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Abstract

We ptndy isnmetries of direet sume [alen ealled 1-unermditinnel enma) of eomplex
and real eequence spacss. We showr that if XY are arbitrary eomplex symmetric
Bequence spaces then all surjective Isnmetriss of X (¥ pressrve the direct sum etrue-
ture ie. for every iometry T X(¥) ﬂﬂ' X(Y) there exists & permmtation « af
{L,... dim X} C N and eurjective lnometris {9} jrdmy of ¥ a0 that

T((w)izamy]) = (g licdmy.

Further we ghowr that if X, ¥ are finite dimendinnal resl symmetry ssquence spaces
then all isnmetriss of X (¥ alen hase the above form sxespt whm.ﬂl'.':f; and ¥ can
be desnmposed as an &-direct sum of two nmmzera mubepaces for some 1 £ p £ 0o,
All other posgible ienmetries in the sexceptirmal case are alo characterized.

Ag 5, ermallar 7 we aobtain thatif X i a.complex ar finite dimensinnal real e ymmetric
aequence gpacs then X[ X) is spmmetrie if and only if X = & foreome p, 1 £ p £ 0o,

We alen present characterizatirme of surjectime lsometries in more eomplicated
gpaces with direct sum structure.

Keywards: lsomnelns, absolule nonn, l-uncondilional bass.
AMS Subject Classifleations: 468 46F, LLAGD, LIAM

1. Intraduectian

Lol Ko, {8 }cr wilh f © I be sequence spaces (loile or infinile diznensionaly over £
or K wilh absdvle normns 8 [or £ £ {0} U 7, [Le, wilh Ll-uncondilional bases) such ihal
dimn Xp = card [§). Defline an absolole nomo oo Lhe carlegan producl of {X)er by

H([;{:;},—Eﬂ = J"I’ul:[J"lr;l:;c;}};,Eﬂ Tor all I:E;};E; =y IF Y P15

T he: apace of scquenca [e5her € Wier Xy much Lhal 8o o1} < oc s denoled by KXol (X k1)
for, wilh Lhe alpbl abnse of nolalion, Xp( X, ..., X)) and 1= called Lhe Xp direcl sum [ X
L-uncondilional sumn) of spaces [(Xiker., U X7 =¥ Jor all ¢ £ 7, Lhe nolalion Xa(¥) s used.
Since Mo, {4 }icr are absolule normns, Lhe narm % oo Xof[Xihicr) 3 also absolnle. The
purposs of this papur 1s Lo aLud_}r the promnir y and 1somnelries of .Xul:[..kf;};g}.

The aludy of direcl sumns of normoed spacs adses nalnmlly i mnan y arcas of albornal-
i@ o parlicular, Lhey bave boom a sounes of exampls and connlor-oxamplos o pranetric
Lhear y of Batach spacs (soc o [Day, DoV, L1}



T nodersland Lhe poomelry of a nomned veclor space, il i3 naclul Lo know 1he slme
Lure of ils momelris. o Gel, many anlbors bave slodied Lhe manelries of direcl sumn
of Banach spaccs. For exarnple, Fleming, (Guldslein | Jamison [F{)] sludicd isomelrioa of
L-uncondilional sums of Euclidean spacs (socalso Fleming and Jamison [FJL, FJ2)) o he
comnplox case and Hosenlhal [Hos] oblained Lhe remll for Lhe real cane, Gram [(rr] sludied
aurjoclive momelrios of £; muns of Banach spaces (soc also [KL) ), Fleoming and Jaroison [FJ43]
sludied imomeln of complex ¢g—surns and #—mms, where B s “sullidenlly £ Lke” , my,
B i3 a “mee” Orlice space [ace [FJ3) [or predse definilions). 1 lums ool thal all Lhe ranlis
in Lheme papem show Lhal a meclive manclry al ways presowe Lhe dirocl mum slmelure
of Lhe space. There is also a mnnber of papers thal addnems Lhis problemn in non-alomnic
[unclion spacs. Fa the delailed discussion of the hlemlnre we refar Lhe rodem 1o the
survey [F4].

In the very mboresling paper of Schuadoer and Torner [817, Lhe anlhom delenpine Lhe
slruciure of isomneltdes for an absolule nomo & oo §7, which 18 ihe space of complex
colunn veclorm wilh n enlrics and will be viewoed as an r-dinensional sequence apacs 1o
our discussion. In parlicular, il wee shown [cl. [T, (2.3} and [T 7)) Lhal i Lhe absalule
wirmn 18 nermefized so Lhal Mo} = | o all slandard unil weclars for | < ¢ < n, Lhen
{" @u be decanposed nlo a direcl, sum of ¥ = spanfr v € B} oo i= 1, .k, whae
Ey U By = foy, .. o0}, lhe slandard basis of O, and there exisls an absalule nonn
Mo oo ©F such Lhal

T

fa) cach (¥, N) i= jusl an £ space, 1o, Lhe Encidean space, and

(B} Nl{ay,. .. ,op)= No(Nag),. . Nl orcach o = (@, ... ap) £ ¥y 50 1 ¥ =0T
Purlbermnors, an momelry lor & ool be of Lhe fonon

Emr' ..?.'i!k}l—h [Ul"n“il}r"' r”ﬁmf{k}} [J'}
for sorne unilary 8, | < ¢ < &, and a pezoonialion m of the sol {1, ... &} such ihal
Moz, o 2e) = MalzZepy, . - Zepig )

This remull was laler exlendoed o complex infivile dirmemdonal space by Kallon and
Wood [KaW, Thearan 6.1].

