CONTHACTIVE PROJECTIONS AND ISOMETHIES IN SEQUENCE
SPACES

BEATA EALKDREIAKANTOARILA

Apnzreacy. We charartefze 1-compleraented aubapires of finite oodimemion o atrictly
meneione ce-peonver, 2 < p < oo, asquence apdred. Newt we deacrihe, up te laoreetrie
larrwerphiarg, &ll praaible trpea of l-uneondifional atrectures o aegenee apares with few
aurjertive larmetriesa. We als give & new example of & clasa of real aequence apared with

few aurjertive Romaetriea,
L. INTRODUCTION

This paper 18 divided inlo Lhree parls. Thronghonl we consider real sequenee spaces wilh
L-uncond ilional basa,

Firal we sludy ivnages of conlracli ve projoeclions — we prove [Theoremn L) Lhal in slriclly
mondlone and onepoamvex, 2 < p < og, [or, dually, one-g-concave, 1 < g < 2) soquencs
spaces overy Lcamplemenled subspace of loile codiiemsion » conlaing all bol al el
2n basic veclars. Calverl and Filepalrick [LLl] showed thal ¥ any such hypoerplane 13 1-
comnplarnented Lhen ihe space is isomdnclo £ or o

Characlertmlions of conlraclive projoclions are moporlanl n approsimalion Lheory and
Lhere exisle an exlensive [erlure oo the mbjecl [sos [L3] and [3] for Lhe delailed disscusion
and releronces).

Theorern | applios Lo oa rich class of spacs including cp. £, L < p < oc, pF 2, &6
whae 2 < pr <oc,a l <pr <2 as wal as a wide class of Orlic: and Lorenlz spaca.
I prneralizs Lhe analoggons remll known Jor classical sequence spaces: sec [7, 32, 33] lor &,
[, A for &, Lt ptioc, p# 2, [A] lor £, L < poc, pF 2. The analogpua remll 1a not
Lrue in op [7] ar £ [2).

Qur metlhod of prool = quile differanl, and we boliove siopler, Lhan thoss ueed bolore.

1881 Mathematica Subject Claasifeation A6 ARE.
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Neoxl we lnveslipale all (up Lo momelhc oquivalince) L-unecandilional slmelura noa pgven
soquenice space. This s an moroelhc version of Lhe queslion of uniquenoss of uneondilional
basis, which has bom sludied sines lale sixlis (el [¥] Lo varions secquence spacs and [L9)
for deluiled disscussion and referances).

In he complex s Lhe silualion 3 well noderslood.  Kallon and Wood proved [21,
Theorern 6.1) Lhal all L-uneondilional basss in a conplex Baneh space are isoonelrically
oquivalml [cf. also [29, discusdon o paps H2 and Corollary 3 13] and [L3]). Laccy and
Wojlameczyk [27] observed Lhal this does nol bold o real Lp-spaces — they give a complele
desenplion of Lhe Llwo pomible Lypa of L-uncondilional stuclurein Ly (ol also [6]). As far
an we know very lillle work bas beoen dooe sinee then in roeal Banach spaces [excepl [29]).

ln Thooran 4 below we alablish Lhal o real sequenee spacs which bave [ow e
Live 1sornelries there are lwo lypo of momelncally non-oquivalenl L-uncondilional slroc-
lure. Cordlary § [ormolala some addilional assumplions which yield lhe nniquenas of
L-unecondilional basis,

I now bocorne o inlaesl o deaibs lbhe spaca salialying assumnplions of Thearan 4 -
1o gpaces wilh [ow surjeclive isomelnies This 1o a problan thal bave bom sindied for ils
own nghl by many anlbors slarlimg wilh Banach [1] who characlernized momelris io f;‘. 1o
Lhe conplex case Lhe Lhoory in well doveloped [sec e lhe survey [L7] and ils relerences).

Iu ihe real case Bravemnan and Saooenmov [L0] (el also [23, Theoran 9.8.3)) proved thal
syrnmnelric sequence spaces have low [In our sense) momneldos, Skorik [30] showed an analo-
gous ramull for a spocial dam of real scquence spaces. We do nol koow of any olhoer periinent
references.

