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Abstract 

In this paper, a variation of the classical Josephus Dilemma is considered.  
In a circle of n men when we eliminate every third person, the order of 
elimination defines an (n,3)-Josephus permutation. We discover and prove 
fifteen remarkable patterns in the fixed points of these permutations.   

 

1   Introduction 
 
Flavius Josephus was a noted historian and military general who lived in Greece during 
the first century A. D. In his writings [5], Josephus recounts a battle in Galilee where the 
Roman army led by Vespasian seized the city of Jotapata. There, Josephus and 40 of his 
men were captured. Instead of falling into the fate of slavery, his men considered 
committing suicide. However, Josephus was against this idea so he devised a way for 
each man to die by the hands of another until only one person remained to kill himself. 
The process was simple: Josephus had his men arrange themselves in a circle and each 
man was assigned to a number from 1 to 41.   
 
      
 
 
 
 
 
 
 

 
 
 
Person one was instructed to kill person two, person three to kill person four, person five 
to kill person six and this process was to continue around the circle until all were 
eliminated. In the first pass around the circle, the even-numbered men died. Then person 
forty-one eliminated person one and the process continued until person nineteen was the 
last person alive. Before the process began, Josephus ensured that he would be this last 
person remaining. Evidently, he escaped the duty of killing himself so he could tell the 
tale we know today.  
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   Given any number of people in the circle, who would survive? This question has gained 
fame within the mathematical community and is commonly called the Josephus 
Dilemma. In [2], Leonhard Euler (1707-1783) examined patterns that are found in 
various orders of elimination. In [4], for different values of n, Herstein et al. listed the 
orders of elimination as permutations and examined their cyclic nature. In the midst of 
what seemed to be chaos, hidden structures were found. More recently, Cook et al. 
conducted an examination on the “Josephus permutations” in [1]. Before we describe 
their results, we will introduce and explain some definitions that will help us generalize 
the Josephus Dilemma. 
 
Definition 1.1: We define the function J(n, k) to be the last person alive in a circle of n 
people where every kth person is eliminated.  
 
Definition 1.2: The variable k shall be called the skip factor.  
 
Definition 1.3: For each n ∈  N, there is a one-to-one correspondence, written as knJ , , 

from the set { }n,...,3,2,1 onto itself where jpJ kn =)(, if person j is the pth person 
eliminated. This correspondence is called a (n, k)-Josephus permutation.  
 
Definition 1.4: We call p a fixed point of Jn,k if .)(, ppJ kn =   
 
In the original Josephus Dilemma where 41=n  and 2=k , 19)2,41( =J . Below are a 
few more examples of ),( kn -Josephus permutations with various values of n and k.  
 

Table 1 
29 == kn  

Order Eliminated 1 2 3 4 5 6 7 8 9 
Person Eliminated 2 4 6 8 1 5 9 7 3 

 
Table 2 

n = 20   k = 5 
Order Eliminated  1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 
Person Eliminated 5 10 15 20 6 12 18 4 13 1 9 19 11 3 17 16 2 8 14 7 

 
Table 3 

n = 24   k = 3 
Order Eliminated 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 
Person Eliminated 3 6 9 12 15 18 21 24 4 8 13 17 22 2 10 16 23 7 19 5 20 14 1 11 
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We find fixed points in Tables 2 and 3 where 16)16(5,20 =J , 16)16(3,24 =J and 

19)19(3,24 =J . However, Table 1 shows that the order of elimination, 2,9J , does not have 
a fixed point.  
 
  Expanding on the idea of a fixed point, we can say that if p is a fixed point, then in the 
order of elimination of n men where every kth person is eliminated, p is the pth person 
eliminated. In Table 1, we see the order of elimination for 9 men where every 2nd person 
is eliminated. This (9, 2)-Josephus permutation can be written in tableau and cyclic 
notation as follows 

)563978421(
379518642
987654321

2,9 =





=J  

We see that the (9, 2)-Josephus permutation is a 9-cycle in cyclic notation. In Table 3, we 
see a different cyclic structure. It can be written as follows 
 

( )( )( )( ).191614221311248101552021718622317124931
111142051972316102221713842421181512963
242322212019181716151413121110987654321

3,24

=






=J

 
This permutation has one 7-cycle, one 15-cylcle and two 1-cycles. These 1-cycles are the 
fixed points. If a permutation can be written as a product of disjoint cycles with at least 
one 1-cycle, then the permutation contains a fixed point.  

 
   In [1], Cook et al. give a thorough description of the fixed points of 2,nJ  where mn 2= . 
We know that with a skip factor of two, half of the people are eliminated in each cycle of 
elimination. Because of this, they prove that p is a fixed point of 2,nJ  if and only if 

12
)12)(12( 1

−
−+

=
−

b

bn
m  for 1>b . Does a similar formula result when we choose a skip 

factor of three? 
 