By Lhe above reull of [ST, KaW], ooe soes Lhal Lhere i an inlbinde cos producl
slruciure on cvery complex scquence space wilh an absaule norm, and such a slruclore =
nzclul in characlen=ng momelrias. However, lhe direcl sun decanposilion io [S7T, KaWW)
can aoly idenlifly f3 comnponenls I such conponenls do nol oxisl, Lhen overy svrnamand
for susnmend speee) X; will be one dimnensional | and the docanposilion will nal be very
inlenmling. QO course, oue o =lill pel Lhe vy wealul conclusion Lhal every momelry [a
Lhe nomn monsl be oa sigoed peronlalion operalor, Le, an operalor of Lhe Lo (L) wilh
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all ¥; |'.:-:..J.T.|g Ll-dirnensional veclar Apacas [aca.la.ra}. Nuw:rthulum? Lhe theororn n [ST] and
[KaW] soorns madequale Lo explain Lhe arions isaoelry resulls oo direcl sums of Banach
spaccs. For exarnple, he remlls in [ST] aod [KaW] canndl oven dasaribe Lhe momelnes of
£alfe) (o, soo KL}

I is also worlh meniioning Lhal the resulls of [8T1) and [KaW] do ool exlend Lo rel
soquenice spaces and Lhe deaariblion of momnelnes of real spaces i3 mmuch more dillienll. The
known remlla include: (Gordan and Locwy [GL] — manelries n spaces wilh A-bases, (3ram
[(Gr] — imanelrics 1o £y sumns of absalule spacs, Rosmibal [Hoe]) - isomelries in absalule
sumns of Euchdmn spacca. All Lhese remlls ane hipghly nonln vial and lechnical.

In Lhis paper, woe proposs a now way Lo docanposs a comnplex or roal sequanes space
wilh an absaule nomo inloa direcl sum of siopler apaces, which are nol nccm=arily Ea-
clideman. Using Lhis decomnposilion, we oblain a charelerismdion of Lhe momelfio of complex
soquence spaces Lhal covers all Lhe known isomelry remlls on direcl swn spacs [Coral-
lary 3.4 and 3.5) —in parlicolar wedeseribeLhe isomelrios of X[¥), where X, ¥ are arbilrary
comnplox symminelric spaca. Compared Lo raaulls o [ST, KaW] our chamclerimlion gives
more delailed wlonnalion on which paronialions m of {1, ... &} arc ados=sable m (L)

We alna a.ppl_}r Lham du:m.upuaiﬁm 1n Lhe el ApaGEE and we oblain a unilled charmee
Lerimlion of 1somnelries of a wide class of real spacs. In parlienlar this class includes all
apaces wilh dircel mum slruelure whose manelries bave oo deseribed o Lhe ilemlonre (as

moeniioned a.bmru}.

Qlur paper in apanieoed as follows, In Soclion 2, we show a way Lo decompose [complex
or real) sequence spacas wilh an absolule normn inlo a direcl sum of sinplor spacs, which
could posmbly be rlher pressoled as direcl mum of mbsequenl sinpla spacs. Thos we
oblain a pood lochnical melbod of deseribing a “reduced™ direcl sum siruelore.

In Soclion 3, we prove thal in a complex sequenee space wilh an absalule narm, overy
surjeclive lsomnclry nocmmarily prasarwves lhe wloosic direcl sum siruclure described 1o
Theoran 2.4, A number of corollariks covering varions cxisling momelr y ranlls oo complex
direcl surmn spaces [ncluding X (¥}, where X, ¥ are symomelric) are also proesenled.

In zeclion 4, we slud y lsomelris of real spacs wilh direcl mumn siruclore. o parlicolar
we ghow Lbal our charclarimlion can be applied 1o all nml spaces whose manelry group
iz conlained in the proup of sipned penouilalions. This inelndes lor exanple spacs wilh
A-basmem [(GL] and spaces which are p-convex wilh conslanl | for 2 < p < oc [KL]

However Lhe silualion in raal spacs i3 more canpliciled sines Lhere are many nalural
apaces wilh direcl sum siruclure which have momelna olbher Lhan Lhe signed poerooniation
operalom 1o, Isnclios do ool always preserve digjdnlooes of veclars [sos Lhe oxample
in Seclion 4. Morewer lhare oxisl raal spass wilh explidl direcl sum slruclure which
iz nol prasarved by some isomelna [scc Examplos 4 and § n Seclion 4. We [oo ihal



such palbolagy should be mre, bul sines every Ooile pronp of Inear operalors on B which
coulaing —f can be realiwed ae Lhe group of isomoelrios of somoe sequenee space (s [{7L]),
we will nol allempl hare Lo characlerze than complolely.

W prove Lhal if X, ¥ are symomelnc (ovile dinensional sequenes spacs, 1o, spacs
wilh syrnmnelricnorms, then all moarnelrios of X (¥) progerve Lhe direel sum slroclore exeepl
whem X = fp and ¥ o be decomnposed as an fp-direcl min of lwo nowsero mbapaces. All
ollur poesible mommelim o he exeeplional cuss are also characlenzed. W i3 worlh noling
Lhal even in Lhis special Lype of dircel sun spaces, lhe resulis in Lhe comnplex case and the
real case are quile different when dim ¥ = 2 or 4 (. Corollary 3.5 and Theoramn 4 1),

Az a corollary we oblain Lhal if X i3 a roal or comnplex symninelric soquenes space Lhoen
XX} maymmelriciland only 10X = & [ior sane p, | € p < oc [Carollary 3.6 and 4.2).

For simnplidly of nolalion, we shall always asmne thal we bave a normalized abaaule
wrn, 1., all slandard uoil vecloms have norm L

Throughanl we lollow slandard nolalions as can be loond Loe examplein [LT], exeepl
Lhal we nae aymbol £, inslecad of ¢p o denole Lhe space of soquences which convenie o
woro [wilh lhe vsual sup nonn). 1o the Inile dunensional case f‘gﬂ = L.'.f and wo will nal
sludy Lhe mlinile dirnensional space of boundaed sequences.

2. Intringic Divrect Sum Structure

We bapin wilh Lhe definilion of Gbors which s modelled an Lhe sbruclure of Lhe space
X[ ¥ hicr ), where cach of Lhe ¥} iz a “Obar spaca”.

