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Abstract. We investigate the hat color problem for both perfect and imperfect team
sizes by considering ways of constructing sets of losing configurations and corresponding
strategies. We also obtain upper bounds for the number of equivalent sets of losing
configurations for both perfect and imperfect team sizes.

1. Introduction

What is an easy way for a mathematician to make $2 million dollars? Let’s play the
hat game! This game involves a host, a team of n players (n > 2), and two distinct hat
colors, say red and blue. While blindfolded, each member of the team is assigned a hat,
the color of which is determined by an independent coin toss. Once the hats are in place,
the blindfolds are removed, at which point each contestant is able to see the colors of her
teammates’ hats, but not her own. The object of the game is to have at least one player
guess her hat color correctly without any incorrect guesses from the team. So, when the
signal is given by the host, all players simultaneously, either guess their hat color or pass.
At least one person must guess (that is, the entire team cannot pass); and winning requires
that there be no incorrect guesses. No communication is allowed during the game, but the
contestants are allowed to meet beforehand to discuss their strategy.[1]

The problem dates back to 1998, when Dr. Todd Ebert, a computer science instructor
at the University of California at Irvine, developed a mathematical problem in his Ph.D.

thesis that later became a hypothetical game show. Soon after, the puzzle now known as
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the hat problem became posted on the Internet, leading to a widespread interest among
mathematicians [9]. At first glance, one might be inclined to think that the best any team
could do is win half the time since a player can receive no useful information about his
hat color by looking at those of his teammates. Further one may propose that an optimal
strategy is to have one specific player guess the same color each time while the rest of the
team passes. This too yields a winning probability of only % However, it has been shown
by Dr. Elwyn Berlekamp that in fact, cooperation among team members can significantly

increase a team’s chances of winning [9].

2. Preliminaries

Let n > 2 be the number of players on a team and ¢ > 2 be the number of distinct hat
colors. Then every ordered arrangement of hat colors is called a configuration. In the case
of 3 players, there are 23 = 8 total configurations because each player has one of two hat

colors. The set of all configurations is therefore:
{RRR,BBR,RRB,BRB,RBR,RBB, BRR, BBB}.

If we use 0 to represent red and 1 to represent blue, then our set of configurations is just

the vector space Fs over the field Fy = {0,1}:
{000, 110,001, 101,010,011, 100, 111}.

Definition 2.1 A strategy S, is a set of deterministic instructions for each player to be

executed once the game begins.

Using a given strategy S, the vector space F3' is partitioned into a set of losing
configurations, denoted Lg, and a set of winning configurations, denoted Wy. That is,
Fp =WsU Lg and clearly Ws N Lg = 0.
Definition 2.2 Let n > 2 be the number of players on a team. Let S be the strategy
employed by the team and let w be the total number of correct guesses made by all n players

in all the 2" configurations. We say S is a perfect strategy if [Ws| = w and [Ls| = .
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Example: If any player sees two of the same color hats on his or her teammates’ heads,
then that player guesses the opposite color when the cue is given; otherwise, he or she
passes. Referring to the configurations for three players, in any of the cases where there
are two hats of the same color and one hat of the opposite color, exactly one player will
guess correctly and the remaining players will pass. With only one player guessing correctly
each time, the correct guesses are spread out, maximizing the order of Wy. In addition,
we can see that when each player is wearing a red hat, all players will say ”blue” when
given the cue. Similarly, if all three hats are blue, then three incorrect guesses of red will
be made. Thereby achieving the smallest value of |Ls|, in that the incorrect guesses are
clustered in to as few configurations as possible. Of the eight configurations, six will result
in wins, while only two will result in losses using this perfect strategy. Therefore, the
probability of winning is % = %, which is an improvement from %

As we saw in [1], perfect strategies correspond directly with perfect codes. In par-
ticular, the values of n for which perfect strategies exist are the same values for which
Hamming codes exist.

