pry1 is (Ns, [Gayiy]s Pair,a)-generic
and ¢’ | [am+1, @) < Pny1’s ¢ is (N, , Py, )-generic. - (Claim 5)

m+1)'

n?
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By combining those claims, we can easily see that ¢(8,«a) holds for every
B <a<mn.

Now we shall show that P, is (4+)<.-proper. Let § = 0p and E = {N €
[H(0)]® : P € N and P < H(#)}. Suppose that (N, : v < § + 1), F,p, and ©
are as in the assumption of Definition 5.3. Let Nsi2 be a countable elementary
submodel of (H (), €) with Ns.1 € Nsyo. By applying (6,0, n), we can obtain
a g € P, such that ¢ < p and ¢ is finitely (NNV,, P,)-generic for every v € x. .

Now, it is easy to show the following theorem.

THEOREM 5.9. It is consistent that both CH and (+)<. hold and there is no
club guessing sequence on wy.

PROOF. Assume that CH, 28 = X, and there exists a club guessing sequence
on wi. By Lemma 5.2, there exists a p-point like (4+)<,-sequence F= (F5:0 ¢
w1 N le>

Let P = <Pa,Qg : B < a < ws) be the countable support iteration of the
bookkeeping of all forcing notions of the form P (C_" ) where C is a tail club guessing
sequence. S. Shelah showed in [4] that P adds no new reals and hence P forces
that CH holds and there is no club guessing sequence on w;. By Lemma 5.7,
for every o < wa, 1p, HQq is (+)<w-proper for F’. By Lemma 5.8, P is
(4)<w-proper for F. By Lemma 5.5, P forces that Fisa (4+)<w-sequence.

QUESTION 1. Do we really need to assume that F is p-point like?

§6. &t does not imply the existence of a strong club guessing se-
quence. In this section, we shall consider the relationship between the following
two guessing principles.

DEFINITION 6.1. {7 is the principle that asserts the existence of a sequence
(As : 0 < wy) such that

(i) As is a countable subset of P(0), and
(ii) for every subset X of wy, there exists a club subset D of w; such that for
every 0 € D, X Nd € As and DN € As.

DEFINITION 6.2. A sequence (Cs : § € wiNLim) is called a strong club guessing
sequence on wy if and only if

(i) for every ¢ € wy NLim, Cs is an unbounded subset of §, and
(ii) for every club subset D of wy, there exists a club subset E of wy such that
for every 6 € E, Cs C* D.

It is easy to see that {™ implies CH. However, a strong club guessing sequence
cannot be killed by ccc forcing. So, by adding many Cohen reals to a model with
a strong club guessing sequence on wy, we can obtain a model in which there is a
strong club guessing sequence on w, but CH fails and hence so does {*. Thus,
the first author asked in [1] whether ¢ implies the existence of a strong club
guessing sequence on ws .

In this section, we shall use (4) to show that it is not the case. To this end,
we shall first define strong (+).
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DEFINITION 6.3. Let k£ < w and S a stationary subset of w; N Lim. Strong
(4+)x(S) is defined as the principle that asserts the existence of a club subset T
of [H(ws)]® such that for every N € T, NNw; € S and for Ny,... ,Ny_1 €T
with N; Nwy; = NgNwy € S for every i < k, if D; € N; is a club subset of w; for
every i < k, then (", _, D; N No # @. Strong (4)(S5) denotes strong (+)2(5). If
S = wy, we simply write strong (+).

By the same argument by the second author in [2, Theorem 2.2]. we can show
that the existence of a strong club guessing sequence on w implies strong (+)

THEOREM 6.4. $F does not imply strong (+), and hence the ezistence of a
strong club guessing sequence.

PROOF. By Theorem 3.4, it is consistent with GCH that (+) fails. So, we
begin with such a model.

Let (P,, Qﬁ : B < a < ws) be the standard forcing to add a {*-sequence. So,
Qo is the set of all functions ¢ such that

(i) dom(q) = ¢ for some § < wq, and
(ii) for every vy € 4, g(v) is a countable subset of P(v)

Let (X4 : 1 < a < wy) be a bookkeeping of all good names for subsets of w.
Suppose that (Pg, Q7 : v < B < «) has been defined. To define Qq, let G C P,
be generic over V' and work in V[G]. For every § < wy, define As = p(0)(J) for
some p € G with § € dom(p(0)). Let X, = (Xo)VI]. Let Q, be the forcing to
shoot a club through {§ < wy : X, N € As}. By a standard argument, we can
show that P,, forces . Moreover, P,,, adds no new reals.

