ON THE STRUCTURE OF LEVEL SETS OF UNIFORM AND
LIPSCHITZ QUOTIENT MAPPINGS FROM R" TO R

BEATA RANDRIANANTOANINA*

ABSTRACT. We study two questions posed by Johnson, Lindenstrauss, Preiss, and Schecht-
man, concerning the structure of level sets of uniform and Lipschitz quotient mappings from
R™ — R. We show that if f : R® — R, n > 2, is a uniform quotient mapping then for every
t € R, f~1(t) has a bounded number of components, each component of f~!(¢) separates
R™ and the upper bound of the number of components depends only on n and the moduli
of co-uniform and uniform continuity of f.

Next we prove that all level sets of any co-Lipschitz uniformly continuous mapping from
R? to R are locally connected, and we show that for every pair of a constant ¢ > 0 and a
function Q(-) with lim,_,o Q(r) = 0, there exists a natural number M = M (c,2), so that
for every co-Lipschitz uniformly continuous map f : R? — R with a co-Lipschitz constant
¢ and a modulus of uniform continuity 2, there exists a natural number n(f) < M and a
finite set Ty C R with card(T) < n(f)—1 so that for all t € R\ T}, f~'(¢) has exactly n(f)
components, R?\ f~1(¢) has exactly n(f) + 1 components and each component of f~1(¢) is
homeomorphic with the real line and separates the plane into exactly 2 components. The
number and form of components of f~!(s) for s € T are also described — they have a finite
tree structure.

1. INTRODUCTION

Let X,Y be metric spaces. A mapping f : X — Y is said to be a uniform quotient map-
ping if there exist functions w, Q2 : Ry — Ry with w(r) > 0 for all » > 0 and lim,_,Q(r) =0
so that for all z € X and all » > 0:

(1.1) B(f(z),w(r)) C f(B(z,r)) C B(f(z),Q(r)),
where B(xz,r) denotes the open ball with center = and radius r.

Notice that the right hand inclusion means that f is uniformly continuous. The mapping
f is called co-uniformly continuous if the left hand inclusion in (1.1) is satisfied. There is
no restriction in assuming that the functions w and €2 are continuous and increasing. They
are called moduli of co-uniform and uniform continuity of f, respectively. If the functions w
and () are linear, i.e. if there exist constants ¢, L > 0 so that for all z € X and all r > 0:

(1.2) B(f(x),cr) C f(B(x,r)) C B(f(x), Lr),

then f is called a Lipschitz quotient mapping. Clearly the right hand inclusion in (1.2) means
that f is a Lipschitz mapping. If f satisfies the left hand inclusion of (1.2), f is called a
co-Lipschitz mapping. Constants ¢ and L are called co-Lipschitz and Lipschitz constants of
f, respectively. The study of uniform and Lipschitz quotient mappings was initiated in [1],
see also [3] for the comprehensive introduction of the subject. The structure of Lipschitz and
uniform quotient mappings f: X — Y, when X and Y are finite dimensional was studied
by Johnson, Lindenstrauss, Preiss and Schechtman in [7]. They obtained most complete
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results for the case of X = Y = R2. For f : R? — R? they proved, in particular, that
if f is uniformly continuous and co-Lipschitz, e.g. if f is a Lipschitz quotient mapping,
then for every t € R? f~1(t) is a finite set of points in R? and f = P o h where h is a
homeomorphism of the plane and P is a complex polynomial (see also Remark 5.2 below).
The question whether level sets of f~1(¢) of a Lipschitz quotient map f : R" — R" are
discrete, is open for all n > 2.

In [7], the authors also study the structure of level sets f~!(¢) of uniform and Lipschitz
maps f : R®” — R. They showed, among others, the following results:

Theorem 1.1. [7, Proposition 5.1] Let f : R" — R be a uniform quotient mapping satisfying
(1.1). Then for each t € R the number of components of R™\ f~1(t) is finite and bounded
by a function of n, w() and () only.

Theorem 1.2. [7, Proposition 5.4] Let f : R? — R be a Lipschitz quotient mapping. Then,
for each t € R, each component of f~1(t) is unbounded and separates the plane.

Theorem 1.3. [7, Corollary 5.5] Let f : R? — R be a Lipschitz quotient mapping. Then,
for each t € R, f~1(t) has a bounded number of components. The upper bound of the number
of components depends only on the Lipschitz and co-Lipschitz constants of f.

They also asked the following two questions:

(Q1) Can one weaken the assumption of Lipschitz quotient to uniform quotient mappings
in Theorems 1.2 and 1.37

(Q2) To what extent is the number of components of f~1(¢) or of R?\ f~!(¢) independent
of t7 Are these numbers constant after excluding finitely many values of ¢7

Question (Q2) is motivated by the following two examples of Lipschitz quotient mappings
from R? to R. In both cases the mapping f is the ¢; distance from the solid lines multiplied,
in each component of the complement of the solid lines, by the sign indicated.

FIGURE 1.1.

Here f~1(0) has one component in the first example and two in the second, and R?\ f~1(0)
has six and three components, respectively. The authors of [7] note that it is easy to draw
examples with an arbitrary finite number of components of f~!(0). Thus question (Q2) is
essentially asking whether all Lipschitz quotient maps R? to R have the form similar to the
examples illustrated in Figure 1.1.

