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Abstract

In this paper, a variation of the classical Josephus Dilemma is considered.
In a circle of n men when we eliminate every third person, the order of
elimination defines an (n,3)-Josephus permutation. We discover and prove
fifteen remarkable patternsin the fixed points of these permutations.

1 Introduction

Flavius Josephus was a noted historian and military general who lived in Greece during
the first century A. D. In hiswritings [5], Josephus recounts a battle in Galilee where the
Roman army led by Vespasian seized the city of Jotapata. There, Josephus and 40 of his
men were captured. Instead of falling into the fate of davery, his men considered
committing suicide. However, Josephus was against this idea so he devised a way for
each man to die by the hands of another until only one person remained to kill himself.
The process was ssimple: Josephus had his men arrange themselves in a circle and each
man was assigned to a number from 1 to 41.
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Person one was instructed to kill person two, person three to kill person four, person five
to kill person six and this process was to continue around the circle until all were
eliminated. In the first pass around the circle, the even-numbered men died. Then person
forty-one eliminated person one and the process continued until person nineteen was the
last person alive. Before the process began, Josephus ensured that he would be this last
person remaining. Evidently, he escaped the duty of killing himself so he could tell the
tale we know today.
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Given any number of peoplein the circle, who would survive? This question has gained
fame within the mathematical community and is commonly called the Josephus
Dilemma. In [2], Leonhard Euler (1707-1783) examined patterns that are found in
various orders of elimination. In [4], for different values of n, Herstein et al. listed the
orders of eimination as permutations and examined their cyclic nature. In the midst of
what seemed to be chaos, hidden structures were found. More recently, Cook et al.
conducted an examination on the “Josephus permutations’ in [1]. Before we describe
their results, we will introduce and explain some definitions that will help us generalize
the Josephus Dilemma.

Definition 1.1: We define the function J(n, k) to be the last person aive in a circle of n
people where every kK™ person is eliminated.

Definition 1.2: The variable k shall be called the skip factor.

Definition 1.3: For each n [ N, there is a one-to-one correspondence, written as J,,

from the set {1,2,3,...,r} onto itself where J,,(p) = jif person j is the p™ person
eliminated. This correspondenceis caled a (n, k)-Josephus per mutation.

Definition 1.4: We cal p afixed point of J,xif J,, (p) = p.

In the origina Josephus Dilemma where n=41 and k=2, J(41,2) =19. Below are a
few more examples of (n, k) -Josephus permutations with various values of n and k.

Table 1
n=9 k=2

Order Eliminated || 1(|2|!314[|5|16|| 7||8]|9
Person Eliminated | 2||4||6

Table 2
n=20 k=5
Order Eliminated | 1| 2 | 3| 45| 6 || 7 |8| 9 (10]11/12|13||14|15|16|17|18(19|20
Person Eliminated |5(10/15|20|6/|12|18|4|13|| 1 | 9 |19|11| 3 |17|16| 2 || 8 |14 7

Table 3
n=24 k=3

Order Eliminated | 123|456/ 78] 9]10[11/12|13|14|15|16|17|18|19]20/21[22

23

24

Person Eliminated || 3 || 6 | 9 |12]15/18|21/[24| 4 || 8 |13||17||22| 2 |1016||23| 7 |19| 5 ||20| 14

11




We find fixed points in Tables 2 and 3 where J,,(16) =16, J,,,(16)=16and

J,,5(19) =19. However, Table 1 shows that the order of elimination, J, ,, does not have
afixed point.

Expanding on the idea of a fixed point, we can say that if p isafixed point, then in the
order of elimination of n men where every K" person is eliminated, p is the p" person
eliminated. In Table 1, we see the order of elimination for 9 men where every 2™ person
is eliminated. This (9, 2)-Josephus permutation can be written in tableau and cyclic
notation as follows

9,2

46815973

We see that the (9, 2)-Josephus permutation is a 9-cycle in cyclic notation. In Table 3, we
see adifferent cyclic structure. It can be written as follows

23456789
=% E=(124879365)

3 —p2345 67 891011121314151617181920212223245
23 6 9 12 15 18 21 24 4 8 13 17 22 2 10 16 23 7 19 5 20 14 1 11[]

=(13941217 23)(26187 2120 51510 8 24 1113 22 14)(16)(19).

This permutation has one 7-cycle, one 15-cylcle and two 1-cycles. These 1-cycles are the
fixed points. If a permutation can be written as a product of digoint cycles with at least
one 1-cycle, then the permutation contains afixed point.