Dreflnition 2.1 Lol X be a soquemes space wilh a normalved absolnle norm Y, and lel
{eidicr, F © M bo lhe corresponding L-uncondilional basis. A non-cmply proper subacl &
of Jin @lled a Jer il for all lnitely nonsero soquences {asdecs, {al bz C F,
N (E mu.) = (E ﬂ",u;)

L= s

imnplies Lhal for all fnilely nonzero sequenes {& e s C F,
N (Eﬂ,ﬂ, + E E.l,-u,—) = J‘I’(E oo, + Eb,—t:,—) .
S P S s

Morcover, Lhe corresponding fifer speer 1n delined by

Xz = apan {o, c 4 £ 5}

Here we menlion a few exarnplas of Obeors.



L Clearly, in any X, 10 5 1= a sinplelon then 5 is a b
I followa [romn Lhe cassical Bohnenblusl chameclarimlion of fg—apaces Lhal if X 1=
a symnmnciric space nol oqual Lo fp lar some L < p € oo Lhen sinplelons arc maxiinal
[berain X.

2 Infp, |l € p< oo, overy noo-aoply proper suboel 5 of IV 19 & Ober,

3 Lel L < p< oo Let £ be Lhe bdimensional #p space, | < k < oc, and ld £5(Y),
where ¥ has no naoirivial £ —sumoroands (e, ¥ cainol be wrillon as a direcl sun
of {¥.}. such thal ¥ = £[(¥.))). The [ber apacs of E:I:l’} are of lhe form W) %
coox W where WG oqual {0} or ¥ far all ¢ < &, or W= {0} lor all § excepl axclly
oue, say fn, and Wi = a Obor spacs 1o ¥,

4. ln ihe above exarnple, 10 Lhe space ﬁ: 13 replaced by a dilfrenl symnelnc spacs X,
as shown below, we do nol need any asmmplions oo ¥ [fwe cven allow ¥ = X} We
will s Lhal WG %o X WG ma lber space 1o X (¥} 1l and aoly if W5 = {0} lor all ¢
oxcopl exaclly ane, say fn, and W, =a boer spacs 1o ¥

We wanl Lo a.nal_}rm:: [bera on X which are moaxirnal walh rumpocl Lo 1nclumion. Molics
Lhal maximnal Obers do ool always oxisl. For exaople we consider a space Koy wilh Lhe
warmn of [nilely supparled clkonenla deflined mdueli vely by

Nz} = |

n 1 T /g
N E.‘c,—{:,—) = ((H E.{!-{.)) +|a:n|?) fre>2 3 odd
i—=1

i=1

1 o Lp
= ((J"l’ E.ﬂ,‘{.,)) —|-|.'c,1|F) iU n22 13 owm.

i=1
where | < pog < oc and p 2 g Then il 19 casy Lo sos Lhal all [bers in Xpp are of Lhe fonn
fL.. ..k} lor somne & I and Lhns Lhere are no masimal Obers.
In our cousideralions we will alnel oumelves Lo spacas X which do conlain maxinal
[berm.

W slarl wilh ithe lollowing obeor wlion:
Pl‘ﬂpﬂﬂitiﬂn 2.2 1ol X bea B-dirrmewsonad SCGRE (T SR wilh a porreadisy] afwoalnice
e . Suppose Ahore cxied diwo reaxieead Ohere 58" moh dhal SO G Phe SUL =
fL.. . . k}aud X = p[xMrXTﬂSrESRT}-

Propl, Supposs S and 2' are masimnal Obors such Lhal ip £ SN2 # Q. Smes 5'1s a lbe
for every Onilely nomsero sequence {a, }eqr CF,

J"l’( E n.,c:,) =N (.l"l’ (En,ﬂ,)u,—u + Ewﬂlﬂl) . (2}

ST

i



Moraower,

J"I’(E Bty + ¥ ﬁ,c-,)

2T e
= 1Y N(Eﬂ,ﬂ,)u,—u + E o, + E ;e msncs 5 in w [ber
T xS FgSUT
= NN (J‘I’(Em,) o, + E n.,u,) o, + E E;u;) mince P = o Ober
s Lt igsuT
= N (.H( 3 ﬂ,u,)u,-,, Y a,;.,) | by (2)
ST igSUT

Therelore 5112 13 a lber, and by masipalily of 5, 503 = J. Sinee S and 2' are mnasional
SV FBand PVSFR Lel ag e 53 and iy £ 'Y 5. Using consceonlively Lhe Guel ihal
1 and 5 are [bers, we pel for all scalars oy o

N (st 22t} = N (s + 5} = Norciy + a0 3
Mexl, sines Sis a Ober and ueing [3) we gl

Nyt + datiy + Eatay ) = NN (2200 + ooty Jom + B2ty
= N[ [waon + eaci by, + dati) (4)
Siunilarly, sines 4 19 a Ober and by (3}
W(matn 4 eatsy | 2aty) = W (ency N (mach, + acs o)
= N(aoacw + N (wat, + sati; i) ()
Wow Lol [ H® 3 B be defined by [laoa,2wa) = N [oaes + @eaeip ) Then (4 and (5} will
Lake the form:
S fler,eq), 2ay = [fla, [z, 2a)) -
By a Lhearan of Bohnen blusl [Bol, there exisls p wilh | < p < oo souch Lhal

Gl P ip e oo
.Ir[-ﬂl;-ﬂ:i} {M“*ﬂll;l*ﬂin ifp: —
T herelore lor all scalars @y, og, @
N (218 + gty + St} = Ly, 23,2} . (6}

By the el Lhal 5 and 2" are Obers and by (6), for any nilely nomsero sequence o, 32

W J'.li:l.'l."ﬂi

H(Em,u,) = J"l’(_l"l’( E ;c,u,)u,u+ E ;c,c:,)