   With this question in mind, we initially used the same methods found in [1] to 
determine a formula for the fixed points of 3,nJ  for mn 3= . However, with a skip factor 
of three, we know that approximately one-third of the people are eliminated in each cycle 
yet two-thirds remain. Because of this, a nice formula did not surface. Escaping this 
approach, we looked at the (n, 3)-Josephus permutations tabulated as sequences for n<36. 
Table 4 illustrates these sequences with the order of elimination increasing across the x-
axis and the values of n increasing down the y-axis.   
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Table 4 

 
Upon highlighting the fixed points of each sequence, we noticed several patterns in the 
table worth investigating. Curious to see more data, we examined the (n, 3)-Josephus 
permutations tabulated as sequences for n<140 and found remarkable rays of fixed points 
that encouraged us to seek some generality. Table 5 illustrates these patterns below. 
 

Table 5 
 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35
n 1 1

2 1 2
3 3 1 2
4 3 2 4 1
5 3 1 5 2 4
6 3 6 4 2 5 1
7 3 6 2 7 5 1 4
8 3 6 1 5 2 8 4 7
9 3 6 9 4 8 5 2 7 1

10 3 6 9 2 7 1 8 5 10 4
11 3 6 9 1 5 10 4 11 8 2 7
12 3 6 9 12 4 8 1 7 2 11 5 10
13 3 6 9 12 2 7 11 4 10 5 1 8 13
14 3 6 9 12 1 5 10 14 7 13 8 4 11 2
15 3 6 9 12 15 4 8 13 2 10 1 11 7 14 5
16 3 6 9 12 15 2 7 11 16 5 13 4 14 10 1 8
17 3 6 9 12 15 1 5 10 14 2 8 16 7 17 13 4 11
18 3 6 9 12 15 18 4 8 13 17 5 11 1 10 2 16 7 14
19 3 6 9 12 15 18 2 7 11 16 1 8 14 4 13 5 19 10 17
20 3 6 9 12 15 18 1 5 10 14 19 4 11 17 7 16 8 2 13 20
21 3 6 9 12 15 18 21 4 8 13 17 1 7 14 20 10 19 11 5 16 2
22 3 6 9 12 15 18 21 2 7 11 16 20 4 10 17 1 13 22 14 8 19 5
23 3 6 9 12 15 18 21 1 5 10 14 19 23 7 13 20 4 16 2 17 11 22 8
24 3 6 9 12 15 18 21 24 4 8 13 17 22 2 10 16 23 7 19 5 20 14 1 11
25 3 6 9 12 15 18 21 24 2 7 11 16 20 25 5 13 19 1 10 22 8 23 17 4 14
26 3 6 9 12 15 18 21 24 1 5 10 14 19 23 2 8 16 22 4 13 25 11 26 20 7 17
27 3 6 9 12 15 18 21 24 27 4 8 13 17 22 26 5 11 19 25 7 16 1 14 2 23 10 20
28 3 6 9 12 15 18 21 24 27 2 7 11 16 20 25 1 8 14 22 28 10 19 4 17 5 26 13 23
29 3 6 9 12 15 18 21 24 27 1 5 10 14 19 23 28 4 11 17 25 2 13 22 7 20 8 29 16 26
30 3 6 9 12 15 18 21 24 27 30 4 8 13 17 22 26 1 7 14 20 28 5 16 25 10 23 11 2 19 29
31 3 6 9 12 15 18 21 24 27 30 2 7 11 16 20 25 29 4 10 17 23 31 8 19 28 13 26 14 5 22 1
32 3 6 9 12 15 18 21 24 27 30 1 5 10 14 19 23 28 32 7 13 20 26 2 11 22 31 16 29 17 8 25 4
33 3 6 9 12 15 18 21 24 27 30 33 4 8 13 17 22 26 31 2 10 16 23 29 5 14 25 1 19 32 20 11 28 7
34 3 6 9 12 15 18 21 24 27 30 33 2 7 11 16 20 25 29 34 5 13 19 26 32 8 17 28 4 22 1 23 14 31 10
35 3 6 9 12 15 18 21 24 27 30 33 1 5 10 14 19 23 28 32 2 8 16 22 29 35 11 20 31 7 25 4 26 17 34 13

Order Eliminated
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   Notice the left-most diagonal of highlighted points. We were able to describe the values 
of n that contained the fixed points of this diagonal as the recursive formula  









>+
=
=

=

− 27
24
12

2 iifn
iif
iif

n

i

i  

and we were able to identify the fixed points corresponding to each ni with the recursive 
formula 









>+
=
=

=

− .23
22

11

2 iifp
iif
iif

p

i

i  

This relationship is easy to prove by mathematical induction. We shall note that these 
fixed points occur in the second pass through the circle.  
 
Definition 1.5: Each pass through the circle is called a round.  
 
   Examining Table 5 more closely, we note two more distinct diagonals of fixed points 
that lie in the third and fourth rounds. We shall describe and prove these patterns of fixed 
points in the following sections. But wait, is there a pattern in the first round? Are there 
fixed points? Well, since the skip factor of our (n, 3)-Josephus permutations is 3, we 
know that in the first pass through the circle, all multiples of three are eliminated. Person 
3 is the first to be eliminated, person 6 is the second to be eliminated, person 9 is the third 
to be eliminated, and so forth. So it appears that a multiple of three cannot be a fixed 
point. This leads us into our first lemma. 
 