In[1], Cook et a. give a thorough description of the fixed pointsof J , where n=2".

We know that with a skip factor of two, half of the people are eliminated in each cycle of
elimination. Because of this, they prove that p is a fixed point of J , if and only if

(2n+1) (2" -1
m=
2° -1
factor of three?

for b>1. Does a similar formula result when we choose a skip

With this question in mind, we initially used the same methods found in [1] to
determine a formula for the fixed points of J,; for n=3". However, with a skip factor

of three, we know that approximately one-third of the people are eliminated in each cycle
yet two-thirds remain. Because of this, a nice formula did not surface. Escaping this
approach, we looked at the (n, 3)-Josephus permutations tabulated as sequences for n<36.
Table 4 illustrates these sequences with the order of elimination increasing across the x-
axis and the values of n increasing down the y-axis.
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Table 4

Order Eliminated

8 910 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35

1
10 4

8 2 7
211 5 10
105 1 8
7138 4
7l

116 5 13 4

1317 5 11
1116 1 8
10 14 19 4
8 1317 1
7 11 16 20
5l 14 10
8 13 17
7l 1
5 10 14
13
1
10

4
2
1
27
27
27
27
27
27
27
27
27

4
2
1

7
5
4
2
1

13

1 2
714
14 10
7 17
110
14 4
11 17
7

4 10
23 7
22 2
20 25
19 23
17 22
16 20
14 19

sl

11 16
10

8 13
7 11
5 10

5

18

13 4 11
2116 7
13 5 19
7 16 8
20 10 19
17 1 13
13 20 4
10 23
5 19
2 8 16
26 5 11
251 8
2328 4
2226 1
20 25 29
19 23 28
17 22 26
16 20 25
14 19 23

13

14
10
2
11
22
16
7
1
22
19
14
11

~

4
32
31
29
28

17
1320

5 16 2
14 8 19 5
2 1711
19 5 20
1022 8
4 13 25
257 16 1
22 28 10
17 25 2
1488 28
10 17 23
7 13 20
2 10 16
34 5 13
228

17
26
14
4
22
16
8
2
29
26
22

11

20
2
17

25
19
11

32
29

14

717
23 10
5 126
20 8
10 23
28 13
22 31
14 25
8 17
35 11

20

13 23

29 16 26

11 2 19 29
2614 5 22 1

16 29 17 8 25 4
11932201128 7
28 4 22 1 23143110
2031 7 25 4 26 17/84 13

Upon highlighting the fixed points of each sequence, we noticed severa patterns in the
table worth investigating. Curious to see more data, we examined the (n, 3)-Josephus
permutations tabulated as sequences for n<140 and found remarkable rays of fixed points
that encouraged us to seek some generality. Table 5 illustrates these patterns below.

Table 5




Notice the left-most diagonal of highlighted points. We were able to describe the values
of n that contained the fixed points of this diagonal as the recursive formula

2 ifi=1
n=mh  ifi=2
th, +7ifi>2

and we were able to identify the fixed points corresponding to each n; with the recursive
formula

o ifi=1
o =[P if i =2
Hp_, +3ifi>2

This relationship is easy to prove by mathematical induction. We shall note that these
fixed points occur in the second pass through the circle.

Definition 1.5: Each pass through the circle is called around.

Examining Table 5 more closely, we note two more distinct diagonals of fixed points
that lie in the third and fourth rounds. We shall describe and prove these patterns of fixed
points in the following sections. But wait, is there a pattern in the first round? Are there
fixed points? Well, since the skip factor of our (n, 3)-Josephus permutations is 3, we
know that in the first pass through the circle, all multiples of three are eliminated. Person
3isthefirst to be eliminated, person 6 is the second to be eliminated, person 9 is the third
to be eliminated, and so forth. So it appears that a multiple of three cannot be a fixed
point. Thisleads usinto our first lemma.

Lemma 1.6: If J_,(p)= pthen 3} p. Thus, any fixed point has the form p=3m+1 or
p =3m+ 2for some non-negative integer m.

Proof: This proof follows easily by contradiction. AssumeJnlg(p)= pand 3 | p. Then,

p =3qfor some non-negative integer g. Therefore, person p is the q" person to be

eliminated so we have J,,(q)=p. But, since q=§¢ p, then J,,(p)# p and this
resultsin a contradiction; p is not divisible by 3. Therefore, any fixed point must be of the
form p=3m+1 or p=3m+ 2 for some non-negative integer m. O

Now consider how we arrive at any fixed point within a sequence of elimination. We
must count how many people are killed in each pass through the circle in order to
determine if p is the p" person killed. Since the skip factor is three, approximately one-
third of n people are eliminated in the first round. We define the variable d; to be the
number of people eliminated in the i™ round and n, to be the number of people that

remain. So, in the first pass, d, = %E We use the notation %Eto indicate the greatest



O
integer value less than or equal to g In each pass i through the circle, d, = E—,h'?‘lg for i
0% 0
greater than one. However, the value of d depends on whether n, =0mods3,
n, =1mod3, or n, =2mod3.