Theorem 2.3 If ¢ = 2 is the number of hat colors and the number of players is n = 2™ —1,

with n > m, then there exists a perfect strategy S such that the probability of winning is

14+n"

Proof. [1]. O

In our example above, for the perfect strategy we obtained Lg = {000, 111} when
n = 2% — 1 = 3. Notice that Lg is the binary Hamming code of length 3 (Ham(2,2)). In
general, the set Lg for a perfect strategy S, will be identified with the binary Hamming
code of the same length. For a brief introduction to Hamming codes see [6].

Theorem 2.3, along with our knowledge of binary Hamming codes (their parameters
are: length n = 2™ — 1 for some m < n, order M = 2", and minimum distance d = 3),

allow us to consider perfect strategies for larger team sizes. The next value of n for which
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we are guaranteed the existence of a perfect strategy occurs when n = 23 — 1 = 7. In this
case our vector space of possible configurations will contain 27 = 128 vectors. Once we
find a perfect strategy we can then expect the team to win with a probability of %.
Coming up with a set of deterministic instructions, a strategy, for each player is not
as immediate for n = 7 as it was for n = 3. The following theorem, however, becomes very
useful:
Theorem 2.4 A strategy S is perfect for the n-player binary hat problem if and only if
the set Lg, corresponding to the set of losing configurations for that strategy, is a perfect

1-covering of F3'.

Proof. [1]. 0

3. The hats game for n = 7 players

Referring to Theorem 2.4, since Hamming codes provide a perfect 1-covering of F3', the
codewords in the losing set should maintain the properties of a Hamming code. Just as
in the n = 3 case, two codewords in the set of losing configuration should be the two
vectors of FJ' consisting of all one color. To select the other 14 members of L, notice that

4
four of the other. Recalling that Hamming codes have minimum distance 3, we decide to

there are <;) + ( 7): 70 different configurations each containing three of one color and

choose the other fourteen vectors from these 70. The following is one possible set of losing

configurations, where red= 0 and blue= 1.



000 0 0 0 0 07
1111111
0011101
1111000
0101110
0110011
10010 11

;|1 o101 1o

*“ 1110010 1
1100010
0000111
101000 1
1001100
0110100
0101001
00110 1 0l

With the players numbered from 1 to 7, each vector from F. represents a possible
configuration of red (0) and blue (1) hats on the players. With these players and Ly, a
perfect strategy can be developed.

Strategy: Each player is to memorize the set of losing configurations listed in Lg above.
After seeing the hats of his or her six teammates, each player can construct two possible
configurations by filling in 0 or 1 in his or her own position of the vector. The players
are instructed to pass if they have to choose from two winning configurations or from two
losing configurations. On the the other hand, if one configuration is in L, and the other is
not, they are instructed to choose the latter. Thus, when the hats actually form a losing
configuration, each player will guess incorrectly since they will have a losing and winning
configuration as their choices and were instructed to choose the winning configuration. If
a configuration occurs that is not in L, then only one person will have a choice between a
losing and winning configuration. Therefore, for all vectors outside of L, , one person will

guess correctly, the other players will pass, and the team will win.

Next we provide some constructions for Lg when n > 7.



Construction A

Let’s take a closer look at Lg for the seven player team from the last section.

0 0 0 0 0 0 07
1110 0 01
0110 010
10 0 0 0 1 1
101 01 00
01 0 0 1 01
1 1.0 0 1 1 0
0 01 01 11
1 1.0 1 0 00
0 01 1 0 01
101 1010
01 01 011
0 1 1.1 1 00
1 001 1 01
0 001110

(1 1 1 1 1 1 1.

Using the middle (4t") column of Lg, which will henceforth be referred to as DC'(for
the dividing column), we can separate each row of the matrix into two vectors, both in F3.
The array to the left of the dividing column will be referred to as F'P (for the first part)

and the array to the right of the dividing column will be referred to as SP (for the second

part).