This paper is devoted to the study of questions (Q1) and (Q2). We answer both of them
affirmatively. First, in Section 2, we obtain generalizations of Theorems 1.3 and 1.2 for
uniform quotient mappings from R™ to R for any n > 2 (Theorem 2.4) and Corollary 2.5,
respectively). Our results follow from Theorem 1.1 through general topological arguments

based on the Phragmen-Brower theorem and the theory of separation in R™.
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Next we study question (Q2). We obtain not only information about the number of
components of f~1(¢) and of R*\ f~!(¢) for Lipschitz quotient maps f : R*> — R, but we
give the full characterization of both the number and the form of each component of any level
set f71(t) of co-Lipschitz uniformly continuous mappings f : R? — R (Theorem 5.1). We
show that for every pair of a constant ¢ > 0 and a function Q(-) with lim,_o Q(r) = 0, there
exists a natural number M = M (c, ), so that for every co-Lipschitz uniformly continuous
map f : R?> — R with a co-Lipschitz constant ¢ and a modulus of uniform continuity §2,
there exists a natural number n(f) < M and a finite set Ty C R with card(7y) < n(f) —1
so that for all ¢ € R\ Ty, f~'(t) has exactly n(f) components, R? \ f~!(¢) has exactly
n(f) + 1 components and each component of f~(¢) is homeomorphic with the real line
and separates the plane into exactly 2 components. The number and form of components
of f~!(s) for s € T} is also described — these components have a finite tree structure (for
precise formulation see Theorems 5.1, 4.11 and Remark 5.4).

Thus we do confirm that co-Lipschitz uniformly continuous mappings from R? to R have
a form analogous to the examples presented on Figure 1.1. Moreover, we prove that, as on
Figure 1.1, no level set f~!(¢) can contain parallel lines, but the distance between unbounded
components of f~1(¢) \ B(0,R) has to increase to infinity as R increases to infinity, cf.
Figure 1.2 (Corollary 5.12, cf. also Remark 5.5).

FIGURE 1.2.

Our method of proof of Theorem 5.1 depends on a careful analysis of topological properties
of level sets f~1(t), their end points and their structure at infinity. The crucial property that
we use in a very essential way is the fact that level sets f~1(¢) are locally connected when f
is a co-Lipschitz uniformly continuous map from R? to R (Proposition 3.5).

We do not know whether level sets of co-Lipschitz uniformly continuous maps or of Lip-
schitz quotient maps from R"™ to R are locally connected when n > 2. If one looks for
a counter-example, the most natural map to check would be the Lipschitz quotient map
f: R?® — R? constructed by Csornyei [4], whose level set f~1(0) is very large and compli-
cated. It turns out, however, that for this map and also for its both coordinate maps, which
go from R3 to R, all level sets are locally connected.

However we do know that there exist uniform quotient maps from R? to R with non-locally
connected level sets (see Example 3.6).

The local connectedness of level sets f~'(t) of a co-Lipschitz uniformly continuous map
f :R? — R, allows us to use the notion of ends from the algebraic topology (cf. [6], see
Definition 4.10) to analyze the behavior of level sets at infinity and consequently to fully
describe the topological structure of level sets and their complements (which is achieved in
Sections 4 and 5).

Throughout the paper we use standard notation, as may be found in [3, 8, 9, 20].
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2. NUMBER OF COMPONENTS OF LEVEL SETS OF UNIFORM QUOTIENT MAPPINGS FROM
R™ TO R 1S FINITE

As a corollary of Theorem 1.1 using purely topological arguments we will show that when
f :R"™ — R is a uniform quotient mapping then for each ¢ € R, the number of components
of f71(¢t) is finite (Theorem 2.4 below). Our main tool is the following fact:

Theorem 2.1. Let By, By C S,, n > 2, be two closed sets such that By N By C {q} a
singlepoint. If none of the sets By or By separates between points py and py then their union
By U By does it neither.

The above statement combines [9, Theorem 59.11.11 and 61.1.7] specialized to the situation
in the present paper. In the case when n = 2, Kuratowski refers to this fact as the first
theorem of Janiszewski, and it’s general version is called the Phragmen-Brouwer theorem.

Although the subject is closely related to some classical duality theorems, cf. [14, 17, 2],
we were unable to find in the literature results that we could directly use in the situation
we deal with. We decided to present a proof of the fact we needed, based on some standard
arguments concerning separation in R".

We start from two lemmas.

Lemma 2.2. Let A be an open connected subset of S, so that A # S,, and Bd(A) :_F1 U Fy
where Fy, Fy are closed sets with Fy N Fy C {q} a singlepoint. Let p1 € A and py ¢ A. Then
exactly one of the sets Fy or Fy separates between p; and po.

Proof. By Theorem 2.1 we conclude that at least one of the sets F} or Fy separates p; and
pa2. Suppose now that each of F; and F, separates between p; and ps. Then there exist
components Cy,Cy of S, \ F1, S, \ F respectively so that

p1 € Cl N CQ, and thus A C Cl N 02,
p2 ¢ C1 U Ch.

Then
Bd(C1 U CQ) C Bd(Cl) U Bd(CQ) C F1 U F.

Let € F; \ {¢}. Then for every neighborhood V, of x we have V, N A # 0, since
v € Bd(A). Thus V,NCy # @ and x € Cy. Since x ¢ F, we conclude that z € C,
and therefore © ¢ Bd(Cy U Cy). Similarly, if y € F5 \ {q} then y ¢ Bd(C; U Cy). Thus
Bd(Cy U Cy) C {q} which contradicts the fact that ps ¢ C; U Cs. O

Lemma 2.3. Let A be an open connected subset of S,, so that A # S, and Bd(A) = Fy U Fy
where Fy, Fy are closed sets with Fy N Fy C {q} a singlepoint. Suppose that S, \ F s
connected. Then for every x € Fy \ {q} there exists a neighborhood U, of x so that U, C A.

Proof. Let © € Fy \ {q}. Since F; is closed, there exists a connected neighborhood U, of x

so that U, N Fy, = (). Since z € Bd(A), there exists y € U, so that y € A. Suppose that
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Us\ A # 0 and let z € U, \ A. Then Bd(A) separates between the points y and z. But
S, \ F is connected so F; does not separate between y and z. Thus by Theorem 2.1 we
conclude that F;, separates between y and z. But this is a contradiction since y, z belong to
a connected set U, which is disjoint with F5. O

With these tools we are ready to prove the main theorem of this section.