(n, 0 n —a
Lemma 1.7: Let n, =amod3. Then, E_E_

Proof: Assume n, =amod3.Since n, = amod3 then 3divides n, —a. Thus,
h,0_ h, —a+ald_On —-a)+ad_[Mn —a) all_n -—a [aD

BHH s 58 s HE 3 3%‘

. . raf .
Since n. =amod3,thenaisO, 1, or 2. So, 0. Therefore,
' BE EFH

n—a
3

We will now discuss the patterns of fixed points for rounds 2, 3 and 4.

2 Fixed Points in Round 2

Beginning with the sequence
{1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,..}
of men, we are left with the following sequence after the first cycle of elimination
a; ={1,2,4,57,8,10,11,13 14,16,17,..} .

This sequence can be written as the following piecewise function for x = 0.

Ell(3.x—1) if j=2x+1
a - :%
52(3x—2)|f ] =2X

Theorem 2.1: If mis a non-negative integer then J, ., ,(3m+1) =3m+1.

Proof: Let n=7m+ 2. There are three possihilities for the congruence of n modulo 3:
Nn=0mod3, n=1mod3or n=2mod3. We shal generalize these three cases by

lettinga(01{1,2,3 .
Suppose n=amod3. We define d, to be the number of people killed during the

ith cycle of elimination. Thus,

d, = i_n-a _ Tm+2-a
" BH 3
In the second cycle of elimination, we know that we will eliminate at least 3m + 1 people.
We want to show that the (3m + 1)-st person killed is person 3m + 1. Let z be the number
of men that must be eliminated in the second cycle in order to eliminate exactly3m+1
people. We calculate z the following way:




m+2-a _2m+l+a
3 3 '
Using our closed formula for aj, we want to determine the value of a,,_,. We start by

calculating 3z — a.
3z—a=3§m+¥g—a= 2m+1.

z=3m+1-d, =3m+1-

$|
a,, ., = %(3(2m+1) -1)=3m+1.

Therefore, J,.,,,(3M+1) =3m+1. O

Theorem 2.2: If mis a non-negative integer then J,_.,,(3M+2) =3m+2.

Proof: Let n=7m+4 and a=1,2, or 3. Suppose n =amod3, then
d, _EhD_n a_7m+4- a
BBH 3
In the second cycle of elimination, we know that we will eliminate at least 3m + 2 people.
We want to show that the (3m + 2)-nd person killed is person 3m + 2. Let z be the
number of men that must be eliminated in the second cycle in order to eliminate
exactly 3m+ 2 people. We calculate z the following way:

m+4-a _ 2m+2+a
3 :
Using our closed formula for aj, we want to determine the value of a,, ,. We start by

calculating 3z —a.
Bz—a:BW%a:2m+2.

z=3m+2-d, =3m+2-

So,

a., . =%(3(2m+2)—2)=3m+2.
Therefore, J,..,,(8M+2) =3m+2. O
Corollary 2.3: If n=7m+2 andp=3m+1orn=7m+4andp=3m+ 2then

n=2p+nmod p.

3 Fixed Points in Round 3

Before the second cycle of elimination, we have
a; ={1,2,4,5,7,8,10,11,13,14,16,17,..} .



Once d; people die, we are left with the following sequenceif n, =0mod3
B ={1,2,5,7,10, 11, 14, 16, 19, 20,...}.

This sequence can be written as the following piecewise function for x = 0.
Ox+1if j =4x+1

X +2if j=4x+2

" Dx+5if | =4x+3
EOx+7if j=4x+4.

We will use this formulato prove theorems 3.1 through 3.4.

Bj

Theorem 3.1: If mis a non-negative integer then J,; ., .(15m+5) =15m+5.

Proof: Let n=23m+7. We know that n=0mod3, n=1mod3or n=2mod3. The

following is the proof of the case when n =0mod3. The other two cases follow similarly
and are | eft to the diligent reader.