r0 0 07 (07 [0 0 07

1 11 0 0 0 1

0 1 1 0 0 1 0

1 0 0 0 0 1 1

1 0 1 0 1 0 0

0 1 0 0 1 0 1

1 10 0 1 10

0 0 1 0 1 1 1

P = 1 1 0 be = 1 SP = 0 0 O
0 0 1 1 0 0 1

1 01 1 010

0 1 0 1 0 1 1

0 1 1 1 1 0 0

1 0 0 1 1 0 1

0 0 O 1 1 1 0
L1 1 1. [ 1] 1 1 1




Observe first that the vectors in the first eight rows of SP, are just the binary expan-
sions of the respective rows. A repeat of these rows (in the same order) gives us rows 9
through 16. One can easily see that F'P consists of all the vectors in F (without repe-
tition). The order in which these occur is less obvious however. To see this, consider the

binary Hamming code of length 3:
0 0 O
Co= { 111
First we list all the cosets e; + Cy of Cp, where i € {1, 2, 3} and e; is the vector with a

single ‘1’ in the " position. The cosets of Cy are:

01 1 101 1
Cl_{l 0 0 02_{0 1 0 03_{0

So with this notation we see that I'P can be written as:

O =
i)

0 0 07
1 1 1
0 1 1
1 0 0
1 0 1 rCo T
0 1 O Ch
1 1 0 Co
0 0 1 Cs

FP=|- — - =| -

1 1 0 Cs
0 0 1 Co
1 0 1 Cy
0 1 O L Cp
0 1 1
1 0 0
0 0 O

L1 1 1.




With this we then have the following model for Lg when the number of players on the

team is 7. Here k corresponds to the row of Lg.

rCo O F2 7
C: 0
Cy 0
Cs 0
C; 1 F23
Cy 1
C; 1

LCy 1 |

The following is another construction for Lg when n = 7, but it can also be used to

generate perfect strategies when n > 7.

Construction B

Using the construction as described in [5], all perfect codes with length n > 3 can
be obtained by using a perfect binary repetition code and its translates and an extended
perfect code and its translates. For our purposes, the perfect code and its translates as
described above will be designated by C, and the extended code and its translates will be
designated by C*. The following is an example of n = 7 illustrating the use of translates

that leads to a theorem pertaining to upper bounds of all perfect codes.

Example : For n = 7, it seems logical that out of seventy different configurations there
would be several different sets of sixteen vectors with a minimum distance three. Instead
of trying several combinations of vectors with min(d(C)) = 3 to find an upper bound for
perfect strategies of n = 7, the construction of perfect codes of length seven described
above becomes very helpful.

This particular construction involves concatenating C' with C*.
The following extended perfect binary repetition code of length four and its translates are

used:



Notice that all the translates of C'* are of even weight. For this particular construction,
the extended perfect code is of even weight, resulting in its translates covering the space
of E3.

According to the construction, C' and C* can be concatenated in any form in order
to obtain both linear and nonlinear perfect codes of length seven. Since C has length
three, the number of ways they can occur in a length seven code is to choose any three

columns out of seven. The same can be thought of with C*, except now there are four

7

4> = 35 different ways

columns to choose from out of the seven. This results in (;) = <
to concatenate C' and C*.

Because C has 3! different ways to be written and C* has 4! different ways to be
constructed, each codeword would have 34! different ways to place 0’s and 1’s. Thus, the
total number of ways to develop perfect codes of length seven is (;) x314! = 7!
Theorem 3.1 A loose upper bound for the amount of perfect strategies for a code of

length n =2" — 1, (r > 3) is nl.

Proof. When n has the form 2" — 1, one can always use a perfect code of length n;
and its translates and an extended perfect code of length (n + 1); and its translates.
Therefore, out of the n columns of a perfect code, there will be n; columns to choose
from for the perfect code and its translates and (n + 1); columns to choose from for

the extended perfect code and its translates. With n = n; + (n + 1), this results in

(nt+(n+1)t>:(nt—|—(n+1)t

¢ (TL + 1)t
C and C* can be written, resulting in

z; + (n + ]-)t
%

). This must then be multiplied by the number of ways

) «ngl(n+ 1) =nl

We now look at the next Hamming length of n = 15. The losing set for n = 15

contains 2048 words. It is more complicated in its design but can be broken down quite
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nicely mimicking the n = 7 case:

—>F27
—>F27
—>F27
—>F27
—>F27
—>F27
—>F27
—>F27

_-o O =O =O

)
»
)
[\V)
— — =~

0 —F]
1 — F
0 —FJ
G2|Ds {1 —>F2%
0o — 27
1 — F

7
0 — Iy

GO|D7 {1 — F27

The matrix above has 16 repeats: the dividing column changes from a string of zeroes
to a string of ones 16 times. The second part of the matrix is generated using all of the
codewords of F. As with our previous case, a repeat has either a zero or a one on the
dividing column with the binary representation of all the codewords in FJ in the second
part.