5T E

g



= N (_ﬁ’( 3. :c,r.:,)u,u+.|"|’( 3. ;c,ﬂ.)utu)

51T s
_ e, (ﬁ(ﬂgmm,u,),ﬁ(gsm,)) |

Si:.nﬂa.rll}r? since S =F:

&
N(E;ﬂ,u,) = N J"l'
‘='I_

E .ﬂ,ﬂ,)?ﬁ( E ;c,u,)?.l"l’( E L:,;c,)) i
+ETNE KT

Sincs [nilaly supporied clonouls are denas in X, thus X = (X e, Xrns, Xar). ]

The mam theorem of Lhis scclion mawys Lhal maxial [bos delermine Lhe dircel sum
slruciure of a sequence space X, Firsl we need a definilion of a spocial 2-dioensional real
apace dillerenl form f:? which can be docomnposed inlo £ mim of ils nonsro subspacs (aoe
[LaW]):
Definition 28 Lol L <p < oo, p# 2 Lol £5(2) demole Lhe space B with Lhe lollowing

IIWIn.
ke +gf e —ylP\ MR
||Ce, ||z = gt

Il p= oo define:
G2, g}l = oax(fe + g, |2 — gl = [|(; gl

{baerve thal, #o(2) ia momnelric Lo .‘g Lhrough Lhe isomelry ' B (7)) — f: defined by
Ple,y)= T Vo4 g0 —y).

Thearem 2.4 L X be a sgoesce space oy a scalar Dodd B = IR or § wilh a nar-
eralized abwolule poree &, and I {oi}iar, 2 € kB = card () € oo be the comoponding
I-oncoaditional bacie Suppcse Whal X ;£¢ orany | < p < ocand hal X fae reaxireal
Obhers, Thiw threexisl e, 2 St Soc,asd @ C 51 C S and & pardfison S5, S o
J1I.IS1 such hal X wa L:Erur:lmm-r.f..kf;:apan {u. DM EH,']-; L<s < rn;aud;_':ar:ﬂy e
of the folinwving bolde:



(1) Morcack | < ¢ < re, 57 b5 & rraxeread Ohvr and
X = Xol[Xihzm) whore ihe poree 8o o X by dedned By

ol(aiigm} = ¥ (Em)
i=1
for soree o; © 57, Jo ey e reaxiread Dhene of X ol and an- soghdons.

() Moroch 2 <<, JY 5 e rracireal Dhvr and thereoddsp with | € p < oc sach
ihat X =B [X,,.. . Xn), where

() Xy = 854S} (pondbly din Xy =10,
(b} worreof the X% eguad o B (2) I F = Kand p# 2,
(¢} and the mad of dhe X;'s arcsuch thad dim Xy > 2 and X & pob an fp soee of

(AL EI AT A L EHPEI.I’.'LE'

Prool, Nole lral Lhatl if { ,-]-15,-9.,._ arc maxitnal (bors n X and FC £ 0 L <3 < )
is a [fiber in Xg then Sp=1J; 78 is aliberin X

Indeed, sclocl, for cach £ < e, 2 £ 5, s € U far) and Lol {a,}es,, {a8l s, C© F bo
Onilely nourero soquences wilk

H( S n._.:.:,) = H( S n’,u.).

Sy i L =

Them for all fnilely nonwero sequences {6heng, C F,

W e+ % )

e ic .I'.,S_g'

ﬁ('_ .H( 3. n,ﬂ.)r.:,..+z.|"l’( 3. a,u,)u,,.)

et HENEiD S NS

By Uy |te, + 3 0¥ Do oy
:ES;FIS.

gE eSS

ﬂﬂ-:) ORI I I’r“r) “r-')

WE NSNS

(_H (H;s,,, n,:..,) oy + 2 0¥ 3. Im:,) u..-)

wE - NelDSe 05

N(Eﬂlﬂ‘.+ E b"ﬂ;)?

gL =t L =Nty
where cqualily (L) halds bomuse all 5; are Abem and our chanenls are Ooilely mpporled,
(2} halds mines #' 13 a Oboer 1o X, [3) vem apain Lhe facl Lhal 575 are Obom 1w X, (4) was
our assurnplion and [(§) 8 Lhe Ooal efecl of applying apgin [4), (3), (2} and (L)

=i

N

Q>
"o(z

Sy

=i =n &
-

=i

)



T}.Lua? b_}r ma.xi:.nalit_}r ol E"a? -;Jnl_}r aiglui.mm can be lbems in Xg.

Supposs nexl Lhal (1) does ol bald, e Lhal 11 18 nol possible Lo fomn a parlilion of Jf
coussling of maxitnal [bea. Then there mnal exisl Lwo nandigjoinl macional Gbera. Thus,
by Uroposilion 2.2, Lhero exislap, | < p < oc and spacas ¥7, ¥5, Yaso lhal X = £,(¥], ¥3, ¥a)
and ¥; = span {o, o € As}, for somoe parlilion { A7}, of f. Among all the decomposilions
of Lhe space X ivlo fp mum lel #y U0 U By (2 € oc) b a masdmnal parlilion of o so thal
X = B[E)see) wilh 2 = span o - r £ A5}, U X sl and p# 2, Lhen lor cach
L < ¢ < & we have one of Lhe Lhres pomibililies (ol [LaW]):

fa} Hy 1= a singlolan.
(b} #; has Lwo demenls and 2; = #o(2).

(€} H; ham al Lol two demenls and Z; cannol be decoropossd as an £p-direcl sum of lwo

LLOTLEST (N E'L'I.".:EP.':I.EL'E

I[ X iz complex or ifp= 2 mly (a) and [c) can happen (el [BL]).