Case 1: Suppose n = 0mod3, then

&)l

n =n-d, =23m+7-2m*7 - 46m3+14.
Weknow that n, =0mod3, n, =1mod3or n, =2mod3.
Let a0{0,,2 . Suppose n, =amod3, then

U -a _46m+4-3a
dzzg’ll_D:nl = .

030 3 9
Let z be the number of men that must be eliminated to eliminate 15m+5 people. So,
2=15m+5-d, —d, :w_

We need to determine the 33,5 value using the sequence 3. So we have,

3z-a=3 Om+10+3aB—a:4EBm—+15+2.
O 9 0 O 3 0O
Thus,

B, =P, 5= 15m+5.
03 O

Therefore, J ., 5(15M+5) =15m+5. m

Theorem 3.2: If mis a non-negative integer then J,;..-,(15m+10) =15m+10.



Proof: Let n=23m+15. We know that n=0mod3, n=1mod3or n=2mod3. The

following is the proof of the case when n =0mod3. The other two cases follow similarly
and are | eft to the diligent reader.

Case 1: Suppose n =0mod3, then

d :EhD:ﬂ:23m+15
' TBH 3 3
$1

23m+15 _ 46m+ 30
3 .

n =n-d, =23m+15-

Weknow that n, =0mod3, n, =1mod3or n, =2mod3.
Let a0{0,,2 . Suppose n, =amod3, then
[h, 0_n, -a_46m+30-3a

d, =
>3 H 3 9
Let z be the number of men that must be eliminated to eliminate 15m+10 people. So,
z=15m+10-d, -d, :w.

We need to determine the 352 value using the sequence f3. So we have

3z—-a=3 Om+15+3aB_a:4EMB+1‘
0 9 0 O 3 0O
Thus,

B, . =9 3H 1= 15m+10.
g 3 O

Therefore, J 5,45 5(15M+10) =15m+10. m

Theorem 3.3: If mis a non-negative integer then J,,.,, ;(15m+14) =15m+14.

Proof: Let n=23m+21. We know that n=0mod3, n=1mod3or n=2mod3. The

following is the proof of the case when n =0mod3. The other two cases follow similarly
and are | eft to the diligent reader.

Case 1: Suppose n =0mod3, then
_[hO_n_23m+21

“CBEET s

23m+21 _ 46m+42
3 :

0,

n =n-d;, =23m+21-

We know that n, =0mod3, n, =1mod3or n, =2mod3.



Let a0{0,,3 . Suppose n, =amod3, then
th, O_n —a_46m+42- 3a

d, = 0=
E’?D 3 9
Let z be the number of men that must be eliminated to eliminate 15m+ 14 people. So,
z=15m+14-d, —-d, w

We need to determine the 352 value using the sequence f3. So we have

37-a=gPom*t2l+3ap _ fPm+3f, 5
o 9 0 0 3 O
Thus,

B, . =oP"* 3H 5-15m+14.
g 3 O

Therefore, J 5, 5 (15m+14) =15m+14. O
Theorem 3.4: If mis a non-negative integer then J,, ., ;(15m+16) =15m+16.

Proof: Let n=23m+24. We know that n=0mod3, n=1mod3or n=2mod3. The

following is the proof of the case when n =0mod3. The other two cases follow similarly
and are | eft to the diligent reader.

Case 1: Suppose n =0mod3, then
hO_n 23m+24

% TBE T

23m+24 _ 46m+48
3 .

o,
n =n-d;, =23m+24-

We know that n, =0mod3, n, =1mod3or n, =2mod3.
Let al{0,1,3 . Suppose n, =amod3, then
(h 0_n, —a_46m+48- 3a

d, = =
E’?E 3 9
Let z be the number of men that must be eliminated to eliminate 15m+ 16 people. So,
z=15m+16-d, —d, w

We need to determine the 33,2 value using the sequence 3. So we have

32—3235wa—a:4w5+4.
[l 9 O O 3 0O

Thus,

10



B, . =P *3H, 7 = 15m+16.
g 3 0

Therefore, J ;.5 5(15M+16) =15m+16. m

4 Fixed Points in Round 4

Before the third cycle of elimination we have for n, =0mod3
B ={1,2,5,7,10, 11, 14, 16, 19, 20,...}.
Once d, people die, we are left with the following sequence for n, =0mod3
Xi ={1,2,7,10,14,16, 20, 23, 28, 29, 34,..} .
This sequence can be written as the following piecewise function for x = 0.
R7x+1if j=8x+1
%7x+2if j=8x+2
[(P7x+7if j =8x+3
B H27x+10if j =8x+4
T 27x+14if | =8x+5
EQ7X+16if j=8x+6
27X+ 20if j =8x+7
@7x+23if j =8x+8.
We will use this formulato prove theorems 4.1 through 4.8.