Theorem 2.4. Let f : R" — R be a uniform quotient map. Then, for anyt € R, a number
of connected components of f~1(t) is finite and bounded by a function of n, w(-) and Q(-)
only.

Proof. We consider R™ as embedded in its one point compactification S,,. Denote K = f~1(¢).
By [7, Lemma 5.2], K is unbounded and therefore the closure of K in S, equals K U {oo},
and the closure in S,, of every component of K contains {oco}. By Theorem 1.1, R" \ K and
therefore also S, \ K has a finite number of components, say

j=1

Here C; C S, \ {00}, so each C; can also be considered as a subset of R". Note that C;
cannot be bounded in R", so co € Bd(C;) C S, for all j. Suppose that there exists j, say
j =1, so that Bd(C) has m or more connected components in R". Then Bd(C) C R™ can
be presented as a sum of m disjoint closed sets in R™, which are not necessarily connected.
Thus after taking closures in S,, we see that

Bd(Cy) = F,U---UF,,

where {F}}}r, are closed sets in S,,, not necessarily connected, so that Fj N F; C {oo} for
all k # 1.

Let {p;}j=, be a collection of points such that p; € C; for j = 1,--- ,m. Since for each
Jj = 2,...,m, Bd(C}) separates between p; and p;, by Theorem 2.1, there exists o(j) €
{1,---,m} so that F, separates between p; and p;. By Lemma 2.2, Bd(C}) \ Fy,; does
not separate between p; and pj;, so the choice of o(j) is unique. Thus card({o(j)}7,) <
m — 1. Hence there exists jo € {1,---,m} so that F};, does not separate between p; and
p; for all i = 2,--- ,m. Thus S, \ Fj, is connected, and by Lemma 2.3 for every z €
Fj, \ {oo} there exists a neighborhood U, of x so that U, C C;. But f(C;) C (t,00) or
f(Ch) C (—o0,t), thus f(U,) C [t,00) or f(U,) C (—o0,t], which contradicts the fact that
f(U:) D B(f(x),e) = (t —e,t + ¢) for some € > 0. This contradiction yields that Bd(C)
has at most (m — 1) components in R". Similarly, for every j € {1,...,m}, Bd(C;) has at
most (m — 1) components and since every component of K contains a component of Bd(C})
for at least one j € {1,--- ,m}, we conclude that the number of components of K is smaller
or equal than m(m — 1). O

Corollary 2.5. Let f : R®™ — R be a uniform quotient mapping. Then, for each t € R,
each component of f~1(t) separates R™.

This Corollary has word for word the same proof as [7, Proposition 5.4], since by Theo-

rem 2.4, for each ¢t € R, f~1(¢) has a finite number of components.
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3. LOCAL CONNECTEDNESS OF LEVEL SETS

In this section we show that all level sets of co-Lipschitz uniformly continuous mappings
from R? to R are hereditarily locally connected. This is a very strong property which will
enable us to give a detailed description of the structure of the level sets, see Sections 4 and
5. We begin by recalling some basic definitions.

Definition 3.1. A topological space S is said to be locally connected at a point z if for every
open set U containing x there is a connected open set V' so that x € V' C U. The space S is
locally connected if it is locally connected at each point and S is hereditarily locally connected
if every subcontinuum of S is locally connected.

We will use the following characterization of hereditary local connectedness:

Theorem 3.2. [20, V.(2.1) and 1.(12.2)] A locally compact connected set S is hereditarily
locally connected if and only if S does not contain a continuum of convergence.

Recall that if a continuum K is a subset of a set M then K is called a continuum of
convergence of M provided that there exists in M a sequence of mutually exclusive continua
Ky, Ky, ..., no one of which contains a point of K and which converges to K as a limit, i.e.

Here lim[K;]; denotes the limit of a sequence [K;]; which is defined as follows (cf. [20,
Section 1.7] or [8, Chapter 11, Section 29]): The set of all points = such that every neigh-
borhood of x contains points of infinitely many sets of [K;]; is called the limit superior of
[K;]; and is denoted lim sup[K;];. The set of all points y such that every neighborhood of y
contains points of all but a finite number of the sets [K;); is called the limit inferior of [K;];
and is denoted lim inf[K;];. If lim sup[K;]; = lim inf[K}]; then we say that the collection [K;];
is convergent and we write lim[K;]; = lim sup[K;]; = liminf[K}]; and we call lim[K});, the

We will prove that if f : R*> — R is a co-Lipschitz uniformly continuous mapping then
for all t € R, f~!(¢) does not contain a continuum of convergence. For this we will need the
following “bottleneck lemma”, whose proof is very similar to the proof of [7, Lemma 5.3].

Lemma 3.3. Let f : R2 — R be a co-Lipschitz uniformly continuous map with co-Lipschitz
constant 1 and a modulus of uniform continuity Q2. Let K, Ky be disjoint subcontinua of
F7H0) and let a € Ry.. If there exist points x1, 7o € K1, y1,Y2 € Ko so that, fori=1,2,

d(‘rh yz) S a,

then N
d(zy, ) < 29(5) + 4.

For the proof we will need the following basic lemma concerning the lifting of Lipschitz
curves which was established in [1].

Lemma 3.4. [1, Lemma 4.4] Suppose that f : R" — X is continuous and co-Lipschitz with
constant one, f(z) =y, and & : [0,00) — X is a curve with Lipschitz constant one, and
€(0) = y. Then there is a curve ¢ : [0,00) — R™ with Lipschitz constant one such that

#(0) =z and f(p(t)) = &(t) fort > 0.