In Seclion 4 we provide a now oxample of a clas of spacs wilh ooly clanenlary mnec-
Live 1somnelries. As an applicalion of Theoramn |, we prove [Thooran 9) Lhal all mgeclive
isomnelnies belwoon iwo sloclly monclone sequence apaces which are balb one-poanvex,
2 e p oo, o mog-concave, L < g < 2, are dananiary. Our noulls are valid in bolb Onite
and mlinile-dimnenmional spaces,

Acknowladgments . | wish Lo exprem my pralilnde Lo Profesor Nigel Kallon lor bis io-

Leresl In Lhis work and many valnable disscussions.
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2. NOEM-ONE COMPLEMENTED SURSTACES OF FINITE CODIMENSION IN SEQUENCE
SEPACES

We may Lhal a Banach space X iz ane-p-canvex [resp. aneg-cancave) i lor cvay
chace of clonenls {.‘c;}};l in X the f-u].lming inu:lua.].ii._}r holds:

n 1o n 1'm
I (E |-"=s'|F) | = (Ellﬂh‘ll") ifl < p<oa,
— £

ar, respoclively,

n 1fe n g
I E|~'ﬂ;|") I =2 (E”.-.:,—”T) fl<g<os,
i=1 =1

(cl. [24, Deflnition L.d.3]).

Theoram L. fed X e g sirielly monsione soqeenee speee (dim X = & 2 3) with 2 §-
vneondifional basis {o}d | Svppese thel

fa) X i ene-p-corure, 2 < p < oo,
er

(B) X dv ore-y-oneae, L < g < 2, and suoeth ol cacht fesre veclar.

Then any -complemenied subopae ¥ of codimensionn in X conlains aff bul af mosl 2n
sl verciors 6f X

Heare . Nolice thal Theorern | slales anly nocomary and nol mllidenl condilions for the
subsapacs Lo be lcomplernenlod (uolike the Lhearan of Baronl] and Papini [3] for &) Also
Baronli and Papind [3] prove Lhal in £ overy l-canplemenloed mbspaes of Gnile codirnmsion
13 an inlemmeclion of lcanplemenled by porplanes, The analogons slalanenl i nol lme 1o
geeral (cl. [3]).

For Lhe prool of Theoran | we will need Lhe Tollowing obsorvalion which we stale in the

formn of Lhe lonmna far sy reloranes

Lamma 2. Led X be g one-p-rorwres, 2 < p < oo, sequenee speer wilk e {-vuesndiione! beuiy
and fel ' . X 28 F e a prajelion Assvine thel tere el disgeind eleends oy £ X
svch thed mupp My 0 oupp e, e = o end card [suppae) < oo,

K|



Then ||£Y] = L.

Proaf of Lesane 8. Lol us asmume, lor conlradiclion, Lhal [|[£]] £ L and lake oy wilh ||| =
|le|| = L. By one-poomvexily of X and sines o and g are digjoinl we gel lorall T £ B

1922+ gl < lhe+ myll = [I(J2® + [rlFyV2)| < (L + [rPE (L)

Sinczp =2 X In aue-Zconvex [[24, Propaeilion L.d &, p49]) and for any T £ B we gol:

{140+ mglP+ 120 — mgdF) I < (1026 + meadlP + 126 — ren)l )™ "
|EP e
Mﬂ{l}v"ﬁilﬂ i
On the olher hand
I 4 + b+ | £ — )Y
20 % (2 (sl + i) wl
Ep= TS
- PR (3)
>Vl % |a=,-|JL+T=(%) ol
ICaoppe 1
2 V2 L+ mrilfe|| = v2 L + 77
o ()Y N
where = :‘_'EI.!.:IJJ."I?I.*{( z ) } . Molico Lbal > 0, sluce aupp o C supp fy.
Canbining [2) and [3) we pel 4L+ < (L4 |T|F}1"rp which pivem ns Lhe desired conlra
diclion when |r| < ge3. m