Lel 57 be Lhe union of Lhe A which are singlelons i they exisl, and renarne Lhe olber
fan 55 1 necmmary. We sce Lhal condilion (1) holds. ]

Sorne rernarks are noarder 10 conneclion wilh Theoroan 2.4

L In bolh cses (1) and [0} we presenl X s oa direcl sum of sumornand subspaces
Ky, K (e 2 oo} Nolico Lhal (X} are nomquely delarmined by X up o
a pormoulalion, and Lhal ach of lhe spacs X; may be [urlhe docampomable nlo
sumnrnands [we do ool congider mumnmands of X;'s as sumnmands of X, sooocliimes we
will all thern sccond pramerlion sumnmands of X}

2. Ewvidenlly, il X has an explidl direcl sum slruclure i il X = ¥ [ ¥ )n ), where X
(and | oquivalmlly, ¥ has maxiinal fiboers, then Theoran 2.4 @n be used Lo reproup
Lhe mmnmands of X solhal condilion ((or [0} of Theoran 2.4 holds, 1l norqeronping
s nocossary, wo say Lhal X has redwerd direef s sdreefere. Somne exaroples of spaces
wilh Lhe explidl reduced direcl sun slruclnre include

1‘.!"'1':'1' Ei} 'xl:fl’}r "El:'x}r "El:r}r ‘El:rrf!’}r 'xl:r[fl’}}r ‘I[Y[E}}r where ..E?Y?E ara
symnmnelric spaces nol oqual Lo any £,

Wype () Ealfq) Gl L), L&DV, E(En, £g, BalZ), G(E)), whame pF g #F 1,

ale.

3. Isametries af Camplex Saquance Spares
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Belore nrlher analysis of momelries of X we noed Lo mirodues anolher deflinition. As
before, we denole by {oi}ier the Luncondilional bagis of X, Aller [ST] (cf. albo [KaW])
we define an oquivalimes relalion ~ on the indics . We may thal o o L (307 aiwd) =
H[Ejg ﬁ,q} whemever f:][ﬂq-?ﬂt} = fg[ﬁ,,ﬁt} and g; = & [or all ¢ ;é al.

Schrwdder and Torner showesd thal ~ is indeod an equivalence relalion and ihal oquiv-
alenee dlame of ~ are mBomclnally manorphic 1o f3 [wilh appropriale dimension} [ST,
Lemmna 23], U X i 1somelric Lo f3 lhen relalion ~ has aoly one oquivalimes class oqual
Lo Lhe wholesel . Olherwise equivalmes clisss of ~ ane [boers in X, and benee Lhey are
coulained 1o maxitnal Obers of X, We will call oquivalimes classes of & maxinal f-fbers.
Nolice Lhal every mubacl of a maxitnal £-0ber 19 also a Dber; we will call 1 a [non-onasd roal )y
fa-libex.

The remulls n [81] and [KaW] slale Lhal cwry isomelry of X presorwes maximoal -
[bera. This facl has very moporlanl consequences for us. Namnely we have:

Thearem 8.1 Lei X b a cooplex sogommoe space wilh -oucoodiionad baas o},
JCIN, X F# b andld X = Xp[Xy,. .. Xy ), m < oo, where Xy, Xy are saeeeceandi
aw degribesd in Thoeorse 2.4 Then V' jea gocjecii ve byreeiry of X 55 and only 35 ibere oeide
a pererpiabion w ool {L,. . re} moh ibail Ve poree Yo oo Xp salielor Molzi,. . zw) =
NolZey, - o Zepeg ) and dore cuie a Jarely of surjecdive loeseteies 55 0 X — X such
i b

Plaa,. ., em) = [FLel}, . -, Smdr(m) ) [T}
forall (1, ..., &m) € Xo[Xa,. ., Em)=X.

Prool, Foar the prool of Thearan 3. 1 wewillneed Lwo koomnas, We slarl wilh inl rodud g

gorns nolalion.

W will use M lo deole Lhe calloclion of all masirnal Obera 1o X and Mg = {4},
A CIN Lhe calleclion of all asxirnal f3-lbers in X, By [KaW, Theoran 6.1) Lhere exisle a
permonlalion & of A much Lhal forall A £ A

supp (2 span {¢, : o € 3N} = dopyy. (%)

Leol B4 b Lhe clamm of subaclas of J which can be prosmled as unions of maxivoal £-0bers.
Define o map 4 8 — 6 by
F(A) = supp (2(opan {0 € AP = | dogy
LE=F N
where A= Lhea, S 8, Ay C A lu Lhis nolalion we have:
Lamma 8.2 T{M Ny = MM L.

Lemma 8.8 M CH, unlew X bae ibe foree devonnbed i Phoorye 2.4(8) wilh p=2 and
S W in bk case MO = {0 S}

L



Belore POV the lomornas we show lhal L}.Lu_}r ndeed i:.upl_}r ithe conclusan of Theo-
remn 3. L. We bawe Lhe lollowing caoes:

Case I I X has Lhe fonn desciboed i Thearan 2.401) then M = | 5]'51*-“‘-:' and by
Lemmna 33 M C I, By Looma 3.2, f.!_'l:..l'!-"!} = M. Thus there exisls a peronialion o«
of {L,.. . ra} =0 lhal f.!_'[ﬂ,._.{,]} = &§;. Hemeo T|_1' iman isomdry of Xeq onlo X and 3
has formm (7). ™

Case 2. 10 X has the fonn described in Thearen 2. 4(i5) Lhen M = {0 Y Si)aeion U {0,
{s}}scs. U5 = Bilhen, by Leonmoa 3.3, M C B and Lhe prool i the same as n Case 1
Thus we will assumne thal 55 # B

Cave 2{a). Up# 2 then, by Lemoroa 33, M C I and by Laoma 3.2, f.!_'I:,.IH} =M.