The first part of the matrix formed by concatenation using two sets of codewords.
Each vector in G is of length four, and each vector in Dj is of length three, that is, G; is a
211 x 4 matrix and D; is a 2!! x 3 matrix. All the rows of D; are binary the representation
of j. Hence Dy is 000, D is 001, D4 is 010 and so on.

The following is a useful method for generating the sets G;, but first, we will need
some new terminology. A set of translates GG; is a sequence of translate leaders. A translate

leader is a vector of Fiy that has even weight and is denoted by g;. As mentioned earlier,
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each translate leader is an element of Cj,C7, (5, or C5. Each translate leader is used
to generate two sets of 16 vectors in Fy. Each set of translates G; contains a different
sequence of all the g;’s.

Eight codewords {0000,0111,1011, 1100, 1101, 1010,0110,0001} denoted as
o, ..., ¢y and their complements ¢y, ..., ¢7 are listed. The same eight codewords are listed a
second time but with their order reversed. This generates a total of 32 vectors of length

4. If we denote this list by [y, we get

Co = 9o

Co

o = go

Notice that ¢; and g; are not the same, except when ¢ = 0; a ¢; is a vector chosen from
F3 of either odd or even weight, with its complement listed right below it. A translate
leader g;, on the other hand, is a vector of even weight that is added to every codeword
generated by each of the ¢;’s. Also,the first vector in the list always corresponds to the
translate leader ¢; + Cy = ¢; for all 7.

Hence the first translate leader gq is the codeword 0000. The second list of 32 vectors
is generated by adding 0011 (which comes right after the end of ly) to all the vectors lg.
Therefore 0011 is the second translate leader, denoted as g;. Thus we obtain the second

list ll .
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Co = 9o + 0011 Co = 9o
&+ 0011 %
¢+ 0011 cr
a +ooo11| | & |_

h=1 & + om|~| & [|“htool

¢+ 0011 cr
&  + 0011 ‘&

go = Co + 0011 Co = go

Thus we can generate eight different lists each time by adding a translate leader to
each of the codewords in [y. This constitutes the first set, GGo. In general, to obtain the

entire list of [;’s, one only has to add a translate leader g; to it.

co=9go + G

Co + G

(o + g

[ — Cr + g

! Cr + g

(e + g

Co + G

go=c¢co + G

The other sets and their translate leaders are:

r 0000 + [g ( 0110 + [ (1010 + g ( 1100 + [g
0011 + Iy 0101 + Iy 1001 + o 1111 + iy
0101+l0 0011+l0 1111—|—l0 1001+l0
) 0110+ 1o ~ ) 0000 + 1y ~ ) 1100 + 1y ) 1010+ 1o
Go = 1001 + Iy’ Gh = 1111+ 1y G2 = 0011 + I’ Gs = 0101 + I,
1010 + 1o 1100 + g 0000 + Iy 0110 + Iy
1100 + g 1010 + g 0110 + Ig 0000 + Iy
\ 1111 + [ L 1001 + [y L 0101 + [y L 0011 + [y
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4. Miscellaneous conjectures about Lg

In section 3 we considered the case of perfect codes and their strategies. There we
were able to observe some similarities between the cases n = 3, 7, and 15. Below we
propose certain formulas for based only on our observations of those cases we considered.

It is our hope that any set of losing configurations can be split into a first part, a
dividing column, and a second part. Hence we will make some conjectures about binary
Hamming codes. The first and second parts together forms a matrix with n = 2m~!1 — 1
columns. Any vector in the first part may be of the form (G;|D;), where D; is of perfect
length and G; is considered to be extended perfect, that is, of the length n = 2. For
example, for n = 15, G; was of length 4 while D; was of length 3. For n=31, G; may be
of length 16, and D; may be of length 15.