Praaf af Phearmn 1. We Oral prove parl (o) of the theoremn, Lol # be a l-complenentod
aubapan: ufn)dilnmaiunn,aa_}r A= ﬂ k::rfj [or soxne fj £ X~and the conlraclive proy eclion

j=1
I — F i3 piven by = fdy —EL &+ for sanc linezrly independent v £ X wilk
i=1
fl,l:'r.r“’} = &, [where 45 denoles Kronecker della).
Azmumnelhal o  F1Uls £ U card f < n lhere i3 nolbing Lo prove so wilhoul lom of

generalily {12, .. n} Cfand filg)=4; < n
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Wolice lrel Lhal il § & Usupp'r.r’ then ey = o — Ef La}r.i" and =o [f*[a)), = L. Thus,
i=1

by alricl mnonolanicily of X, Mol =g, 1a g £ F 'l‘}.u::.l'-:,l'-;:-rn'u

I ij.lpp'r.r’ (4}

i=1

n
Now lake any o = E ayo;. Then

i=1

I‘[ﬂ}—ﬂ—zfl,[ﬂ}ta’ Eﬂ.,‘l., Eiﬂ;ﬁ[{:;}uj

i=1 J=14i=1
= E aiti — Eﬂw’-.
i=1 i=1
Hemee Llwre exisla ag € span{e,,. .., o} such thal

suppMaghh {L,... .n}= Uaupp'r.r’-\l {L.....n}.
i=1
Il card (‘Uaupptr’\l{l.,,n}) > lben card{mupp Mlaghy {12, . 0} 2 n 4 L and
i=1

Lhere exislas & £ 7 walh AIpp & C supp jj[ﬂ.u}.llnl{J.?E?. .. ;,n.} [air.u:u cdimm = n < nt J.}. Moo
& and ap salisly asmumplions of Lanma 2 which conlradicls Lhe facl Lhal §* 13 canlraclive.

Thus card (U aupp'r.r’-\I {L,.. .?n.]-) < oand, by [4),

=1

card § < card Uaupp'r.r’-) = Zn
i=1

which prowes parl {a) of the theorern.
Wo prove parl [8) by dualily Cosder conlmelive projeclion £ = fdys — i#’ ® fi.
X" in auepconvex [ar some p > 2 aud siriclly monolone so by parl () we guf:LlhaL, sy,
o, 0" Coapan{e],.. . ,eq ). Thus, by (4}, F C {L,...,2n} sines X is slriclly monolae.
O

Theorern | @an be canbined wilh ouwr previows resolls aboul nonesislence of Lcanple-
meuled hyperplanes In nonalomic lunelion spaces which do nol bave any bands 1somelrically
oqual Lo Lg [26, Theorern 7] [df. also [20, Theoremn 4.3], [27, Theorem 2.7]).



Carallavy 3. Svpysse el X @ 0 separalle siriclfy menslone funclion spaee on (11 1) whick
i pilfer one-p-ronces for seme 2 < p < oo, or ene--eenere forseme | o< g < 2 end snesih
ol x4 for every alom L 6f p. Svppese furlher thal for some ¢ € X©, ko g o F-eommplemiended
in X Theng du af e form wyd + Byo, where 0,3 ER and A B amw eloms af p.

The above slalernenl exaclly parallels [and exlends) the Lhooran proved by Beansmony
and Manrey for g [0, Propasilion 3.1, p 1356).

J. IROMETRIES AND 1-UNCONDITIONAL BASES OF SEQUENCE SPACES

An operalor 20 X — ¥ bolween lwo soquence spaces wilh L-uncondilional bases {L,}fﬂ
and {4, rap. (d < oc), will be culled element ary if

P'es) = ai feyn

for somne a; £ B and a pemootalion o« of {L,. .., d}.

We will say thal a pair of indices 6 i3 interchangenble in X if for any o,z £ X
gl = |zl loa] = el aud fesl = |a] o all § # k¢ imply that [fe] = ], Space X is
rearrangemnenl invananl if and aoly if every lwo ndics are wlorchanprable.

Theoram 4. Suppesr lhel X Y are separeble sequense spaees wilh f-wnrondilionel beses
{u;}?ﬂ L {ﬁ}Ll, reay. gnd svppese thel one of ke speees X ar Yl slnelly mensione
and fey o prepenly el efl iy surjeelie wemelinics onde i lf are ckmenlary. Svppese thal
9. X Y i g surjeclive dvamely.