Since p # 2, {a} £ Mg lor cvery s £ 51, Thua, by [KaW, Theoremn 6.1], 27 {s}) £ Ms
and card [f.!_'[{a}}} = |. By Leanmoa 3.2, f.l!_'I:..F1'.I FHENE f.!_'[{a}} EM, 0 mncelaalli >2
card [ 57) > 2. lhere exdela o' € 5 5o Lhal f.lT'I:..F‘I.I [« =43 {2} Hmee

LY, Bagiem) = {1} Sikagiom.
and Lhere exisles a pormoolalion «w of {1, ..} so thal =L} =L and f.!_'[J LY. T_.{,]} =Jh5;
for¢ > 2. Thus [ir all £ we hawve f.!_'l:l‘?ﬂ{;}} = & and T|_1’ 18 an manelry of Xom onlo X;
=i
1. 2" has Jorm [T}
Case 2(h). Wp=2then 5 € Mgand, by Laomad 3, MNE = {5} By Lionmoa 32,
f.!_'[,.IH M H} = MM o thore exials a pormmialion o ol {J.? o ;,:m} zo Lhal 'rr[J.} = | and
PfY Sy = S48l i 2 2,
Ou lhe olber band 5; € Mg, 5o by [KaW, Theoran 6.1, f.!_'lfﬁl} E Mg, and sine:
f.!_'[ﬂl} = ﬂ f.!_'I:..F1I.I )=

_ ()
S=Hm I im

(Y 5) = 5.

Thus for all 2 | we hawve f'[ﬁf;_-.[q} = & and Lhe theoran follows murne as in the previous
oA, L]

Proo of Losoema 3.2, Ll § € M N U then §° € 8 and T'(5), 2'[5%) are digjoinl.

Mow lol a2’ € X be such Lhal suppald suppa’ C f.!_'lfﬂ'} and N(a) = M), and Lol
BEX wilbh mppé C f.!_'[H*}. Then suppd'tla)U mppd-1a} © 5 and suppd'[&) C 5=

Thus, since 5 19 a lber, we boe

Na+ & =2 a)+ 27 HE) = a1 E) = v +6)

Ll



Therefors T} i a Gber in X and (220 (F(5)) = 5.

Amurne now Lhal ' (5) & M, may b’ [5) im a subliber of a proper Ober 5 lhen [2:1} (51}
13 & proper [ber in X which coulains [f!‘:l}[f.!_'[;ﬂ} = &5 which conlradicls Lhe mnaximalily
of 8. Thus P{M ALY C MK, Also (2-Y{ MO C MM, Haee T{MNE) = MNEL
[]

Prod of Liveeea 3.3, Asmumoe lhal M @ . Then hacexials 5 & M and 7 £ Mg so Lhal
FAOSFfand FN S B Lol V be a masimal Dber such thal # C V. Then VOS2 @
and by Proposilion 2.2 Lhere exisla p, L <0 p < oo 5o Lhal X = £(Xing, Kyng, Xogpr) Bul
FAMWLS)# Band FOVASIFR L e FN (W Sjand £ € FN (VN S) Then [ar
all @y ar € €

Nlae; + agee) = (adf® + Jag V2,
bul £, & £ F and F & Mg =

M (age; + agee) = (il + |ae| Y

Thus p= 2.

Lel X = F5(X,,. .., Xn) [ £ o) be lhe dosomposlion of X daaibed in Theo-
raan 2 4011). Asmne Lhal thercoexml # c Mgand 2 sk <, sk, wilh FNa;# @
and &M Ek#ﬁ? my g £ 5 Sy

Mole Lhal 1f # 1 5; = 5; them X; = E';"d{&]' fcard (55} > 2} coulrary Lo lhe assumnplion
Lhal X; cannol be decomposed wlo £ mum of nonwoo subspacas, Thus #1538 £ B Lel
x £ X, Lhem

() J"l’( DR TLTE ;cjuj)

JEENS; seFaS;

N(.ﬁ’( 3 a:,,-u,-)u;ﬁ 2. ‘”.i“.i)

JEFNE JeEens;

(3 m) o 2 oe) )

where I:J.} bolds since # iz a ﬂbm'? and I:E} holds singe {1 E S;and X = f:;l:..kflr. .. ;,.Im}.

=i

cll

Thus X; is lhe f; sumn of Xgqs and Xpng: apain conlradiclicling our assumplion of
nandecomnporabilily of X;.

Thua {f % 8 e C U and M # [ Y S}og only i[5 #0 ]
We would ke Lo ooake somne romnarks:
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L. Molice Lhal I:T} 13 wary mirol e Lo I:J.} Thexsremn 3.1 refines Lhe remulls of [Hl‘? H.:I.W] h_}r
delermining procisely which permmilalions of slandard basis veclors prmerale isome-
Lrim and which do nol [acs also Coralary 3.5).

2. Lernmoa 3.3 is also valid in real sequence spacs wilh mnasitoal fbera, The prool does
nol change.

3 I Lhe momelry group of X s conlained o the group of spned permulalions Lhen
X bas no nanirivial f—Obers and (8} 1 irivially salisfied Thus Lanma 3.2 and
Theoarorn 3.1 wall Lol low

4. Thearan 3.1 13 valid in those real spaces wilh maximoal Gbers lor which Leanmnas 3.2,
3 3and [ormonla (8) hold. In parlienlar, by Lhe disnssion in Lhe procoding parapraphs,
Thearan 3.1 1= wlid for any real scquence space wilh maximal bers, whose momeloy
group = canlained in Lhe gronp of spned penoulalions,

Theorern 3.1 provides a complele descriplion of surjoclive momelne of comnplexs s
quencs spaccd wilh mmaximal Obars. Below we prosml soms mnmediale corallana aboul
Lhe form of 1somelries of apaces wilh explial cos produocl siruclore (of, Hemark 3 aller
T heorern 2.4).

Carallavy 3.4 Led X = Z[X;,. ... Xy} be dhe space with expdicil meduced  diverd sore
siruciure. Suppeere dhal X or, cqguivalonily, 2 bae reaxieead Divrs, Thiw cvery magociive
bsorrndry of X opio el bae foree (7).