Lemma 1.6: If ( ) ppJ n =3, then 3 | p. Thus, any fixed point has the form 13 += mp  or 

23 += mp for some non-negative integer m.  
 
Proof: This proof follows easily by contradiction. Assume ( ) ppJ n =3, and 3 | p. Then, 

qp 3= for some non-negative integer q. Therefore, person p is the thq person to be 

eliminated so we have ( ) .3, pqJ n =  But, since ,
3

ppq ≠=  then ( ) ppJ n ≠3,  and this 

results in a contradiction; p is not divisible by 3. Therefore, any fixed point must be of the 
form 13 += mp  or 23 += mp  for some non-negative integer m.                       □ 
 
   Now consider how we arrive at any fixed point within a sequence of elimination. We 
must count how many people are killed in each pass through the circle in order to 
determine if p is the pth person killed. Since the skip factor is three, approximately one-
third of n people are eliminated in the first round. We define the variable di to be the 
number of people eliminated in the ith round and in  to be the number of people that 

remain. So, in the first pass, 



=
31
nd . We use the notation 




3
n  to indicate the greatest 
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integer value less than or equal to 
3
n . In each pass i through the circle, 








= −

3
1i

i
nd  for i 

greater than one. However, the value of di depends on whether ,3mod0≡in  
,3mod1≡in  or 3mod2≡in . 

Lemma 1.7: Let .3modani ≡ Then, 





3
in = .

3
ani −  

Proof:  Assume .3modani ≡ Since ,3modani ≡ then 3 divides .ani − Thus, 







3
in

= 



+

−
=



 +

−
=



 +−

=



 +−

3333
)(

3
)(

3
aanaanaanaan iiii . 

Since ,3modani ≡ then a is 0, 1, or 2. So, 




3
a = 0. Therefore, 





3
in

= .
3

ani −
          □ 

We will now discuss the patterns of fixed points for rounds 2, 3 and 4.  
 
2   Fixed Points in Round 2 
 
Beginning with the sequence 

{ }K,,,,,,,,,,,,,,,,, 1716151413121110987654321  
of men, we are left with the following sequence after the first cycle of elimination 

{ }K,17,16,14,13,11,10,8,7,5,4,2,1=jα . 
This sequence can be written as the following piecewise function for .0≥x  










=−

+=−
=

xjx

xjx

j
2if)23(

2
1

12if)13(
2
1

α  

 
Theorem 2.1: If m is a non-negative integer then 13)13(3,27 +=++ mmJ m . 
 
Proof: Let 27 += mn . There are three possibilities for the congruence of n modulo 3: 

3mod1,3mod0 ≡≡ nn or 3mod2≡n . We shall generalize these three cases by 
letting { }3,2,1∈a .  
Suppose 3modan ≡ . We define id to be the number of people killed during the 
thi cycle of elimination. Thus, 

3
27

331
amannd −+=−=



= . 

In the second cycle of elimination, we know that we will eliminate at least 3m + 1 people. 
We want to show that the (3m + 1)-st person killed is person 3m + 1. Let z be the number 
of men that must be eliminated in the second cycle in order to eliminate exactly 13 +m  
people. We calculate z the following way: 



 7 

3
12

3
271313 1

amammdmz ++=−+−+=−+= . 

Using our closed formula for αj, we want to determine the value of az−3α . We start by 
calculating 3z – a. 

12
3
1233 +=−





 ++=− maamaz . 

So, 

( ) 131)12(3
2
1

3 +=−+=− mmazα . 

Therefore, 13)13(3,27 +=++ mmJ m .               □ 
 
Theorem 2.2: If m is a non-negative integer then 23)23(3,47 +=++ mmJ m . 
 
Proof: Let 47 += mn  and =a 1,2, or 3. Suppose 3modan ≡ , then  

3
47

331
amannd −+=−=



= . 

In the second cycle of elimination, we know that we will eliminate at least 3m + 2 people. 
We want to show that the (3m + 2)-nd person killed is person 3m + 2. Let z be the 
number of men that must be eliminated in the second cycle in order to eliminate 
exactly 23 +m people. We calculate z the following way: 
 

3
22

3
472323 1

amammdmz ++=−+−+=−+= . 

Using our closed formula for αj, we want to determine the value of az−3α . We start by 
calculating 3z – a. 

22
3
2233 +=−





 ++=− maamaz . 

So, 

( ) 232)22(3
2
1

3 +=−+=− mmazα . 

Therefore, 23)23(3,47 +=++ mmJ m .               □ 
 
Corollary 2.3: If 27 += mn  and p = 3m + 1 or n = 7m + 4 and p = 3m + 2 then 

.mod2 pnpn +=  
 
 
3   Fixed Points in Round 3 
 
Before the second cycle of elimination, we have  

{ }K,17,16,14,13,11,10,8,7,5,4,2,1=jα . 
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Once d1 people die, we are left with the following sequence if 3mod01 ≡n  
βj  = {1, 2, 5, 7, 10, 11, 14, 16, 19, 20,…}. 