Then dhere el gael A C L, . d}ond e i-Fmimg o A — o[ Ay C {L,.. . ,d} sueh
el for every i £ A

u'[{:;} = E;f,{;j

where £; = 4.
The eomplemeniory sels By = {1, . d\ A and By = {L,. . d}\ o[ A} splif dnds femilies

of divjind peirs Pp C 2% Py C 2% so thel there ciolu 0 §-F map 0 Py i Py oend if
-]



Tl 3} = (K, ) Lfen

P'eg) = |U&+£:f}

1/ +J" |
Ple;) = mm — s f)
where 85 25 = +1.
Momrarr
(&) aff pains (1,7} € Py and (k0 € Py are tulerchaongealile du X or ¥, reap.,
(&) of eff Lwomnelries af ¥ fresp. X ) onls ioell are elemendery dhen he sel A fresn. o(A))
dependys ordy on e spoers XY and ol on e Loomeiry 1

The following Gl 3 an mnmediale consoquenes of Thooran 4.

Carallavy B. fr lir silvelion 6f Pheorn { if we eovine eddiionally thel ne 2-dime nsiensd
svbypere af one of the spaees X er Y L wemelric {o £3 end both spaers X end Y ere cither

gne-2-renwes or ene-2-rencave then cvery svryeclive womelry ' X — Y ds elemendery.

Hemark . Since all surjoclive mamelris of roranganenl-invarian, soquence spaccs onlo
ilmell are clemenlary [L0] Corollary § moay be vicwed as an sonelric and sequence space
veraion of Lhe dosp resull of Kallon aboul [momorphic) nniquemnss of lallice sirucinre in
wanalomic 2-convex [or siriclly 2-concave) Banach lallices which aobod complerneniably in
a alriclly 2-convex [resp. alriclly 2-concave) 1.1 [uinclion space [19, Thearans 8.1 and 8.2).

Praaf af Thearm £ We use all Lhe nolalion as wlroduced above.

Lol us firsl see Lhal Lhe fnal revnark Tollows readily Fomo Lhe main statineni of Lhe Lhearon,

() Lol gy € ¥ and & = ' y) Condder the ool & € X such thal & = —a; and
Fo =, for v # §. Them ||3]| = ||| and =0 ||g|| = ||2'E|]. Bul [rom the lorma of 2" we see Lhal
(L&) = apn, [L'E)h = &g and [2Eh, = g, [or v # k. Honee [E,L) 15 lolachanpmble n ¥
Proaf [or [¥,7) € Py 1s sinilar.

(6) Asmne Lhal Lhe sol A deponds oo lhe momelny 3" and lel use Lhe nolalion Ar 1o
arnphidize Lhal dependence. Asmime Lhal § £ e Ar Lor somne isamneldes 82 Then

g =g . —_ gy — 5;- -
YU e fag) = 1[%]'; fox fyLe+ el



which conlmadicla Lhe Gacl Lhal Lhe manclry 2091 Y — Y 15 clemenlary.

Wow lel us relurn Lo Lhe prool of Lhe main slalornend of Lhe Lheoran, 1 is elear Lhad 102
ham Lhe daaribed fomnn Lhen so does 151 5o woe o assumne wilhool los of genaalily Lhal
all mornelries of, may, ¥ aolo ibsell are cemnendary and ¥ is sliclly monolone.

W will aplil the prool of Lhe lhooremn inlo a seria of lanmnas,

Lemma 8. Fer any § < d drere el el sl fws indices £ L sveh el
Plos) = o fi + i
Lemma 7. Suppsce that for some i j 6.4 < d
T'led) = oefe +oufi
Ple;) = Brfr + o fo,

where oy, 3 # 0. Then

(a} d=1n, oy, fou #0 and @1[{15&41 = — aip [BaBn )
(5} o] = leu| = 1| = Bl =

Lemmia 8. Suppose thal for aff n < d cardsuppd'(e) < 2. Ledi k| < d be suek dhal
Ples) = wpfe + i,

where g,y # 0,6 F L Then there el o vnigue 77 4, and 5,5 7 0 20 thal
Plos) = Gefa+ Bife

froaf of Leusae 6. Dauolo

a
T[‘-’j} = E ﬂj,mfm

a
Tl—ltfn} =] EIS"H’“-’
a=1
B



For any chaes of spns & = [Ej}fﬂ? g = |, wo define an isomoelry 5, 0 X — X by

Sy} = &y By uneondilional convengenes we gl for overy n
a -] .
LR f) =2 (E ﬁwejﬂj) = 2B | 2 ﬂ:;mfm)
i=1 1 -