Corallary 3.6 Loi X Y be corepdis spreeoeinic seguonce spaces soi badd eguad o £
wilh the mroe po Deoole by {u;j}?:fihr Lhe slandard bage vedars of X(Y) (e
Mogry (5 agieg;h = Ny (58 (55 agie] ).

Them 1" X(Y) — X(Y) iy a mgoecive weciry 8 aod ooly 8§ dhowe ceiel a Jareily
of pubvrs Xy € O wilh (M| = | aod peremiaiions m of {1, dim X} and mp of
fL,. .. din¥} such thai

P'ej; = Aijten st
forall 3.

Carallavy 3.8 [cf. [BVG]) X iy a corepdex syrennd e seguenoe space then X[ X)) b
syeeendric 8 and auly (5 X = fp far sipvep, L < p < oo

Nolicoelhal il sumornands Xy, Xg, .., X, have roasirnal Gbers and can be furlher docomn-
poscd inlo simpler second proeralion sumrnands [as menlioned in Kemnark | aller Thearan
2.4}, Lhen ane can apain nss Theoremn 3.1 Lo conclude Lhal Lhe manelries 5, .., Sy bave
formn (7). In parlienlar, one o induclively desaibe manelries of spaces of Lhe fonn
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X3 I:.I:;I:. .. I:..Jifm} .. }}? where Xy, XNg,. . ., KNy am n;J-I.l:Lpl:..x syrnincloc scquenco spacss such
Lhal Jor any ¢ = L,.. . e — L, X; and X are ool sionllansously ogual 1o & wilh the
samnc p. We loave lhe exacl slalemnenl Lo the mwlaraled rmder

W i3 ionlaresling Lo nole Lhal Lhe proup of manclrics of X;[(Xql . (X} .. )} do= o
depend on enlire momelry proops of X, . ., Xmoa, bul only oo inlerseclion of these proups
wilh lhe group of spned permulation operalom and the momelny group of Xm.

4. Isametries af Henl Sequence Spares

The demeriplion of momnelries of real sequenece spaces 1 more complicaled than o the
comnplox case. The main dilforenes 18 o clasifialion of spacs whose group of mBomelnos
iz canlained i Lhe group of sipned permoulations. In Lhe complex Gee Schudder, Torner
[B1] and Kallon, Wood [KaW] showed Lhal ihe gronp of manelris = coolained in ihe
group of signod pormonlalions i and auly 1M Lhe spacs dos nol, bave nooldvial fg-libem. 1o
Lhe reml case siilar class elion =3 nol walid o Geel, we bave Lhe Tollowing oxmnple of
spaces which do nol conlain any copies of f3 and which allow non-disjoininess presorving

imomnelries, 1o, isomelris Lhal are nol sipned penonlalion oparalors,

L Lel p# 2and lel 852 be Lhe space defined 1o Defimlion 2.3, Then #5(2) s manelric
Lo f: Lhrough ihe momnelry 3" B [2) — f:? Ple,y) = T+ y,2 — y) Lel
X = YI:E:,EF} for any 2-dirnensional real symmelne space ¥, and lol 5: X — X
be an lsnclry delined by STy, g} = [Lheg, Y ) where i £ f!,? tg £ Ky Them &

iz a won-disjanlnesms prosrving sanclry of X

2. Lel X be any 2-dirnensional real symomelnic space, X 2 £ ol
L
”[‘ﬂry}”Ex = ”[J. J-}”_?u!' ”[‘ﬂ+ ¥, — y}llx .

Consider Z = ¥ [ X Fy), where ¥ i any 2-dimnensional real syromelric space. Then,
airni larly Lo Examnple |, Lhere exisls a non-digoinlnes proserving momeloy of 2.

3. Spaccs In Exarople 2 can be poneralized Lo higher dimemsions by laldng any spoaces
X1, X3 which are momelnc Lhrongh a non-disjoinlnes prasaving somelry [apacs
like thal can be conslmcled o h_}r ta.king direcl Pru-l:lucta of X and Ky, cof. also
[KL, Thearern 4]). Then lol 2 = ¥[ X3, X3) lor any symmelric space ¥

The above cxarnples show isomelries which are nol sjpned permouvilations bul which
neverlheles “presarve the direel sumn siruclnre® | 1o, have cnonicl fam (7). Ooe would
bope Lhal Lhis = always e, bowoever Lhe lollowing cxamples show e conlnary.

& Cousider £3(&, Bo(2)) = (K? x K2, N} with
Hl:‘lclr &3, 3L, B, Eh} = EF[EFEIIEEEPEH}?EF(W?W}}}'
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As describod l:hd:npl:. L, f: 19 mornelric walh Ep[ﬂ} via Lhe manolry 1. Thus one
can defline mamelry 5 on fp[f:?.&%[ﬂ}} by

Blwr, 03, 0a,51,93) = (L{g1,9a),00, 28 o, 02))
Cloarly § doca nol have forn (7).
Surprisimely a siriler pulhology is poemible even in spaces of the frm X(Y), where
X, Y we symmelric,
5. Clonsider Lhe space £ B,(2)) = &((2), £,(2)). Then we bave
¥ [y, 2, th, 12}
= £y Eyly, o2}, Folgn, )}
= (2P [y + g, iy — a ), 2P (g + a0 — el
= 2 VP (oa + w1 — 23,30+ Y, — ga)
= 27 VPG (Fpiea + wa, tn + ya), falier — w02, 5n — )
=EF(EF(E-1[.-¢1 +&at+gh+ys o +da—th _y!i})r
EF(E_IE.I!]_ — &3+ Y1 — Ya,01 — T2 — pa+ srs}))
=ﬁ(2-1[.-n1 +ag +th + Ya,d 4 dm - —
&1 — &3+ g — e, o1 — L3 —z.u+y::})
Thua Lhe lingar map dellned by