This sequence can be written as the following piecewise function for .0≥x  










+=+
+=+
+=+
+=+

=

.44if79
34if59
24if29
14if19

xjx
xjx
xjx
xjx

jβ  

We will use this formula to prove theorems 3.1 through 3.4. 
 
Theorem 3.1: If m is a non-negative integer then 515)515(3,723 +=++ mmJ m . 
 
Proof: Let 723 += mn . We know that 3mod1,3mod0 ≡≡ nn or 3mod2≡n . The 
following is the proof of the case when 3mod0≡n . The other two cases follow similarly 
and are left to the diligent reader.  
  
Case 1: Suppose 3mod0≡n , then  

3
723

331
+==



= mnnd . 

So, 

 
3

1446
3

72372311
+=+−+=−= mmmdnn . 

We know that 3mod1,3mod0 11 ≡≡ nn or 3mod21 ≡n . 
Let { }2,1,0∈a . Suppose 3mod1 an ≡ , then 

9
3446

33
11

2
amannd −+=−=








= . 

Let z be the number of men that must be eliminated to eliminate 515 +m  people. So, 

9
31020515 21
amddmz ++=−−+= . 

We need to determine the β3z-a value using the sequence βj. So we have, 
 

2
3

154
9

3102033 +




 +=−





 ++=− maamaz . 

Thus, 

5152
3

1593 +=+




 +=− mm

azβ . 

Therefore, 515)515(3,723 +=++ mmJ m .               □ 
 
Theorem 3.2: If m is a non-negative integer then 1015)1015(3,1523 +=++ mmJ m . 
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Proof: Let 1523 += mn . We know that 3mod1,3mod0 ≡≡ nn or 3mod2≡n . The 
following is the proof of the case when 3mod0≡n . The other two cases follow similarly 
and are left to the diligent reader.  
 
Case 1: Suppose 3mod0≡n , then  

3
1523

331
+==



= mnnd . 

So, 

 
3

3046
3

1523152311
+=+−+=−= mmmdnn . 

 
We know that 3mod1,3mod0 11 ≡≡ nn or 3mod21 ≡n . 
Let { }2,1,0∈a . Suppose 3mod1 an ≡ , then 

9
33046

33
11

2
amannd −+=

−
=








= . 

Let z be the number of men that must be eliminated to eliminate 1015 +m  people. So, 

9
315201015 21
amddmz ++=−−+= . 

We need to determine the β3z-a value using the sequence βj. So we have 
 

1
3

354
9

3152033 +




 +=−





 ++=− maamaz . 

Thus,  

10151
3

3593 +=+




 +=− mm

azβ . 

Therefore, 1015)1015(3,1523 +=++ mmJ m .               □ 
 
Theorem 3.3: If m is a non-negative integer then 1415)1415(3,2123 +=++ mmJ m . 
 
Proof: Let 2123 += mn . We know that 3mod1,3mod0 ≡≡ nn or 3mod2≡n . The 
following is the proof of the case when 3mod0≡n . The other two cases follow similarly 
and are left to the diligent reader.  
 
Case 1: Suppose 3mod0≡n , then  

3
2123

331
+==



= mnnd . 

So, 

 
3

4246
3

2123212311
+=+−+=−= mmmdnn . 

We know that 3mod1,3mod0 11 ≡≡ nn or 3mod21 ≡n . 
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Let { }2,1,0∈a . Suppose 3mod1 an ≡ , then 

9
34246

33
11

2
amannd −+=−=








= . 

Let z be the number of men that must be eliminated to eliminate 1415 +m  people. So, 

9
321201415 21
amddmz ++=−−+= . 

We need to determine the β3z-a value using the sequence βj. So we have 
 

3
3

354
9

3212033 +




 +=−





 ++=− maamaz . 

Thus, 

14155
3

3593 +=+




 +=− mm

azβ . 

Therefore, 1415)1415(3,2123 +=++ mmJ m .               □ 
 
Theorem 3.4: If m is a non-negative integer then 1615)1615(3,2423 +=++ mmJ m . 
 
Proof: Let 2423 += mn . We know that 3mod1,3mod0 ≡≡ nn or 3mod2≡n . The 
following is the proof of the case when 3mod0≡n . The other two cases follow similarly 
and are left to the diligent reader.  
 
Case 1: Suppose 3mod0≡n , then  

3
2423

331
+==



= mnnd . 

So, 

 
3

4846
3

2423242311
+=+−+=−= mmmdnn . 

We know that 3mod1,3mod0 11 ≡≡ nn or 3mod21 ≡n . 
Let { }2,1,0∈a . Suppose 3mod1 an ≡ , then 

9
34846

33
11

2
amannd −+=

−
=








= . 

Let z be the number of men that must be eliminated to eliminate 1615 +m  people. So, 

9
324201615 21
amddmz ++=−−+= . 

We need to determine the β3z-a value using the sequence βj. So we have 
 

4
3

354
9

3242033 +




 +=−





 ++=− maamaz . 

Thus, 
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16157
3

3593 +=+




 +=− mm

azβ . 