We present below some possible formulas. As mentioned earlier, n = 2" — 1. |L,,| is
the order of the losing set of the m!”* order (m > 2), R represents the number of repeats in
a losing set, A is the number of columns in D;, B is the number of columns in G;, N is the

total number of groups G;’s, and C' tells us how many vectors each group G; generates.

m n |Lim| R A B N C
3 7 24 2 1 — — —
4 15 211 24 3 22 23 28
5 31 226 211 7 23 27 219
m-1_,. om—1_., m— m— Loy,
m a2 L 2m2o1 gmt2 g4 Ll

13



We can prove that our formula for the |L,,| is correct. We already know that the size

of our losing set is %H.To find the size of the losing set for a general n, we only have to

solve :
1 _ |Lm]
n+1 2m
If we solve for |L,,|, we get
_ 2"
|Lm‘ — om -

Using the fact that n = 2m — 1, we solve in terms of m:

|Lm| _ 227n71_m.

We can also propose a recursive formula for finding the size of the m!* losing set,
when we have a perfect number of players, n = 2™ — 1 players. We will take m = 2 case

our basis. The general formula for the size of the m'® order of losing set is:

{ |La| =2 base case
m—1
| Lim| = 22 -t | L1
This formula also helps us find a recursive formula for the number of repeats R in a

losing set: the number of repeats in a losing set |L,,| is |L,,—1], i.e. the number of vectors

in the previous losing set. The basis for this deduction is also |Ls| = 2.

{ |La| =2 Dbase case
R=_1n

DY

We can see this correlation between R and |L,,| by looking at the table above.

If our assumption are correct, these formulas could give us a clearer view on the level
of complexity of any given losing set. They could also be the building blocks for a more

efficient enumeration of all the vectors in a losing set and lead to a standardization of the

structure of all losing sets.
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5. Introduction to Optimal Strategies
When the number n of players is not perfect, that is, n # 2™ —1 for any m, the game cannot
be played using a perfect strategy for all n players. However, an optimal strategy can be
found. The optimal strategies found thus far have yielded the same winning probabilities
of the perfect strategy of greatest length n’ such that n > n’ = 2™ — 1. [§]

One such optimal strategy is to have n’ players play using the perfect strategy and
the remaining players pass. [8,1] Thus, the winning configurations of length n can be

constructed using a trivial direct sum construction
Cl ) 02 = {(01,02) . C1 € Cl, Co € Cg}

Where C] is a set of losing configurations of Hamming length n’, and Cy = FQ”_”/, and
the symbol “” represents concatenation. [3]

For example, a possible set of losing configurations for n = 4 players is found using
Cy, = {000,111} and Cy = {0,1}. Note that the first three players participate and the

fourth player always passes.

Ly =

—= = O O
_ =0 O
—_ =0 O
_ O = O

Likewise when n = 5, a possible set of losing configurations is found by using C; =
{000,111} and Cy = {00,01,10,11}. Again, note that the first three players participate

and the fourth and fifth players always pass.

— == O O OO
mR )RR, OO0 O
e el e i === e R )
= —_0 O = = OO
_ O~ OFk OO

We are interested in finding optimal strategies that allow the participation of all
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team members while winning with the same probabilities. We will refer to the subset of
n' = 2™ — 1 players who play according to the perfect strategy as the critical players, and
the remaining k£ = n — n’ players as the residual players. A residual player simply guesses
her hat color to be the same as that of any critical player(s).

In the case of four players, there are three critical players, and the remaining player is a

residual player. An example of a set of losing configurations for the four player strategy is

the set

Ls =

O = = O
— O~ O
— o = O
——_—0 O

The winning configurations differ from their losing configurations as follows:

0000 1110 1001 0111
1000 0110 0001 1111
0100 1010 1101 0011
0010 1100 1011 0101
0001 1111 1000 0110

Strategy: Note that four winning configurations {0001,0110, 1000, 1111} are repeated in
this enumeration. These winning configurations differ from the losing configurations in
positions 1 and 4. When these configurations occur, players 1 and 4 will guess their hat
color correctly together. All other winning configurations differ from the losing configura-
tions in either position 2 or 3. When these configurations occur, either player 2 or player
3 will guess correctly to win the game.