S(L,0,00)y = 274111 1) SM0,1,00y=2""L 1 -1 —1)
Soolo0y = 274, -1, 1, -1} A0,0,0, =2, -1,-L 1)

iz an momelry, and clmarly 5 doos nol pressve digjaiolnes of veclors. This somelry
inthecasc when p=oc,ie. X = £ (F), and p= 1,16 X = () s dmailad
in [KL, Thearemn 3.1[b)]. Nolics ihal #5(2) can be decornposcd as an fp-direcl sumn
ol lwo nomsero subspaces. Thus Lhis exarople is condetend wilh [Gr, Proposilion 2],
wlich sals lhal il # in an fp—aumn of lwo nonwro mbspacss lhen lhare oxislas an
isornelry of €[ F) which is nol of Lhe form (9). W is inleresting Lhal 1his is, in Gl
Lhe anly pomible cxarnple as shown in Theoren 4.1 below.

I becornes of mlaral o chamclorize spacs wilh direcl swn slmclure, which is pre-
ser ved under aclion of all somelrios.



Fimnl we lisl claomes of SpaCes w hioomes 1somelrs y group 1a conlained 1o Lhe pETONL s ol aig;uud

permnnlalions:

(L} spacas wilh A-basas [[(L]}

(la} ln parlienlar [or spaces of lhe [om (X, X, .., Xg) whae £ £ oo, dim X; £
INY {2 4} and X; 1s a symnelnc space ool oqual 1o f5, 6= L, .. &, 2 13 arbilmary.

(2} apaca which are poconvex wilh conslanl | far 2 < p < oo [[HL]},

(Za) spacas which are slielly mmonolone, smoolh al cvery basis veclar and groancave wilh
conslanl | for L < g < 2 [[HL]}.

Thus i a space X belonpgs Lo one of Lhe above classs and has masimoal Obers Lhen
Theooran 3.1 o be applied Lo conclude thal indeed L1he direcl sum slruclure s prasaved
by all monciris. Forlher Bomenlhal [Hos| (el also [E2]) showed Lhal Theoran 3.1 holds
in real spaces of the lorm:

() Z2(Ky,. . ., Xg)whae k< oo, dim X; > Pand X;=Ff loralli= L, ..k 2 F# £

Below we sludy Lhe proup of isomnelties of spaces of the lormm X[ ¥) where X ¥ are
[nile-dimensional symmelnc spacs wilh din¥ > 2. This clas of spaces has o siwsble
inlermoclion wilh classes [la} and [3), bul we do allow din ¥ 1o be 2 or 4, which are
excluded by [La). Thus we allow ihe slonalion when Lhe isomelry group 18 nol conlained
in the group of spned poommilalions. Our prool 3 sanowhal lechmicl bul il 3 mae
clanonlary han Lhe one 1o [(7L]. W = possible Lhal our diferanl approach may lead 1o
sorne inmighl Lo Lhe peneral problemn, So we presenl Lhe eoline prool neluding Lhe previously

PIOACIL Came.

Theavem 4.1 Suppwwe X and ¥ are Opile direrstonal gy peeced e spaces sach Ahat dim X =
nanddim ¥ = e, and ool both Y and Y al.n:kf'!J [wilh ihe wrrep). Thin W & an wormedry
for & @ X[¥) o and only i

(1) W ix o dhie foree
(o, ognd = (Saepu) - r Salfony ) (%)
for sorre oproirses 55 of ¥Yoand soree pepoulaon w ol {L, . n}, or
(i) ..I:f;{, Y = B (7)) for e p, LS p<oo, pFEZ and
Y penounle lbe maltdes in the sl {:I:Iif.{r :I:u;r}[ul'ﬂt Ly <n}, [LO}

¥

whore oy, :.:;-!lr dende coluren bavts veviors 0 Y and X | roep

L&



Molice Lhai.? cl::m'l_}r? M=M= fp Lhem ..]if[l"} = f;:m and Lhe 1 o aglry o 1 ell

o o

[l )X di X =
XX} _.I:fp
hocholes of in  heore [fpare eyrelocl ¢ [A5=F; the 1 orlho onal
fou ¥y olber 1e, aloed o laliwo caoron ¥ oe or = o = ben
= , lhas arca ls ore o 1 dilie lor ne ay,lrca lo, oo o [ealo
. T plor oredelall b oo oecelional e il olrmled e amdelyino r oroaol
bem =, L ccho o adbedml o
nilbe lollo n diec im, o ball delily X(¥) ibhibe @z ™ ™ol ezl

alnca ;,a:r.u:l id.unﬁf_}r Lhe linesr o crmlar on X [Y} bl alrl e recolalioon reladl e
Lo the landard ail

n @& i in In T

o hallal o elhe lbllo iIn opolalion inoardic im

( } theorlho omal ro oo ™
()} theorbo omal 0 @ ™™

() the o of o lalion alres

[} the o of ined o lalin  aldes

[ ) lhe ro oflnwro aalor ou ™ Mlhal o lecand chan elbe 1o o
Lhe enlrie of ™
Lhelem or rod el of Lhe  alrice and iem y[ }

T the aln ilh one al Lhe I: } o1lion and croel ¢ hens
s Llhe alri T ™
¢ hall al o ¢ilhe coee L of Lhe ol o ro of linear o crala
or 1 lLdly, ccm iderlhe ocmlecaec boen 1 a o o linearo oaor [deoll od
a  alriec jacdin @ ™ he remlbh rod ol of  and [ ), denoled  y (3,1

Lhe o of Bmmr o aalor on ™ ™ of Lhe for
1 n 1(1} !'l-[!'l}

for o ¢ 1 n and [}
b il de pilion, heore 1 e thal theio ey o of W1 lhe remlh
rod cl ol theio ooy ro o Mpand [ i = o arlic lar, 1o elrie il

al ay reer olbe direcd Ir el reof X(Y)










