Proof of Lemma 3.3. If d(z1,x2) < 2c then we are done, so assume without loss of generality

that d(zq1,72) > 2a. For i = 1,2, let I; be the segment connecting x; and y;, i.e. I; =
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{1 —=t)x; +ty; : t €]0,1]}. Then length(l;) < «, for i = 1,2, and thus, if d(z1,x2) > 2«
then I; N I, = (. Set

t; =sup{t € [0,1] : (1 — t)z; + ty; € K1}
Since K7 and I; are compact and y; ¢ K; we get that ¢; € [0,1). Define

$_id:ef (1 — tz)xz + ty; € K.

Now set
S; = 1nf{t S [tl, 1] : (1 — t)l’z + tyz c KQ}
Similarly as above, since K is compact and T; ¢ K», we get that s; € (¢;,1]. Define
Ui dof (1 —si)x; + siy; € Ko.
Further, for ¢ = 1, 2, define segments with endpoints 7, ¥;,
Ji €1 =0z + gt e [0,1]).

Then we get that J; N Ky = {7;}, J; N Ky = {y;} and J; N Jy = 0 (since J; C I; which
were disjoint). Further

(3.1) d(@,7) < d(zi,y:) < a.

By [9, Theorem 62.V.6] there exists an open connected region G whose boundary is con-
tained in K; U Ky U J; U Js. Since K3 U Ky C f71(0), and by (3.1), we conclude that for all
x € Bd(G),

(3.2) |f(@)] < Q(
Let z¢p € G be such that for ¢ = 1,2

(e

)
N SR

d(x(],ﬂli) 2 id(l’l,‘rg).

Such a point x( exists in G since G is open and connected and thus G is path-connected.
By Lemma 3.4 there exists a curve ¢ : [0,00) — R? with Lipschitz constant one, ¢(0) = zg
and f(o(t)) = f(zo)+t sign(f(xg)). Since this curve is clearly unbounded, there exists 7 > 0
so that ¢(7) € Bd(G). Then, by (3.2) and since ¢ is Lipschitz with constant one,

Q(%) 2 |f(@(M) 27 2 [lo(r) = ¢(0)]| = [[6(7) — o

> d(wo, J1 U J2) > min(d(zo, 7)) — a

N | —

Thus a
d(T1,75) < 29(5) + 20,
and

(1, 72) < d{ar, T1) + d(T3,73) + d(T3,75) < 20(5) + dar

O

Proposition 3.5. Let f : R? — R be a co-Lipschitz uniformly continuous map. Then for
every t € R, f~1(t) is hereditarily locally connected.
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Proof. Without loss of generality we will assume that f is a co-Lipschitz uniformly continuous
map with a co-Lipschitz constant 1, and that ¢ = 0. By Theorem 3.2, it is enough to show
that f~'(0) does not contain a nontrivial continuum of convergence.

Suppose for contradiction that Ky is a nontrivial continuum of convergence in f~1(0) and
let 21,29 € Ky, and 3 dof d(xy,29) > 0. Let [K;]22, be the sequence of mutually disjoint
subcontinua of f~1(0) with |, K; N Ky = 0 and lim[K;]; = Ky. Then, by the definition of
the limit (see also [20, Theorem 1.(7.2)]), for every ¢ > 0 there exists n € N so that for all
x € Ky, d(z, K,) < e. Thus for i = 1,2 there exists y; € K,, with d(z;,y;) < €. Hence, by
Lemma 3.3, d(z1,z2) < 2Q(g/2) + 4e. Since ¢ is arbitrary and lim,_o Q(r) = 0, we conclude
that d(z1,z2) = 0 which contradicts the fact that K is a nontrivial subcontinuum. O

As mentioned in the Introduction, we do not know whether there exist co-Lipschitz uni-
formly continuous maps or Lipschitz quotient maps from R? to R, or in general from R"
to R*, with non-locally connected level sets. However we do know that there exist uniform
quotient maps from R? to R which have non-locally connected level sets as indicated below.

Example 3.6. Let z, = (=, (—1)") € R? forn € Z\ {0}, and let I, be a segment in R? with
endpoints zp, zZpni1, whenn >0, or z,, z,_1 whenn < 0. Let Iy be the vertical segment with
endpoints (0,1) and (0, —1), and let I, = {(x,—1) :x > 1}, I_ = {(z,—1) : @ < —1} be two

half-lines. Define K to be the union of all these segments K el Unez In U1 UI_.

+

FIGURE 3.1. Set K.
The map f : R? — R is defined as the distance from K multiplied in each component of
R?\ K by the sign indicated. Then f is Lipschitz and co-uniformly continuous with

3 . 1
w(r) = {16%_00 ifr <15,

1 ~ 1
w72 g
Moreover f~1(0) = K, which is connected but not locally connected.

The proof of this example is rather tedious and will be published separately.

4. FIRST DESCRIPTION OF THE STRUCTURE OF LEVEL SETS

In this section we describe the structure of level sets of co-Lipschitz uniformly continuous
mappings f : R? — R (Theorem 4.11). For that we will need the notions of a dendrite,
an order of a point, an end point and a cut point of a topological space M. We recall their
definitions below.

Definition 4.1. [20, Chapter III], [9, Chapter VI, §51] Let M be a space and n a cardinal

number. We say that a point x € M is of order < nin M provided that for any neighborhood

V of z in M, there exists a neighborhood U of z in M with U C V' and card(Bd(U)) < n.
A point x € M which is of order one in M will be called an end point of M.

Definition 4.2. [20, Section III.1], [9, Definition 47.VIIL.2| If M is a connected set and p is
a point of M such that the set M \ {p} is not connected, then p is called a cut point of M.
8



Definition 4.3. [20, Section V.1] A continuum M is called a dendrite (or an acyclic curve)
provided that M is locally connected and contains no simple closed curve.

Dendrites constitute a very important class of continua, and they have been extensively
studied. We recall here a couple of important properties of dendrites, that we will use.

Theorem 4.4. [20, V.(1.1) and V.(1.2)] Let M be a continuum. The following statements
are equivalent:

(1) M is a dendrite.

(2) Every point of M is either a cut point or an end point.