Therefore, 1615)1615(3,2423 +=++ mmJ m .               □ 
 
4    Fixed Points in Round 4 
 
Before the third cycle of elimination we have for 3mod01 ≡n  

βj  = {1, 2, 5, 7, 10, 11, 14, 16, 19, 20,…}. 
Once d2 people die, we are left with the following sequence for 3mod02 ≡n  

{ }K,34,29,28,23,20,16,14,10,7,2,1=jχ . 

This sequence can be written as the following piecewise function for .0≥x  



















+=+
+=+
+=+
+=+
+=+

+=+
+=+
+=+

=

.88if2327
78if2027
68if1627
58if1427
48if1027

38if727
28if227

18if127

xjx
xjx
xjx
xjx
xjx

xjx
xjx
xjx

jχ  

We will use this formula to prove theorems 4.1 through 4.8. 
 
 
Theorem 4.1: If m is a non-negative integer then 257)257(3,273 +=++ mmJ m . 
 
Proof: Let 273 += mn . We know that 3mod1,3mod0 ≡≡ nn or 3mod2≡n . The 
following is the proof of the case when 3mod0≡n . The other two cases follow similarly 
and are left to the diligent reader.  
 
Case 1: Suppose 3mod0≡n , then  

3
273

331
+==



= mnnd . 

So, 

 
3

4146
3

27327311
+=+−+=−= mmmdnn . 

We know that 3mod1,3mod0 11 ≡≡ nn or 3mod21 ≡n . The following is the proof of 
the subcase when 3mod01 ≡n . The other two subcases follow similarly and are left to 
the reader.  
 
Subcase 1: Suppose 3mod01 ≡n , then 
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9
4146

33
11

2
+==








= mnnd . 

So, 

9
8292

9
273

3
4146

212
+=+−+=−= mmmdnn . 

Let { }2,1,0∈a . Suppose 3mod2 an ≡ , then  

27
98292

3

)8292(
9
1

33
22

3
amamannd −+=

−+
=−=








= . 

Let z be the number of men that must be eliminated to eliminate 257 +m  people. So, 

27
916152257 321

amdddmz ++=−−−+= . 

We need to determine the χ3z-a value using the sequence χj. So we have 
 

8
72

561528
27

91615233 +




 −=−





 ++=− maamaz . 

Thus,  

25723
72

56152273 +=+




 −=− mm

azχ . 

Therefore, 257)257(3,273 +=++ mmJ m .               □ 
 
Theorem 4.2: If m is a non-negative integer then 557)557(3,673 +=++ mmJ m . 
 
Proof: Let 673 += mn . We know that 3mod1,3mod0 ≡≡ nn or 3mod2≡n . The 
following is the proof of the case when 3mod0≡n . The other two cases follow similarly 
and are left to the diligent reader.  
 
Case 1: Suppose 3mod0≡n , then  

3
673

331
+==



= mnnd . 

So, 

 
3

12146
3

67367311
+=+−+=−= mmmdnn . 

We know that 3mod1,3mod0 11 ≡≡ nn or 3mod21 ≡n . The following is the proof of 
the subcase when 3mod01 ≡n . The other two subcases follow similarly and are left to 
the reader.  
 
Subcase 1: Suppose 3mod01 ≡n , then 

9
12146

33
11

2
+==








= mnnd . 
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So, 

9
24292

9
12146

3
12146

212
+=+−+=−= mmmdnn . 

Let { }2,1,0∈a . Suppose 3mod2 an ≡ , then  

27
924292

3

)24292(
9
1

33
22

3
amamannd −+=

−+
=−=








= . 

Let z be the number of men that must be eliminated to eliminate 557 +m  people. So, 

27
921152557 321

amdddmz ++=−−−+= . 

We need to determine the χ3z-a value using the sequence χj. So we have 
 

5
9

3198
27

92115233 +




 −=−





 ++=− maamaz . 

Thus, 

55714
9

319273 +=+




 −=− mm

azχ . 

Therefore, 557)557(3,673 +=++ mmJ m .                 □ 
 
 
Theorem 4.3: If m is a non-negative integer then 1657)1657(3,2073 +=++ mmJ m .  
 
Proof: Let 2073 += mn . We know that 3mod1,3mod0 ≡≡ nn or 3mod2≡n . The 
following is the proof of the case when 3mod0≡n . The other two cases follow similarly 
and are left to the diligent reader.  
  
Case 1: Suppose 3mod0≡n , then  

3
2073

331
+==



= mnnd . 

So, 

 
3

40146
3

2073207311
+=+−+=−= mmmdnn . 

We know that 3mod1,3mod0 11 ≡≡ nn or 3mod21 ≡n . The following is the proof of 
the subcase when 3mod01 ≡n . The other two subcases follow similarly and are left to 
the reader.  
 
Subcase 1: Suppose 3mod01 ≡n , then 

9
40146

33
11

2
+==








= mnnd . 

So, 
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9
80292

9
40146

3
40146

212
+=+−+=−= mmmdnn . 