= i (i Ejﬁujﬂm) o

m=1 %i=1

Sinee P54 in clonenlary [as a mrjeclive 1somnelry of ¥} we conclude Lhal Tor cvery

n<dand & = [Ej}fﬂ Lhere exisls cxaclly ane raosuch Lhal

d
3oz # 0
=1
Now x ¢ < d Smes 2! 13 aulo lhere exisla v < d wilh 8 ;# 0. By [0} we gel:
d
JEwith 38 o #0 (g5 = 1 [ar all )
i=1
L
dl § wilh —E,ﬂhjuj,g + Bogogg F 00 £; =
i L =t

Hemoe [ any ma £ £ L ojg = 0 1c.
Pleg) = vipfe + i fi
which prowves Lhe lemrna,

Proaf af Lesne ¥

fa) Lol o= —ogp@ " Then sinee ' is an isomelry we have

llew i + 6B S|l = [I2'es + )] = [[4'(e5 — weill] = [[2es fr + ki — e fml|

Henco & =rn, o, i # 0 and senoon = —spnfofn) o sinfowo) = —apnf e ).
(B) Since = denole 2'Te;) = Befe+ St Then

P fe) = P o + oM g
PN = PeMe; — oM ey,

where M = (oyfy — ogB) ™ (o — 0wy # 0 by parl (a)).
g



Demole by 5 Lhe momnclry of X such thal ${o;) = —¢; and 5{g;) = ¢;. Then
I'SH'_I[JI'},} = I'Eﬁ!Mﬂ; -I- L‘!!M{:j} = M[L‘qﬁk —|- ukﬁ!}fk —|- Eluﬁ!ﬂ!ﬁ

Sinee 1531 13 a surjoclive lsomelry of ¥ il is danolary and sines 2M By # 0 we gl
ol + o =0 Le.

cufte = —unfi. (5}

|2 Gon| = L. (%)

Canbming (8) and (5} we oblain |og| = oy and | 8] = |8, and sines ||2'(e7) ]| = [[2'(e5)]] = L
whm’ﬂlﬂk|=|m|=|ﬁa|=|ﬁl=m- H

Ireaf of Lemne B Lemnooa Timplies thal for any 3 2 ¢ we bave alher muppd' (e )= mpp $'e;)
or supp e )N oupp o) =0 Haece, by surjoclivily of T, thare axisla 3 # ¢ wilh $'(e;) =
Brefe+ Bify aud by Lemna 7 8 8 F O

Uniquemess of § 13 an nmnediale consequenes of Lhe Gl Lhal ¥ prasoerves Lhe dimmendon
ol mbepaces, O

4 ISOMETHIES IN ONE-p-CONWVEX SEQUENCE SPACES

Theavem 9. Swppese X, ¥ are scparable sinelly monolone scquener spoees wilh f-wron-
dilional boves and dim X = dim ¥ = d > 3 [d € o). Svypesr Lral

fa}) X.¥ o ene-p-renwes, 2 < p < oc,
gr

(6} X,Y ere encqy-eencave, L < g 2, and smoolk af ench bewe veelor.

Then any Lomelry U frem X onds Y L 6f the form

1 Li mm) = iﬂﬂkfr{k}
=1 k=1

where o v g gerravladion af {1, ... d} end g =+ ferk=1L,. .. . d
pln)



Praaf. We will prove the Lhooran wilh Lhe assumplion (&) Parl [8) lollows by dualily

For any £ < & lhe hypaplane {ofp = 0} i l-complonenled in X and =0 18 {a, = 0}
in ¥ By Theoran | lhere are al mosl lwo numbeors &,k < d such Lhal e, = 0} =
{oogre, + caye, = 0} lor somne on, 05 € B We will sy thal coordinales £,0 are relaled if
(b kN {l, &} # @

For Lhe prool of Lhe Lheararn we need Lhree Lechnical lornrnas,

Lamma 10, Seppose o, = 0} = {oyye, + ogp, =0} wher oy 05 F 0 and seppose ol
L ds meleled do k. Then {4 15} C {&, B}

Lemma 11. Fer euy £ < d lherr v ol mosl oue eeordingle | [# k) relofed io k.

Lamma 12, Fereny £ < d lherr evlol i, 7 < d, &i, &5 £ B svck Linl
Uiy =m; 5+ J:jfj.