(8) M is locally connected and one and only one arc exists between any two points in M.

Our first observation concerning the structure of level sets of co-Lipschitz uniformly con-
tinuous mappings is the following:

Corollary 4.5. Let f : R?> — R be a co-Lipschitz uniformly continuous map. Then for
every t € R and every subcontinuum M of f~(t), M is a dendrite.

Proof. 1t is easy to see that when f is a co-Lipschitz uniformly continuous map then for
all ¢, f~1(t) cannot contain a simple closed curve. Indeed, since f is co-Lipschitz, f~1(t)
has empty interior and if a simple closed curve C' was contained in f~!(¢) then R?\ f~'(¢)
would have a bounded component A contained in the region inside the curve C. But then
f(A) = (t,00) or (—oo,t), which is impossible since A is compact and f is continuous.
Further, by Proposition 3.5, every subcontinuum M of f~!(t) is locally connected. Thus
M is a dendrite. U

Our next goal is to show that every f~1(¢) is of a particularly simple form, that every
point of f~1(t) is of finite order and only finitely many points in f~*(¢) have order bigger
than 2. Thus we will show that f~1(¢) has a tree structure. We start from the following:

Proposition 4.6. Let f : R? — R be a co-Lipschitz uniformly continuous map and let K
be a component of f~1(t) for somet € R. Then every point of K is a cut point, in particular
f7Y(t) has no end points.

Proof. Suppose that x € K is not a cut point of K. We first show that this implies that
x is an endpoint of K. Assume for contradiction that z is not an endpoint of K. By
Proposition 3.5, there exists a neighborhood U of x so that U is bounded and U N K is
connected. Then z is not an endpoint of U N K. Since, by Corollary 4.5, U N K is a dendrite,
we conclude by Theorem 4.4, that z is a cut point of U N K. Let v,z be two points in
different components of U N K \ {z}. Then x belongs to the unique path which connects y
and zin UNK.

On the other hand, by [20, III,(4.15)], there exists a neighborhood U; of x so that K \ U
is connected and y,z € K \ U;. Then, by [20, ,(8.2)], there exists a subcontinuum M of
K\ U so that y,z € M. Thus by Corollary 4.5 and Theorem 4.4, there exists a path in M
which connects y and z. Thus we conclude that in (U N K) U M there exist two different
paths connecting y and z, which contradicts the fact that (U N K)U M is a dendrite. Hence
x is an endpoint of K.

It follows from [19, Theorem 26] (cf. also [5, Proof of Theorem 27], where this fact is
attributed to R.G. Lubben), that if x € K is an endpoint of K then z belongs to the
boundary of exactly one component of R? \ K. But then, since R?\ f~!(¢) and thus also

R?\ K have finite number of components, there exists a neighborhood U of x so that U
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intersects exactly one component of R?\ K. Hence f(U) C (t,00) or f(U) C (—o0,t), which
contradicts the fact that f is co-Lipschitz. O

For the analysis of the structure of level sets f~!(¢) we will need the following notion
introduced by Shimrat [15, 16]. Below the term “countable” includes finite (and also empty).

Definition 4.7. [16] A set K is called a ramification (Stone [18] uses the term open ramifi-
cation) if K is a finite or countable union of the form

(4.1) K=pU|JRU[JR;jU---U ] RyjmU...
i ij ij..m

where py is a point; R; are (at least two) half-open arcs (i.e. homeomorphic images of [0, c0))
having py as a common endpoint, but otherwise disjoint; every R;; ., is a half-open arc with
an endpoint on R;; .. An intersection between any two half-open arcs is an endpoint of
at least one of them. The number of half-open arcs having endpoints on a definite R;;. .,
is finite (> 0 and > 2 in the case of the R;) or countable and their endpoints need not
be distinct. K is given its “length-metric”, i.e., each half-open arc is metrized as a linear
interval, and the distance between two points x,y € K is the sum of the lengths of the
intervals making up the unique path from x to y in K.

Shimrat [16] proved the following characterization of ramifications.

Theorem 4.8. [16, Theorem 3] A connected set K is a ramification if and only if K is
locally connected and every point of K is a cut point.

As an immediate corollary of Theorem 4.8 and Propositions 3.5 and 4.6 we obtain:

Corollary 4.9. Let f : R?> — R be a co-Lipschitz uniformly continuous map and let K be
a component of f~1(t) for some t € R. Then K is a ramification.

Our next goal is show that components of level sets are finite ramifications. To precisely
analyze their form it will be convenient to use an algebraic topology notion of a number of
ends of an unbounded locally connected set.

Definition 4.10. [6, Definition 1.18] We say that a connected locally connected Hausdorff
space W has at least k ends if there exists an open subspace V' C W with compact closure

V so that W \ V has at least & unbounded components. The space W has exactly k ends
(denoted #e(W) = k) if W has at least k ends but not at least k£ + 1 ends.

One should be careful not to confuse ends with end points. We think of ends, intuitively,
as infinite ends of unbounded sets. In fact, there exist ways of making this intuition precise,
by defining ends using homotopy classes of unbounded paths contained in the space W (see
[6]), but we will not need this for our present purpose.

Clearly continua never have any ends, but unbounded locally connected sets may have
some end points in addition to the fact that they always have at least one end.

If a locally connected space W has a finite number of connected components, W = UT=1 Cj,
then we will use notation #e(WV) to mean the sum of #e(C}), i.e.

#e(W) LY #e(C).

We are now ready to state the main result of this section which describes the structure of

level sets f=1(1).
10



Theorem 4.11. Let f : R? — R be a co-Lipschitz uniformly continuous map. Then for
every t € R, every component K of f~(t) has a representation of the form:

K =FK,u| K,
j=1
where n € N, n = #e(K), Ky is a compact connected tree (i.e. a graph containing no
closed curve) with exactly n endpoints, each K; is a ray, that is a closed unbounded set
homeomorphic with [0, 00), sets {K;}7_, are mutually disjoint, for all j, card(K; N Koy) = 1
and the unique point in the intersection K; N Ky is an end point of Ky and of Kj.
Moreover n is equal to the number of components of R™ \ K.