Let { }2,1,0∈a . Suppose 3mod2 an ≡ , then  

27
980292

3

)80292(
9
1

33
22

3
amamannd −+=

−+
=

−
=








= . 

Let z be the number of men that must be eliminated to eliminate 1657 +m  people. So, 

27
9521521657 321

amdddmz ++=−−−+= . 

We need to determine the χ3z-a value using the sequence χj. So we have 
 

4
9

2198
27

95215233 +




 +=−





 ++=− maamaz . 

Thus, 

165710
9

219273 +=+




 +=− mm

azχ . 

Therefore, 1657)1657(3,2073 +=++ mmJ m .             □ 
 
Theorem 4.4: If m is a non-negative integer then 1957)1957(3,2473 +=++ mmJ m . 
 
Proof: Let 2473 += mn . We know that 3mod1,3mod0 ≡≡ nn or 3mod2≡n . The 
following is the proof of the case when 3mod0≡n . The other two cases follow similarly 
and are left to the diligent reader.  
  
Case 1: Suppose 3mod0≡n , then  

3
2473

331
+==



= mnnd . 

So, 

 
3

48146
3

2473247311
+=+−+=−= mmmdnn . 

We know that 3mod1,3mod0 11 ≡≡ nn or 3mod21 ≡n . The following is the proof of 
the subcase when 3mod01 ≡n . The other two subcases follow similarly and are left to 
the reader.  
 
Subcase 1: Suppose 3mod01 ≡n , then 

9
48146

33
11

2
+==








= mnnd . 

So, 

9
96292

9
48146

3
48146

212
+=+−+=−= mmmdnn . 
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Let { }2,1,0∈a . Suppose 3mod2 an ≡ , then  

27
996292

3

)96292(
9
1

33
22

3
amamannd −+=

−+
=

−
=








= . 

Let z be the number of men that must be eliminated to eliminate 1957 +m  people. So, 

27
9571521957 321

amdddmz ++=−−−+= . 

We need to determine the χ3z-a value using the sequence χj. So we have 
 

1
9

6198
27

95715233 +




 +=−





 ++=− maamaz . 

Thus, 

19571
9

619273 +=+




 +=− mm

azχ . 

Therefore, 1957)1957(3,2473 +=++ mmJ m .               □ 
 

 
Theorem 4.5: If m is a non-negative integer then 3857)3857(3,4873 +=++ mmJ m . 
 
Proof: Let 4873 += mn . We know that 3mod1,3mod0 ≡≡ nn or 3mod2≡n . The 
following is the proof of the case when 3mod0≡n . The other two cases follow similarly 
and are left to the diligent reader.  
  
Case 1: Suppose 3mod0≡n , then  

3
4873

331
+==



= mnnd . 

So, 

 
3

96146
3

4873487311
+=+−+=−= mmmdnn . 

 
We know that 3mod1,3mod0 11 ≡≡ nn or 3mod21 ≡n . The following is the proof of 
the subcase when 3mod01 ≡n . The other two subcases follow similarly and are left to 
the reader.  
 
Subcase 1: Suppose 3mod01 ≡n , then 

9
96146

33
11

2
+==








= mnnd . 

So, 

9
192292

9
96146

3
96146

212
+=+−+=−= mmmdnn . 



 16 

Let { }2,1,0∈a . Suppose 3mod2 an ≡ , then  

27
9192292

3

)192292(
9
1

33
22

3
amamannd −+=

−+
=

−
=








= . 

Let z be the number of men that must be eliminated to eliminate 3857 +m  people. So, 

27
91141523857 321

amdddmz ++=−−−+= . 

We need to determine the χ3z-a value using the sequence χj. So we have 
 

2
9

12198
27

911415233 +




 +=−





 ++=− maamaz . 

Thus, 

38572
9

1219273 +=+




 +=− mm

azχ . 

Therefore, 3857)3857(3,4873 +=++ mmJ m .              □ 
 
 
 
Theorem 4.6:  If m is a non-negative integer then 4157)4157(3,5273 +=++ mmJ m . 
 
Proof: Let 5273 += mn . We know that 3mod1,3mod0 ≡≡ nn or 3mod2≡n . The 
following is the proof of the case when 3mod0≡n . The other two cases follow similarly 
and are left to the diligent reader.  
  
Case 1: Suppose 3mod0≡n , then  

3
5273

331
+==



= mnnd . 

So, 

 
3

104146
3

5273527311
+=+−+=−= mmmdnn . 

 
We know that 3mod1,3mod0 11 ≡≡ nn or 3mod21 ≡n . The following is the proof of 
the subcase when 3mod01 ≡n . The other two subcases follow similarly and are left to 
the reader.  
 
Subcase 1: Suppose 3mod01 ≡n , then 

 

9
104146

33
11

2
+==








= mnnd . 

So, 
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9
208292

9
104146

3
104146

212
+=+−+=−= mmmdnn . 

Let { }2,1,0∈a . Suppose 3mod2 an ≡ , then  

27
9208292

3

)208292(
9
1

33
22

3
amamannd −+=

−+
=

−
=








= . 