Xj

Theorem 4.1: If mis a non-negative integer then J.; ., .(57m+2) =57m+2.

Proof: Let n=73m+2. We know that n=0mod3, n=1mod3or n=2mod3. The

following is the proof of the case when n =0mod3. The other two cases follow similarly
and are | eft to the diligent reader.

Case 1: Suppose n = 0mod3, then
_O_n_73m+2

“TBEET 3

So,
73m+2 _146m+4
==
We know that n, =0mod3, n, =1mod3or n, =2mod3. The following is the proof of

the subcase when n, =0mod3. The other two subcases follow similarly and are left to
the reader.

n =n-d, =73m+2-

Subcase 1: Suppose n, =0mod3, then

11



q _th U n _146m+4
‘Hsg s 9
So,
_ _l1l46m+4 73m+2 _ 292m+8
n,=n -d, = - = :

3 9 9
Let a1{0,,3 . Suppose n, = amod3, then

;(292m+8) -a

UYL e _ 292m+8-9a
d3 - D—D_ - — '
0sg 3 3 27
Let z be the number of men that must be eliminated to eliminate 57m+ 2 people. So,
z=57m+2-d, -d, —d, =152m;6+9al

We need to determine the 3.2 vValue using the sequence ;. So we have

3z—a:3952m+16+9a5—a:SEESZm_56H+8.
0 27 0 o 72 0O

Thus,
X, = 27022500, 53— 57m+2.
O 72 0
Therefore, J5.,,5(57M+2) =57m+ 2. O

Theorem 4.2: If mis a non-negative integer then J., ..(57m+5) =57m+5.

Proof: Let n=73m+6. We know that n=0mod3, n=1mod3or n=2mod3. The

following is the proof of the case when n =0mod3. The other two cases follow similarly
and are | eft to the diligent reader.

Case 1: Suppose n =0mod3, then
_[hO_n _73m+6

LCEBE T 3

0,
73m+6 _146m+12

= 3 _
We know that n, =0mod3, n, =1mod3or n, =2mod3. The following is the proof of
the subcase when n, =0mod3. The other two subcases follow similarly and are left to
the reader.

n =n-d, =73m+6-

Subcase 1: Suppose n, =0mod3, then

L o0 n _146m+12
>~ d3H 3 9



&)1

_146m+12 146m+12 _ 292m-+ 24
3 9 9

Let a0{0,,2 . Suppose n, = amod3, then

n,=n _dz

;(292m+ 24) - a

0 nm-a _ 202m+24-9a
d3 — D—D_ = — .
oo 3 3 27
Let z be the number of men that must be eliminated to eliminate 57m+5 people. So,
z=57m+5-d, -d, —d, :152m-;721+9a.

We need to determine the xs..a Value using the sequence x;. So we have

3Z_a:3E1L52m+21+9a5_a=8 9m—3H+5‘
O O o 9 0O

27
Thus,
Xopw = 270N 3H, 14 = 57m+5.
o 9 0O
Therefore, J,;,65(57M+5) =57m+5. m

Theorem 4.3: If mis a non-negative integer then J,, . ,,5(57m+16) =57m+16.

Proof: Let n=73m+20. We know that n=0mod3, n=1mod3or n=2mod3. The

following is the proof of the case when n =0mod3. The other two cases follow similarly
and are | eft to the diligent reader.

Case 1: Suppose n =0mod3, then
_[MO_n_73m+20

i R

73m+20 _146m+ 40
3 3 '
We know that n, =0mod3, n, =1mod3or n, =2mod3. The following is the proof of

the subcase when n, =0mod3. The other two subcases follow similarly and are left to
the reader.

0,

n =n-d, =73m+20-

Subcase 1: Suppose n, =0mod3, then

Ch, O
dZ:E'iD:
0

13



_146m+40 146m+40 _ 292m+80
3 9 9 .
Let a1{0,,3 . Suppose n, = amod3, then

n,=n _dz

; (292m+80) —a

Hep-Nca, _ 292m+80-9a
d3 = E,—D: - - '
osg 3 3 27
Let z be the number of men that must be eliminated to eliminate 57m+16 people. So,
z=57m+16-d, -d, —d, =152mw;$2+9a'

We need to determine the 3.2 vValue using the sequence ;. So we have

32—a:3E1152m+52+9a5—a:851Lm+25+4.
0 27 O O 9 O

Thus,
Yo = 27%%10 =57m+16.