Let P = P,,,. Define P to be the set of all p € P such that for every a €
dom(p), p | « decides p(«).

Claim 1. P is dense in P.

I Let pe P. Let § = 0p and N a countable elementary submodel of H ()
with P,p € N. Set § = N Nw;. Let (D, : n < w) be an enumeration of all
open dense subsets of P lying in N. We can easily build a decreasing sequence
(pn : n < w) in P such that py = p and p,41 € N N D, for every n < w.
Define ¢ € P as follows. Let dom(q) = N Nwsy. Let dom(q(0)) = 6 + 1 and
q(0) 10 = U, <., Pn(0). Let q(0)(d) be the set of all subsets = of ¢ such that for
some P-name X € N for a subset of wy, z = {&€ <& :3In < w(p, IF ‘€ € X")}.

Suppose that we have defined ¢ | a for some a with 0 < @ < ws. If & &€ NNwa,
then we have nothing to do as o € dom(q). Suppose a € N Nws. Let g(«) be a
P,-name such that ¢ [ aIF ‘g(a) = U,, ., pn(a) U {0}’

Tt is easy to see that ¢ € P and ¢ is totally (N, P)-generic. Note that for every
n <w and a € N Nwsy, p,(a) is a Py-name lying in N, thus ¢ | a decides it. So,
we have ¢ € P - (Claim 1)
If p € P, then for each o € dom(p) with @ > 0, we identify p(a) with z C wy
such that p [ a IFp(a) = 2. For every a < wa, let P, = P, N P. Tt is easy to
see that for every a < wo, P, is dense in P, and |]5a| = N;.

Now, it suffices to show that P forces that strong (+) fails. Suppose that
there exist p € P and a P-name E such that p IFE witnesses strong (+).
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That is, p forces that E is a club subset of H(w9) and for every Ny, Ny € E, if
NoNwy = Ny Nwi, then for every pair (Dy, D) of club subsets of wy so that
Dy € Ny and D1 € Ny, we have DN Dy N NgNwy # 9.

Let 0 = 0p. Since (+) fails in V, there exist Ny, Ny, Dy, and D such that Ny
and Nj are countable elementary submodels of H(6), NoNw; = Ny Nwy, Do and
D are club subsets of wy, P,p, Dy € Ny, P,p, Dy € N1, and DogND1NNygNwy =
J.

Let § = NoNw;. Let (DY : n < w) be an enumeration of all open dense subsets
of P lying in No, and (D] : n < w) an enumeration of all open dense subsets of
P lying in Ny. Let 77 = sup(No N N1 Nws). Since Ng Nwy = Ni Nwy, we have
No N7 = Ny N7 Let ny be the least ordinal in Ny above 7 and 7n; the least
ordinal in N; above 7.

We shall define two decreasing sequences (p
that

(i) p§ =pj = p,

(ii) for every n <w, p%_ ; <p% and p}, < pl,

(iii) for every n <w, p%., € PNDY and phii € PNDL, and

(iv) for every n <w, pO 17 <pL I 7<pY | 1.
Suppose that p! and pl has been defined. Note that p. | 71 € Ni. So, dom(p} |
m) € Ni. Let v} = sup(dom(pl | m1)). Then, v} € Ny N#j = Ny N#. Since
PV}L € NoN Ny, |I:)V71L‘ = wq, and NyNw; = N1 Nwi, we have P,,}L NNy = ]3,/71L NN7p.
Therefore, p}, [ 11 € No. Define 52 = (p}, | m) U (p | [1o,ws)). Then, 0 € N,
Let p,; < po be so that p? ., € PN D% N Ny. By the same argument, we can
build p;,; that satisfies the inductive hypothesis.

Define g as follows: Let dom(q) = U, ., (dom(p} )Udom(p},)). Let dom(q(0)) =
6+1,q(0) 16 =U,<,®%(0) Upk(0)), and ¢(0)(0) be the set of all subsets x of
§ such that z = {&€ < : In < w(p’, IF ‘€ € X7)} for some i < 2 and a P-name
X € N; for a subset of wy. For every o € dom(q) with a > 0, define

g(a) = Uncw (@) U{d} if o€, dom(p})
Uncw (@) U{0}  if o € U, ., dom(py,)

It is easy to see that g € P.

Moreover, ¢ is (Ng, P)-generic and (Ny, P)-generic. Thus, ¢ forces that both
No[G] and N, [G] belong to E. But Dy € No[G] and D; € N;[G] are club subsets
of wy and Dy N D7 = @. This is a contradiction. =

0
n

1
n

:n < w) and (p,, : n < w) such
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