Let z be the number of men that must be eliminated to eliminate 4157 +m  people. So, 

27
91191524157 321

amdddmz ++=−−−+= . 

We need to determine the χ3z-a value using the sequence χj. So we have 
 

7
9

7198
27

911915233 +




 +=−





 ++=− maamaz . 

Thus,  

415720
9

719273 +=+




 +=− mm

azχ . 

Therefore, 4157)4157(3,5273 +=++ mmJ m .                  □ 
 

 
Theorem 4.7: If m is a non-negative integer then 5257)5257(3,6673 +=++ mmJ m . 
 
Proof: Let 6673 += mn . We know that 3mod1,3mod0 ≡≡ nn or 3mod2≡n . The 
following is the proof of the case when 3mod0≡n . The other two cases follow similarly 
and are left to the diligent reader.  
  
Case 1: Suppose 3mod0≡n , then  

3
6673

331
+==



= mnnd . 

So, 

 
3

132146
3

6673667311
+=+−+=−= mmmdnn . 

We know that 3mod1,3mod0 11 ≡≡ nn or 3mod21 ≡n . The following is the proof of 
the subcase when 3mod01 ≡n . The other two subcases follow similarly and are left to 
the reader.  
 
Subcase 1: Suppose 3mod01 ≡n , then 

9
132146

33
11

2
+==








= mnnd . 

So, 
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9
264292

9
132146

3
132146

212
+=+−+=−= mmmdnn . 

Let { }2,1,0∈a . Suppose 3mod2 an ≡ , then  

27
9264292

3

)264292(
9
1

33
22

3
amamannd −+=

−+
=

−
=








= . 

Let z be the number of men that must be eliminated to eliminate 5257 +m  people. So, 

27
91501525257 321

amdddmz ++=−−−+= . 

We need to determine the χ3z-a value using the sequence χj. So we have 
 

6
9

12198
27

915015233 +




 +=−





 ++=− maamaz . 

Thus,  

525716
9

1219273 +=+




 +=− mm

azχ . 

Therefore 5257)5257(3,6673 +=++ mmJ m .             □ 
 
 
Theorem 4.8: If m is a non-negative integer then 5557)5557(3,7073 +=++ mmJ m . 
 
Proof: Let 7073 += mn . We know that 3mod1,3mod0 ≡≡ nn or 3mod2≡n . The 
following is the proof of the case when 3mod0≡n . The other two cases follow similarly 
and are left to the diligent reader.  
  
Case 1: Suppose 3mod0≡n , then  

3
7073

331
+==



= mnnd . 

So, 

 
3

140146
3

7073707311
+=+−+=−= mmmdnn . 

 
We know that 3mod1,3mod0 11 ≡≡ nn or 3mod21 ≡n . The following is the proof of 
the subcase when 3mod01 ≡n . The other two subcases follow similarly and are left to 
the reader.  
 
Subcase 1: Suppose 3mod01 ≡n , then 

9
140146

33
11

2
+==








= mnnd . 

So, 
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9
280292

9
140146

3
140146

212
+=+−+=−= mmmdnn . 

Let { }2,1,0∈a . Suppose 3mod2 an ≡ , then  

27
9280292

3

)280292(
9
1

33
22

3
amamannd −+=

−+
=

−
=








= . 

Let z be the number of men that must be eliminated to eliminate 5557 +m  people. So, 

27
91551525557 321

amdddmz ++=−−−+= . 

We need to determine the χ3z-a value using the sequence χj. So we have 
 

3
9

16198
27

915515233 +




 +=−





 ++=− maamaz . 

Thus, 

55577
9

1619273 +=+




 +=− mm

azχ . 

Therefore, 5557)5557(3,7073 +=++ mmJ m .              □ 
 
5  Conclusion  
 
In this paper, we discovered and proved the following patterns of each round where m is 
a non-negative integer: 
 

Table 6 
Round Pattern 

1 none 

2 
13)13(3,27 +=++ mmJ m  

23)23(3,47 +=++ mmJ m  

3 

515)515(3,723 +=++ mmJ m  

1015)1015(3,1523 +=++ mmJ m  

1415)1415(3,2123 +=++ mmJ m  
1615)1615(3,2423 +=++ mmJ m  

4 

257)257(3,273 +=++ mmJ m  

557)557(3,673 +=++ mmJ m  
1657)1657(3,2073 +=++ mmJ m  

1957)1957(3,2473 +=++ mmJ m  

3857)3857(3,4873 +=++ mmJ m  
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4157)4157(3,5273 +=++ mmJ m  

5257)5257(3,6673 +=++ mmJ m  
5557)5557(3,7073 +=++ mmJ m  

 
Using these formulas for the fixed points of rounds two, three and four of the (n, 3)-
Josephus permutations, we arrive at a final picture of the visible pattern these 
relationships create. Below is a graph of the fixed points of the (n, 3)-Josephus 
permutations we identified. 
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6   Further Research 
 
1. In the ( )3,nJ  Josephus permutations, there are some interesting fixed points in which 
person n is the nth person to die. That is, ( ) .3, nnJ n = For example, ( ) 13133,13 =J and 

.46)46(3,46 =J  The following table lists some of these special fixed points. 
Table 7 

n 2 13 20 46 157 236 532 1198 4045 
)(3, nJ n  2 13 20 46 157 236 532 1198 4045 

 
This pattern of fixed points appears exponential in nature. An investigation of this may be 
fruitful. 
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2. Patterns similar to the fixed points of the ( )3,n -Josephus Dilemma occur in the ( )4,n -
Josephus Dilemma. To illustrate this thought, the patterns of fixed points in the second 
round are named and proven below in theorems 6.1 through 6.3.  
 