Definition 4.12. We will use the term unbounded finite tree for sets of the form described
in Theorem 4.11.

Proof. We note first that since K is closed and K has form (4.1), thus all half-open arcs in
Ri;. . are unbounded, i.e. they all are rays. Further since, by Theorem 1.1, the number of
components of R” \ K is finite, we conclude that the total number of rays in (4.1) is finite
and equal to both the number of ends of K and the number of components of R \ K.

To construct sets { K}, let, for j = 1,...,n, x; be any point other than the endpoint in
each of the n rays {r;}7_, of K in (4.1), and let K be the union of {z;} and the undbounded
component of 75\ {z;}. Then, by (4.1), sets { K;}}_, are mutually disjoint. Define Ky as the
union of unique paths connecting each two of the points from {xj}?zl in K (alternatively,
Ko = (K \ Uj_, K;) U{z;}7_;). Then for each j = 1,...,n, Ko N K; = {7;} and the set
{;}}-, is equal to the set of all endpoints of Ky, and every other point of K is a cut point
of Ky. It follows that Kj is a compact tree with exactly n endpoints {x;}7_,. This can be
seen either directly from the form of ramification (4.1), or one can use a stronger result of
Stone [18] (cf. [13], [12, Theorem 9.24]) which characterizes finite graphs as continua with
the property that they are disconnected by a removal of any subset of points of fixed finite
cardinality. ([l

5. NUMBER AND FORM OF COMPONENTS OF LEVEL SETS

In this section we present an exact characterization of the form of level sets of a co-
Lipschitz uniformly continuous map f from R? to R (Theorem 5.1), which significantly
refines Theorem 4.11. In particular, we obtain an affirmative answer to the question posed
in [7] whether the number of components of level sets f~1(¢) or of R?\ f~*(¢) are constant after
excluding finitely many values of ¢. We begin with the statement of our main characterization
theorem.

We will use the notation #c¢(W) to denote the number of components of the set W.

Theorem 5.1. For every pair of a constant ¢ > 0 and a function Q(-) with lim,_o Q(r) =
0, there exists a natural number M = M(c, ), so that for every co-Lipschitz uniformly
continuous map f : R? — R with a co-Lipschitz constant ¢ and a modulus of uniform
continuity 2, there exists a natural number n =n(f) < M and a finite subset Ty of R, with
card(Ty) < n —1, so that:
(1) for allt € R,
(a) #e(f~1(t)) = 2n, that is there exists Ry € R so that for every R > Ry, f~1(t)\

B(0, R) has ezactly 2n unbounded components.
11



(b) If {Cr.}?", are the unbounded components of f~1(t)\ B(0, R), then for alli # j,
limp_.o d(Cry, Cr,j) = 00;
(2) for allt € R\ T},
(a) #c(f~H(t) =n,
(b) #c(R*\ f7H(t)) =n+1,
(c) each component of f~1(t) is homeomorphic with the real line and separates the
plane into exactly 2 components;

(3) for allt; € Ty,
(a) #c(f ' (t:) <n,
(b) #c(R?\ f~H(t:)) = 2n + 1 — ([~ (t:)) € (n+ 1,2n),
(c) each component of f~1(t;) is an unbounded finite tree, i.e. has the form described
in Theorem 4.11

Remark 5.2. Theorem 5.1 is analogous to a result of Johnson, Lindenstrauss, Preiss and
Schechtman [7], who proved that for every pair of a constant ¢ > 0 and a function Q(-) with
lim, o Q(r) = 0, there exists a natural number M = M(c, 2), so that for every co-Lipschitz
uniformly continuous map f : R? — R? with a co-Lipschitz constant ¢ and a modulus of
uniform continuity €2, there exists a natural number n = n(f) < M and a polynomial P
with degree equal to n, so that f = P;o hy, where h; is a homeomorphism of R?. Hence
there exists a finite set Ty C R? with card(Ty) < n < M, so that for all t € R? \ T},
card(f~1(t)) = n and for all t; € Ty, card(f~*(¢;)) < n, analogously with parts (2a) and (3a)
of Theorem 5.1.

For Lipschitz quotient maps from R? to R?, Maleva [11] studied the dependence of the
number M (¢, L) on the Lipschitz and co-Lipschitz constants L and ¢. Maleva proved in

particular that there exists ascale 0 < --- < ggm) < < ggl) < 1 such that for any Lipschitz

quotient mapping f : R2 — R? the condition ¢/L > o{™ implies that card(f~(t)) < m for
all t € R? (in fact this holds with o0 = 1/(m + 1)) [11, Theorem 2].

It is natural to ask whether a similar scale exists for the numbers M (c,)) defined in
Theorem 5.1. [After reading a preliminary version of this paper, Maleva proved the existence
of such a scale. Namely she proved that if ¢/L > sin(7r/(2n)) then for all t € R, #c(f~1(t)) <
n, [10]. A similar scale also exists for co-Lipschitz uniformly continuous maps [10].]

Remark 5.3. Theorem 5.1 does not generalize for Lipschitz quotient mappings f : R™ — R,
for m > 2. Indeed, consider a surface K in R? obtained by rotation about the z—axis of the
line {(z,0,z) : z € R}.

Let f : R> — R be the ¢;-distance from K multiplied in each component of R3\ K by
the sign indicated. Then f is a Lipschitz quotient map and for all ¢t > 0, #c(f~1(t)) = 2
and for all ¢t < 0, #c(f~1(t)) = 1. Tt is easy to construct analogous examples for arbitrary
m > 3 and for many finite arrangements of #c(f~!(¢)) in different subintervals of R.