Therefore, J.;,,5(57M+16) =57m+16. O

Theorem 4.4: If mis a non-negative integer then J,,,,,5(57M+19) =57m+19.

Proof: Let n=73m+24. We know that n=0mod3, n=1mod3or n=2mod3. The

following is the proof of the case when n =0mod3. The other two cases follow similarly
and are | eft to the diligent reader.

Case 1: Suppose n =0mod3, then
(hO_n _73m+24

“TBETET 3

73m+24 _146m+ 48

3 3
We know that n, =0mod3, n, =1mod3or n, =2mod3. The following is the proof of
the subcase when n, =0mod3. The other two subcases follow similarly and are left to
the reader.

So,
n =n-d, =73m+24-

Subcase 1: Suppose n, =0mod3, then

o O n _146m+48
>~ d3H 3 9

_146m+48 146m+48 _ 292m+96
3 9 9 '

14



Let a1{0,,3 . Suppose n, = amod3, then
;(292m+ 96) —a

e fea _ 292m+96-9a

d3 = E,—D: - - '
nsp 3 3 27

Let z be the number of men that must be eliminated to eliminate 57m+19 people. So,
z=57m+19-d, -d, —d, =152m+2§7+9a'

We need to determine the 3.2 vValue using the sequence ;. So we have

3z7-a=g2M*S7+9af o _gHOm+6H,,
0 27 0 o 9 O

Thus,
Yo = 27%1%%1: 57m+19.

Therefore, J 5,5, 5(57M+19) =57m+19. O

Theorem 4.5: If mis a non-negative integer then J.; ., ;(57m+38) =57m+ 38.

Proof: Let n=73m+48. We know that n=0mod3, n=1mod3or n=2mod3. The

following is the proof of the case when n =0mod3. The other two cases follow similarly
and are | eft to the diligent reader.

Case 1: Suppose n = 0mod3, then
_[hO_n _ 73m+48

d =T

73m+48 _ 146m+96
3 3

0,

n =n-d, =73m+48-

We know that n, =0mod3, n, =1mod3or n, =2mod3. The following is the proof of

the subcase when n, =0mod3. The other two subcases follow similarly and are left to
the reader.

Subcase 1: Suppose n, =0mod3, then

q _h O n _146m+96
> "3 3 o

_146m+96 146m+96 _ 292m+192
3 9 9 '
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Let a1{0,,3 . Suppose n, = amod3, then
;(292m+192) -a

—gkgfe-a, _ 292m+192-9a
d3 - E,_EI_ - _ |
=50 o 3 27
L et z be the number of men that must be eliminated to eliminate 57m+ 38 people. So,
z=57m+38-d, -d, -d, = 152m+21714+9a |

We need to determine the 3.2 vValue using the sequence ;. So we have

3z—a:3952m+114+9a5—a=8E9m+125+2.
0 27 0 O 9 O

Thus,
X, =279 12H, 5 _57me+ 38,
O 9 O
Therefore, J.;.455(57mM+38) =57m+ 38. O

Theorem 4.6: If misa non-negative integer then J.; .., ,(57m+41) =57m+41.

Proof: Let n=73m+52. We know that n=0mod3, n=1mod3or n=2mod3. The

following is the proof of the case when n =0mod3. The other two cases follow similarly
and are | eft to the diligent reader.

Case 1: Suppose n =0mod3, then
_[hO_n_ 73m+52

LEEEET s

73m+52 _ 146m+104
3 :

&)1

n =n—-d, =73m+52-

We know that n, =0mod3, n, =1mod3or n, =2mod3. The following is the proof of

the subcase when n, =0mod3. The other two subcases follow similarly and are left to
the reader.

Subcase 1: Suppose n, =0mod3, then

q _h O n _146m+104
2" H3H 3 o

16



_146m+104 146m+104 _ 292m+ 208
3 9 9 .
Let a1{0,,3 . Suppose n, = amod3, then

n,=n _dz

1
O n -a g(292m+208)-a

q = _ _ _292m+208-9a
s"H3H "3 3 27 '
Let z be the number of men that must be eliminated to eliminate 57m+ 41 people. So,

z=57m+41-d, -d, -d, = 152m+21719+ 9a '
We need to determine the 3.2 vValue using the sequence ;. So we have

Bz—a:3E1L52m+119+9a5—a:88‘w5+7.
0 27 O O 9 O

Thus,
X, = 27HOM* TH, 50 = 57m+41.
0 9 O
Therefore, J,5..5,5(57M+41) = 57m+41. O

Theorem 4.7: If mis a non-negative integer then J., .« .(57mM+52) =57m+52.