Consider the configuration 0001. Player 1 sees either 0001, a winning configuration,
or 1001, a losing configuration, and she will correctly guess 0. Player 2 sees either 0001 or
0101, both of which are winning configurations, and so he passes. Player 3 sees either 0001
or 0011, both of which are winning configurations, and she also passes. Player 4 sees either
0000, a losing configuration, or 0001, a winning configuration, and he guesses 1 correctly.

Notice that players 1 and 4 guess correctly together.
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Consider the configuration 1100. Player one sees either 0100 or 1100, both of which are
winning configurations and she passes. Player two sees either 1000 or 1100, both of which
are winning configurations, and he also passes. Player three sees either 1100, a winning
configuration, or 1110, a losing configuration, and so she correctly guesses 0. Player four
sees either 1101 or 1100, both of which are winning configurations, and he passes.

When looking at this strategy from the geometric perspective, it is seen that the vector
space Fy can be covered with four spheres of radius one. Thus, the covering radius of the
four losing configurations is 1: ¢r(Ls) = 1. However, because there is overlap of these
spheres the four losing configurations do not represent a perfect packing. Therefore the

packing radius must be 0: pr(Lg) = 0. These radii are related such that
cr(Ls) = pr(Ls) + 1.

We will call such strategies quasi-perfect corresponding to the associated quasi-perfect code.

Next we will investigate how these losing sets are constructed.

Let {x1, 22} and {y1,y2} represent two of the translates discussed n = 7 case, and let

ae Fs.
Ls = {(5(31,@), (372’&)7 (yl;a)v <y176>}

The twelve winning configurations that are at a distance of one away from the four
losing configurations can be found by changing a single digit of each losing configuration.
Let v, be the zero vector with a 1 in the k' position, then for each c € L, we have a winning
configuration ¢ + vi. Four winning configurations will be a distance of one away from two
distinct losing configurations in unique positions 7 and j. When these configurations occur,
players ¢ and j will guess correctly and the other two players will pass. The eight remaining
winning configurations are a distance of one away from exactly one losing configuration.
When these winning configurations occur, one player, i nor j, will guess correctly while

the other three players will pass. When a losing configuration occurs, all four players will
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guess incorrectly.

Conjecture : Using the above construction, a loose upper bound for the total number of
losing sets for n =4 s 48.

Using the translates of length three as in the perfect case of n = 7, equivalent losing
sets can be developed by pairing the perfect code and its translates with one another and
adding a parity such that each pair of translates has the same parity check digit added.
For example, by pairing Cy with C7, Cs, and C3 with the appropriate parity check digit

added as a fourth column, the following six codes are obtained.

00 0 0 0 0 0 1 00 0 0
1 110 1 1 1 1 1 110
Li=11 0 0 1 La=171 ¢ 0 0 Ls=10 1 0 1
0 1 1 1 01 1 0 1 0 1 1
00 0 0 00 0 0 00 0 1
1 110 1110 11 1 1
Li=11 0 0 1 Li=10 0 1 1 Le=109 0 1 0
01 1 1 110 1 1100

Thus, for Ly it can be seen that the first two rows consist of Cy with a 0 added onto each

row, and the last two rows consist of C'; with a 1 added to each row.

The remaining losing sets can consist of C; paired with Cs and C3, and C3 paired with
CY4. These three pairings will produce six more losing sets with the two possible parity
check columns added. Thus, by using the various pairs of the perfect binary repetition
code and its translates with an appropriate parity check digit added as the fourth column,
twelve different losing sets can be constructed. Since the parity check column could be
used in any column, there appears to be a total of 48 different losing sets for the case of
n = 4. This can be seen more clearly by using the combination formula to choose two pairs
of translates out of the four to represent the four rows of the code, and multiplying by two
for the two different ways to write a parity check column for each code. Since the parity
check column can go in any column, this number is then multiplied by four to represent