12



Remark 5.4. The estimate of the cardinality of the exceptional set T is best possible, in the
sense that for any n € N it is easy to construct examples of Lipschitz quotient mappings
f:R* — R so that card(Ty) =n — 1 and #c(f*(t)) =n for all t € R\ T}. In Figure 5.1
below, we present sketches of examples of such functions for n = 2,3,4. In each sketch,
level sets for different values of t are represented by different styles of lines (within limits
set by the drawing program (Xy-pic)), and the mapping f is the distance in the ¢;-metric
from the solid lines, which represent the preimage of 0, multiplied, in each component of the
complement of the solid lines, by the sign indicated.

n =2 0 n=3

7, = {0 X =01 |

4
—— == = =

FIGURE 5.1.

Remark 5.5. After reading a preliminary version of this paper, Maleva has strengthened the
conclusion of Theorem 5.1(1b). She proved [10], in the notation as above, that there exists
a constant 0 > 0 depending only on the modulus of continuity of f and its co-Lipschitz
constant, so that for every ¢t € R there exists R(t) > 0 so that for all R > R(t) and all
i # j, d(Cr,,Cr;) > 0R. This has consequences not only for the topology, but also for the
allowable geometric structure of f~1(¢), e.g. f~!(¢) cannot contain a parabola, see [10].

For the proof of Theorem 5.1 we will need a large number of auxiliary results concerning the
number of components of level sets f~1(¢) and the end structure of boundaries of components
of the complements of f~1(¢). We start from a presentation of these results and postpone
the proof of Theorem 5.1 to the end of this section.

Our first observations analyze the number of ends of boundaries of components of R? \

).

Proposition 5.6. Let f : R2 — R be a co-Lipschitz uniformly continuous map, t € R
and K be a connected component of the level set f~(t). Then each component of R\ K is
homeomorphic with R? and its boundary is connected and has exactly 2 ends.
Moreover, #c(R?\ K) = #e(K). In particular, #e(K) > 2.
13



Proof. By [9, Theorem 61.11.4], the boundary of every component of S, \ K is a simple closed
curve. Thus by [9, Theorem 61.V.1] each component of S, \ K, and therefore also of R?\ K,
is homeomorphic with R2. Since oo belongs to the boundary of every component of S, \ K,
and since this boundary is a simple closed curve, we conclude that the order of oo, as a point
of the boundary of any component of Sy \ K, is equal to two and thus this boundary has
exactly 2 ends, and it is connected as a subset of R2,

The moreover part follows directly from Theorem 4.11. O

Propostion 5.6 has two useful consequences.

Corollary 5.7. Let f : R? — R be a co-Lipschitz uniformly continuous map, t € R and A
be a component of R?\ f~1(t). Then

#e(Bd(A)) = 2¢#c(f ' (t) N Bd(A)).

Proof. Let {K;}?_, be components of f=1(t). If #c(f1(t)
component of, say, R? \ K; and, by Proposition 5.6, #¢(Bd(A

We Suppose for the 1nduct10n that if #c(f~(¢t) N Bd(A))
of R?\ U ", K, then

(5.1) e(BA(A)) = 24e(f (1) N BA(A)).

Let B be a component of R? \ U’gle K;, say B = AN C, where A is a component of
R?\ szl K; and C is a component of R? \ Kj.

If K;.1 ¢ A, then, by the connectedness of Ky 1, K1 N A = 0 and either A C C or
ANC = 0. Since B # (), we obtain that B = A and B is a component of R? \ U§:1 K; and,

by the inductive hypothesis, there is nothing to prove.
Thus, without loss of generality, we assume that K1 C A and Bd(C) C Kjy1 C A. Then

(5.2) Bd(C) € BA(ANO).

Similarly, if U " K; ¢ C then by the connectedness of sets {K;}*_,, there exists ig < k
so that K;, ¢ C and thus K;, N C = . Hence any component of R? \ K, is either disjoint
with C, or contains C'. Thus B can be represented as an intersection of components of

{R?\ K; ";i% iz, and, by the inductive hypothesis, we are done.

Thus, without loss of generality, we assume that U?Zl K; C C. Hence, as before, Bd(A) C
UL, K; c C and

D\_/

)

~—

Bd(A4)) = 1, then A is a
=2.
k, i.e. if A is a component

IN

Y

(5.3) Bd(A) c Bd(ANC).
By [8, Formula 6.1I(8)], we have
(5.4) Bd(ANC) c Bd(A) uBd(C).

Combining (5.2), (5.3) and (5.4) we get Bd(ANC) = Bd(A) UBd(C), and, since Bd(A) N
Bd(C) = (), we conclude that #e(Bd(A N C)) = #e(Bd(A)) + #e(Bd(C)). Thus, by (5.1)
and (5.2),

which ends the proof. 0



Corollary 5.8. Let f : R2 — R be a co-Lipschitz uniformly continuous map and t € R.
Then

(5.5) #c(f7H (1) + #c(R2\ f7H(1) = #e(fH(1) + L.

Proof. By Theorems 1.1 and 2.4 both R?\ f~!(¢) and f~'(¢) have finite number of compo-
nents. Denote [ = #c(f~'(t)) and let {K;},_, be the components of f~'(t). If I =1, (5.5)
follows directly from Proposition 5.6. If [ > 1 then K, is contained in exactly one of the
components of R? \ K7, say C. Since C' is homeomorphic with R? again by Proposition 5.6
we conclude that #c(C'\ K3) = #e(K3), and thus

2+ #c(R?\ (K1 UKy)) =2+ #c(R*\ K;) — 1+ #c(R?\ K>)
= #e(K1) + #e(K) + 1.
By induction we obtain (5.5) for any [ € N. O
As a consequence of Theorems 1.1, 2.4 and Corollary 5.8 we immediately obtain:

Corollary 5.9. Let f : R?> — R be a co-Lipschitz uniformly continuous map. Then for
every t € R, the number of ends of f~1(t) is finite and bounded by a function depending only
on the co-Lipschitz constant of f and its modulus of uniform continuity.