Beginning with the sequence 

{ },...17,16,15,14,13,12,11,10,9,8,7,6,5,4,3,2,1  
we are left with the following sequence after the first cycle of elimination when .4=k   

{ },...17,15,14,13,11,10,9,7,5,3,2,1=∆ . 
This sequence can be written as the following piecewise function.  

( )

( )

( )













+=−

+=−

+=−

=∆

33if34
3
1

23if24
3
1

13if14
3
1

mjj

mjj

mjj

j  

We will use this formula to prove theorems 6.1 through 6.4. Note that no multiple of 4 is 
present in this sequence, therefore no multiple of 4 can be a fixed point. This proof is 
similar to that of Lemma 1.6. 
 
Theorem 6.1:  If m is a non-negative integer then .14)14(4,313 +=++ mmJ m  
 
Proof:  Let .313 += mn We know that ,4mod2,4mod1,4mod0 ≡≡≡ nnn or 

.4mod3≡n Let a { } .3,2,1,0∈  Suppose ,4modan ≡  then 

.
4

313
441

amannd −+=−=



=  

Let z be the number of men that must be eliminated to eliminate 14 +m people. So, 

.
4
1314 1

amdmz ++=−+=  

We need to determine the az−∆ 4 value using the sequence .j∆  So, we have 

.13
4
1344 +=−





 ++=− maamaz  

Thus, 

=∆ −az4
( ) .14

3
1134 +=−+ mm  

Therefore, .14)14(4,313 +=++ mmJ m                □  
 
Theorem 6.2:  If m is a non-negative integer then .24)24(4,613 +=++ mmJ m  
 
Proof:  Let .613 += mn We know that ,4mod2,4mod1,4mod0 ≡≡≡ nnn or 

.4mod3≡n Let a { } .3,2,1,0∈ Suppose ,4modan ≡  then 
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.
4

613
441

amannd −+=−=



=  

Let z be the number of men that must be eliminated to eliminate 24 +m people. So, 

.
4
2324 1

amdmz ++=−+=  

We need to determine the az−∆ 4 value using the sequence .j∆  So, we have 

.23
4
2344 +=−





 ++=− maamaz  

Thus, 

=∆ −az4
( ) .24

3
2234 +=−+ mm  

Therefore, .24)24(4,613 +=++ mmJ m              □ 
 
 
 
Theorem 6.3:  If m is a non-negative integer then .34)34(4,913 +=++ mmJ m  
 
Proof:  Let .913 += mn We know that ,4mod2,4mod1,4mod0 ≡≡≡ nnn or 

.4mod3≡n Let a { } .3,2,1,0∈ Suppose ,4modan ≡  then 

.
4

913
441

amannd −+=−=



=  

Let z be the number of men that must be eliminated to eliminate 34 +m people. So, 

.
4
3334 1

amdmz ++=−+=  

We need to determine the az−∆ 4 value using the sequence .j∆  So, we have 

.33
4
3344 +=−





 ++=− maamaz  

Thus, 

=∆ −az4
( ) .34

3
3334 +=−+ mm  

Therefore, .34)34(4,913 +=++ mmJ m               □ 
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Appendix 
 
This is a maple program that calculates the order of elimination of n people with a skip 
factor of 3. The algorithm is adopted from [3]. 
 
> m:=3^4:L:=m:                                   # number of people 
> J:=array(1..L):f:=array(1..L):      # tells data types f=working list  
> for j from 1 to L do f[j]:=j od:   # makes f=[1,2,3,...,m] 
> for n from 1 to m-1 do            # J DATA LOOP 
> x1:=f[1]: x2:=f[2]:                  # temporary variables  
> for i from 1 to L-2 do              # SHIFTING sub-LOOP 
> f[i]:=f[i+2] od:                   # moves guys in list f 2 units left 
> f[L-1]:=x1: f[L]:=x2:               # moves guys 1 and 2 to end of list 
> J[n]:=f[1]:                       # person to kill is now the first in list 
> if J[n]=n then print(m,n) fi;      # check to see if this guy is fixed point 
> for k from 1 to L-1 do             # KILLING sub-sub-LOOP 
> f[k]:=f[k+1] od:                    # shifts person to kill to end of list 
> f[L]:=0: L:=L-1: od:              # sets dead guy=0; end of J DATA LOOP 
> J[m]:=f[1]:                         # last person alive is now first in list 
> if J[m]=m then print(m,m) fi;     # is last person fixed point? 
> print(J);                            # prints order of death 
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