Proof: Let n=73m+66. We know that n=0mod3, n=1mod3or n=2mod3. The

following is the proof of the case when n =0mod3. The other two cases follow similarly
and are | eft to the diligent reader.

Case 1: Suppose n =0mod3, then

o, _nO_n_73m+66
1T BH 3 3
&)1
h =n—d, = 7ame 66— 73m3+ 66 _ 146m3+132.

We know that n, =0mod3, n, =1mod3or n, =2mod3. The following is the proof of

the subcase when n, =0mod3. The other two subcases follow similarly and are left to
the reader.

Subcase 1: Suppose n, =0mod3, then

[h, O
d; = O, OF
O

17



146m+132 146m+132 _ 292m+ 264
3 9 9 .
Let a1{0,,3 . Suppose n, = amod3, then

r]2:"]1_(:12 =

S§(292m +264)-a

d, U _n,—a_ _292m+264-9a
EEE 3 3 27 '
Let z be the number of men that must be eliminated to eliminate 57m+ 52 people. So,
z=57m+52-d, —-d, —d, _152m +21750 +9a

We need to determine the 3.2 vValue using the sequence ;. So we have

Bz—a:3E1L52m+150+9aH—a:8E}MH+6.
0 27 ad O 9 0O

Thus,
Xop = 2700 2H, 16 = 57m+ 52,
o 9 U
Therefore J,;, ¢ (57M+52) =57m+52. O

Theorem 4.8: If mis a non-negative integer then J., ., 5(57m+55) =57m+55.

Proof: Let n=73m+70. We know that n=0mod3, n=1mod3or n=2mod3. The

following is the proof of the case when n =0mod3. The other two cases follow similarly
and are | eft to the diligent reader.

Case 1: Suppose n =0mod3, then

g, =N _73m+70
BH 3 3
So,

73m+70 _ 146m+140

n =n—-d, =73m+70- 3

We know that n, =0mod3, n, =1mod3or n, =2mod3. The following is the proof of

the subcase when n, =0mod3. The other two subcases follow similarly and are left to
the reader.

Subcase 1: Suppose n, =0mod3, then
Ch, O_n, _146m+140

18



_146m+140 146m+140 _ 292m+ 280

3 9 9
Let a1{0,,3 . Suppose n, = amod3, then

n,=n _dz

1
L MO n-a_ o(292m+280)~a o4 980 -0a
*~H3H "3 3 27 '
Let z be the number of men that must be eliminated to eliminate 57m+ 55 people. So,
z=5Tm+55-d, —d, —d, = 152m+21755+9a .
We need to determine the 3.2 vValue using the sequence ;. So we have

Bz—a:3En52m+155+9a5—a:851MH+3.
0 27 O O 9 0O

Thus,
X, =270, 7 57mess.
O 9 O
Therefore, 35,105 (57m+55) =57m+55. O

5 Conclusion

In this paper, we discovered and proved the following patterns of each round where mis
anon-negative integer:

Table 6
Round Pattern
1 none
Jomios(Bm+1) =3m+1
2 Jimeas(B3M+2) =3m+2
Jami7.3(15M+5) =15m+5
3 J3ms.3 (15mM+10) =15m+10

Joameor s (15M+14) =15m+14
Jamioss(15M+16) =15m+16
Jramas (BTM+2) =57m+2
Joames (57M+5) =57m+5
4 Jramans (57M+16) = 57m+16
Jramans (57M+19) = 57m+19
J3miss,3(57M+38) =57m+ 38
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Jramesas(B7TM+41) = 57m + 41
Jrames 5 (57TM+52) = 57m+52
Jyamro s (57TM+55) = 57m + 55

Using these formulas for the fixed points of rounds two, three and four of the (n, 3)-
Josephus permutations, we arrive at a fina picture of the visible pattern these
relationships create. Below is a graph of the fixed points of the (n, 3)-Josephus

permutations we identified.

Fixed points of the (n,3)-Josephus permutations

200 T T T T T

180 -

160 -

140 -

120 -
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80+

60 - +°F
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x

T

0 20 40 60 80 100 120
number of men

6 Further Research

140

160 180 200

1. In the J(n,3) Josephus permutations, there are some interesting fixed points in which
person n is the "™ person to die. That is, Jnys(n): n.For example, J13’3(13):13and

J 46.3(46) = 46. The following table lists some of these special fixed points.