4 ) %2 % 4 = 48 possibilities.

the parity check in each column. Therefore we have (2
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Next we turn our attention to the case of the team of 6 players, noting that this team
size is one away from perfection when n = 7. In their paper “On Hats and Other Covers”
the authors describe the case of the team size n = 2™ — 2 as the worst case for the hats
game. Finding all codewords with min(d(C)) = 3 to compile the losing set, one can find
up to eight. These eight, with a covering radius of one, do not cover the space. As a result,
there are eight vectors leftover, which also all happen to be a minimum distance of three
away from each other. Thus, all eight of these vectors must be included in the losing set,
resulting in sixteen codewords in the losing set. With sixteen out of sixty-four vectors in
the space Fy, the winning probability is only %.

Using the definition of a shortened Hamming code [4], it is hoped that a strategy

3

1 can be developed. A shortened Hamming

leading to a winning probability better than
code has length 2 — 2 and 22" ~2=™ codewords, where m > 2. This code is a nearly
perfect code obtained from the perfect Hamming code of length 2™ — 1 by deleting all
codewords ending in 0 and deleting the last column of the remaining codewords. This
new code has half as many codewords as the Hamming code but still retains its covering
capabilities and the min(d(C)) = 3 property of a Hamming code. The main difference
between a shortened Hamming code and a Hamming code is that the shortened Hamming
code has a covering radius of two and a packing radius of one. A Hamming code, however,
has a packing and covering radius of one since it is perfect. With this difference, it seems
as though a different type of strategy is required in order for the set of eight to be the only
losing vectors in the space.

Although the above eight codewords cover the space with non-disjoint spheres as in
the n = 4 and n = 5 cases, complications occur using the same strategy as in the case of

four players. The following code is the set of losing configurations found from one of the

perfect codes of n = 7:
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0 0 0 1 1 17
111111
01 01 0O
L. = 1011 0 0
10 00 1 0
0 1 1 0 1 0
0 01 0 01
.1 1 0 0 0 1

Normally a player would guess if he or she had a choice between a codeword in Ly
and a vector in F3', not in Ls. If a player had the choice between two vectors outside of
Lg, then they would pass. This strategy would result in correct guesses for the winning
configurations, and all of the players guessing incorrectly for each configuration in L.
For this particular losing set, however, we find that if the zero vector is the actual hat
configuration, we have a case where all players pass. For example, player one would have
the choice of the zero vector or 100000, player two would choose between the zero vector
and 010000, player three would have the zero vector or 001000, and so on. Since none of
the players choices are listed in the code, all players would pass. In addition to the zero
vector, seven other words will result in all players passing. It is interesting to note that all
eight of these vectors were the ones leftover from the Hamming code of length 7 with the
last column of 0’s deleted.

Although it seems logical to invent a new strategy that would result in the eight
codewords used to cover the space being the only losing vectors, it has now been shown
that a strategy cannot be developed such that only eight vectors are in the losing set. It has
been found that overlap occurs between the eight vectors leftover from the Hamming code
and all other vectors that are one away from a codeword. For example, if the zero vector is
the hat configuration of the team, then every player will have the choice of the zero vector,
which is the complement of 111111 € Lg, or a vector that is one away from one other
codeword. In addition, if 100000 is the hat configuration, one player will have the choice

between 100000, which is one away from a codeword, and a vector that is a complement
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of a codeword. Thus, if players decide to guess the vector one away from a codeword
when given the choice between a complement and a vector one away from a codeword,
then the team will lose all configurations leftover from the Hamming code of length seven.
Thus, eight more vectors will be a part of the losing set, leading back to the original
conjecture of a winning probability of %. In [8] it is shown that n = 6 could have a winning
probability of g with a covering radius of one, leaving us further strategies to investigate.
In fact, there are many questions left open about the hat problem, and the construction
of perfect and imperfect codes in general. As Freeman Dyson once said, “the bottom line
for mathematicians is that the architecture has to be right. In all the mathematics that I
did, the essential point was to find the right architecture. It’s like building a bridge. Once

the main lines of the structure are right, then the details miraculously fit.”
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