Morever if otk Kj K # 0 lhen therr cagsl fwdque| | # E aond l;?lj E B such el
Ulad=dfi+ XS5

Lol us [l sec Lhal Theoran 9 indecd lollows from Loanmna 12

I, my, & = 0 Lhem |x;] = | sinee U is an 1somoelry. So we need ooly Lo show thal x;,x;
cannol bolh be nansmero.

Azmune, for covlradiclion, Lhal &5 &5 # 0. Then by Lanma 12 there exisla { # & mch thal
Via)y= i+ & fi lor some A;, & € R By ane-poonvexily of ¥ owe gel:

L= llf + msfl < (63 4+ w52 < (2 4 3
L= [afi+ Al < OF + MR < OF 4 X1

Hemes 5?—|—5?+l?+1?}2.
B, y,

(wf + XY = I, A fla o> L (L0}

11



Ou lhe olber band by ane-2-convexdly of X for any [a,6) £ B¥ we bave ||agg+6¢y|| < ||(&,5)]|a
Bul

|lacs + beu|| = ||(asi + BA}fi + (am; + BAi}f]|
2 ||(mm; + BAs) S| = |(am;+ A}
So
|(axi + As)| £ |[|(m,5)[|a

and Lhis ineans Lhal ||( &5, A7)||la = | which conlradicls [ L0} and ends Lhe prool af 1he Lhearan.

O
froaf af Lesna 10, Qur asmmplion is
Uiz = 0} = {eagm, + oaye =0} (L}
where oy, o # 0, and { i relalod Lo & Wilhoul lom of peueralily & = & and we bave
e, = U} = {Hage, + e, = 0} (L2}

where & 2 01 B = 0 Lhere s nolling Lo prove so lel ue assumne @3 2 0. Proposilion L
applicd Lo Lhe momnelry 8- gives ua:

Uiye = U} = {paitn, + paivn, =0} = Hy, (L)
Uige = U} = {zan, +vgis, =0} = Hy, (L4}
U, = 0} = {thas, + face, =0} = Hy [ LA}

Demols &= {oy =0}, 8, = {cp, =0} C X.
Simee 11 im an momelry equalions (L1}, (L3}, (L4} moply Lhal & 0 Hy, = B 0 Hy, =
Hy NA Le Lhe following syslens of cqualions are equisalent:

Paidm, + paidm, = 0 11y, + Tgim, = 0 Py, + o, =
ap=10 ap=10 g, + g, =0

Sinee Llvme syslans bave rank 2 1his inplis Lhal, ey, g =1 = &, tig = g # k and

pa g F 0.
12



Sinilarly by considering equalions (12}, (L3}, (L3} we oblain rey = 1), reg = Ig and dalher
g, =lamg={ Homee E=m,; =n;, = 1; and ! = g = ng = ;. Bul 1his 1nemns Lhal
codim[ Ay, M Ay, N M) < 2. Sinee 1V 13 an sanclry we bave

m-dim{m”m”m, = [I} = n;:d.ilu!![ﬂh M Hy, I"I.Hg,} = D;Jdim[ﬂh 1y, I"I.Hb} < 2
Hemes i = k5. O

Proaf af Lesnmne 77, L0k is relaled Lo then Jor al kol ooe of &L sy &, e = 0} =
{ceagre, +orge, = 0} where oy, o # 0. Then by Lernma 10§ d} © {kn, k2, 5010 L is related
Lol il is also rolated Lok and {i,da} C {ka, ka}. Bul then 8 {ag o, oe = 0} O {g, g, = 0}
and sol £ {&,{}. 0

Proaf af Lesimne 78 We have
Uleg) £ ﬂ iz, = O}
vk

By Lonma Ll lhere exdsls al moel one coordinale ! roaled Lo & and by Leonua 10
{kr kg dy o} = {¢,5) where d 2 7 il and only i Lhere exisla § # & relaled Lo £ Morcover

il v#kd  tha  feagdn{s}=0 (L6}

where e, = 0} = {olvhn, + 506, = 0}
Since £ i3 L] and onlo
N tfe=0G= N {s=0}
-y i
Hemoo Ueg), L) € spand f;, fi} which proves Lhe el parl of 1he laoma,
"T'he second parl follows iinmedialely fom the Gel Lhal span {8eg), L)} = span{ G, /i)
and condilion [LE}. O
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