Table 7
n | 2)13|20/46|157(236(532|1198|4045
J,5(n) |2]23 20||46 157/|236|/532| 1198|4045

This pattern of fixed points appears exponential in nature. An investigation of this may be

fruitful .
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2. Patterns similar to the fixed points of the (n,3)-Josephus Dilemma occur in the (n,4)-

Josephus Dilemma. To illustrate this thought, the patterns of fixed points in the second
round are named and proven below in theorems 6.1 through 6.3.

Beginning with the sequence
{1,2,34,5,6,7,8,9,10,11,12,13,14,15,16,17,..}
we are | eft with the following sequence after the first cycle of elimination when k = 4.
A={1,2,35,7,910,1113,14,15,17,.} .
This sequence can be written as the following piecewise function.
(0

2

A, :%(M—Z)if j=3m+2

-1)if j=3m+1

%(4]—3)” j=3m+3

We will use this formulato prove theorems 6.1 through 6.4. Note that no multiple of 4 is
present in this sequence, therefore no multiple of 4 can be a fixed point. This proof is
similar to that of Lemma 1.6.

Theorem 6.1: If misa non-negative integer then J,, ., ,(4m+1) =4m+1.

Proof: Let n=13m+ 3.Weknow that n=0mod4, n=1mod4, n=2mod4, or
n=3mod4.Let a 1{0,1,2,3. Suppose n=amod4, then
(hO_n-a 13m+3 a

d, = =
BE 4
Let z be the number of men that must be ellmlnated to eliminate 4m+1people. So,
z=4m+1-d, _3m+f1+al

We need to determine theA,,_, value using the sequence A ;. So, we have

4z—a=4w5—a:3m+1.
O 4 O
Thus,
_4(Bm+1)-1

A,, ., = = 4m+1.

Therefore, J,5,,5,(4m+1) =4m+1. m
Theorem 6.2: If misa non-negative integer then J,, ., ,(4m+2) =4m+2,

Proof: Let n=13m+ 6. We know that n=0mod4, n=1mod4, n = 2mod4, or
n=3mod4.Let a 1{0,1,2,3. Suppose n = amod4, then
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d, _EhD_n a 13m+6 a
E1s 4
Let z be the number of men that must be ellmlnated to eliminate 4m+ 2 people. So,
3m+2+a

z=4m+2-d, =

We need to determine theA,,_, value using the sequence A ;. So, we have

4z—a:4éwg—a:3m+2.

_4(Bm+2)-2
4z-a 3
Therefore, J,;..64(4M+2) =4m+2. O

Thus,

A =4m+ 2.

Theorem 6.3: If misa non-negative integer then J,; ., ,(4m+3) =4m+3.

Proof: Let n=13m+9.We know that n=0mod4, n=1mod4, n=2mod4, or
n=3mod4.Let a 1{0,1,2,3. Suppose n = amod4, then
d, _EhD_n a_13m+9-a
EAs 4
Let z be the number of men that must be ellmlnated to eliminate 4m+ 3people. So,

z=4m+3-d, _3m+{3+a

We need to determine theA,,_, value using the sequence A ;. So, we have

4z—a:4DHB—m+43+a§_a:3m+3.

Thus,
_4(3m+3)-3

A, .= = 4m+3.

Therefore, J,5..,q4(4M+3) =4m+3. O
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Appendix

Thisisamaple program that calcul ates the order of elimination of n people with a skip
factor of 3. The algorithm is adopted from [3].

>m:=3"4:L:=m:

> J.=array(1..L):f:=array(1..L):
> for j from 1 to L do f[j]:= od:
> for nfrom 1tom-1do

> x1:=f[1]: x2:=f[2]:
>forifrom1ltoL-2do

> f[i]:=f[i+2] od:

> f[L-1]:=x1: f[L]:=x2:

> Jn]:=f[1]:

> if JIn]=n then print(m,n) fi;
>forkfromltoL-1do

> f[k]:=f[k+1] od:

> f[L]:=0: L:=L-1: od:

> Jm]:=f[1]:

> if JJm]=m then print(m,m) fi;
> print(J);
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# number of people

# tells data types f=working list

# makesf=[1,2,3,....m]

#JDATA LOOP

# temporary variables

# SHIFTING sub-LOOP

# moves guysin list f 2 units left
#moves guys 1 and 2 to end of list

# person to kill isnow thefirstinlist
# check to seeif this guy isfixed point
# KILLING sub-sub-LOOP

# shifts person to kill to end of list

# sets dead guy=0; end of JDATA LOOP
# last person aliveis now firstin list
#islast person fixed point?

# prints order of death
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