Our next goal is to show that the number of ends of f~1(¢) is independent of ¢. To achieve
this we first prove that different ends of level sets f~1(¢) are “infinitely far away” from each
other, as on Figure 1.2 in the Introduction. To state this precisely we will use the notation
d(X,Y) to denote the distance between sets X,Y i.e.

d(X,Y) Lint{d(z,y)  x € X,y e V).

Proposition 5.10. Let f : R? — R be a co-Lipschitz uniformly continuous map and
t e R. If f~Yt) has | components {K*(t)}._,, and each component K'(t) has the following
representation of the form described in Theorem 4.11,

K'(t) = Kq(t) u | J K5(0),

then, for all iy,i5 € {1,---,1},71 € {1,---n(i1)},j2 € {1, -+ ,n(iz)}, if the ordered pairs
(11,41), (i2, j2) are not the same, then

Jlim d(£3 (1) \ B(0, R), K2(1) \ B(0, R)) = oc.
Proof. This result follows almost immediately from Lemma 3.3. Without loss of generality

we assume that the co-Lipschitz constant of f is 1 and let ©(-) be the modulus of uniform
continuity of f. For any R € R, denote

dp = d(K;'(t)\ B(0,R), K2(t)\ B(0, R)).

Clearly dg, > dgr, when R; > Ry, thus, if limg . dg # 0o then there exists a € R, so
that for all R € R,

(5.6) dr < a.
Fix x; € K;; (t) and y; € KE (t) so that d(z1,71) < a. Set

Rz + 20(5) +da+1.
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Then, by (5.6), there exist x5 € Kﬁ (t)\ B(0, R) and 3, € K;j (t)\ B(0, R) with d(z2, y2) <
a. Since, for v = 1,2, the sets K;Z(t) are connected subsets of f~1(t), there exist arcs
o, C K;z (t) € f~Y(t) with endpoints z,,y,. Since (i1, j1) # (i2, j2), the arcs o,,v = 1,2, are
disjoint subcontinua of f~!(¢), and hence, by Lemma 3.3,

d(xl,ﬂig) < 2Q<%) + 4a.

But
- «
d(wy, x3) > |[|z2]l = [lz1]l] = B — |l || = 20(5) +da+1,

and the resulting contradiction ends the proof of Proposition 5.10. 0

As an immediate corollary we obtain the following two facts which we state here for an
easy reference.

Corollary 5.11. Let f : R2 — R be a co-Lipschitz uniformly continuous map, t € R and
f7Yt) have I components {K'(t)}._,. Then for all iy,iy <1, iy # iy, we have

d(K"™(t), K™(t)) > 0.
Corollary 5.12. Let f : R? — R be a co-Lipschitz uniformly continuous map, t € R,
R € Ry and {Cr;}i are a collection of unbounded components of f~'(t)\ B(0,R). Then,

for all i # 7,
}%nn d(CRﬂ',CR’j) = OQ.

As a consequence of Proposition 5.10, we obtain three somewhat technical facts which will
be important for our further arguments.

Lemma 5.13. Let f : R? — R be a co-Lipschitz uniformly continuous map and t,,t, € R.
Then
(a) #e(f7H(t1)) = #e(fH(t2)).
(b) Ifty > ta, A is a component of f~(t2,00) or A =R? and f~(t;,00) N A = }\_, 4,
where Ay are components of f~(t1,00) N A, then

™ #e(Bd(4y)) = #e(f (1) N A).

(c) If ty >ty and A is a component of f~*(ta,00), then
e(f (1) N A) = He(BA(A)).
Proof. As before we assume without loss of generality that the co-Lipschitz constant of f is 1.
By Corollary 5.8 (or a combination of earlier results in this paper) we know that both f~!(#;)

and f~1(ty) have a finite number of ends. By Theorems 2.4 and 4.11, for v = 1,2, f~1(t,)
can be represented as

lu nU(Z)
(5.7) 7w = U (Kim) v U K5w).

i=1 j=1
where ,,n,(i) € N and K}(t,) are mutually disjoint unbounded rays in R?, and sets K(t,)
are compact. Further, for v = 1,2, the number of distinct rays K ;(tl,) is finite and equals
the number of ends of f~1(t,), i.e.

(5.8) card R(t,) = #e(f~(t.)),
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where R(t,) def {K;(t,,) ci=1,...,l1,7=1,...,n,(7)}. By Proposition 5.10, if Y}, Y5 are

distinct rays of the same level set f~1(t,), where v € {1,2}, then limp_., d(Y;\ B(0, R), Y5\
B(0, R)) = oo. Thus, there exists Ry € R so that, for v = 1,2, and for all i <1,

(5.9) Ki(t,) C B(0, Ry — 1),
and so that, for any distinct rays Y;, Y5 of the same level set f~'(¢,), where v =1 or 2,
(5.10) d(Y1\ B(0, Ro), Y2\ B(0, Ro)) = 1+ 4[t1 — taf.

On the other hand, since f is co-Lipschitz with constant 1, for every x € f~'(¢;) and for
every 7 > 0,

B(f(iﬂ),r) = (tl — 71t + 7“) - f(B(:B7T))
Since ty € (t; — r,t; + ) when r = 2|t; — 5], we conclude that
(5.11) for every x € f71(t;) there exists y € B(w,2|t; — to]) N f~(ta).

Now let X € R(t;) be a ray from the representation of f~!(¢;) described in (5.7), and let
x € X be such that ||z|| > Ry + 2|ty — ta|. Then by (5.11) and (5.9) there exists at least one
ray Y € R(ta) so that d(x,Y \ B(0, Ry)) < 2[t; — tof.

Suppose that there exist two distinct rays Y7, Ys € R(t3) so that for a = 1,2,

d([L‘, Y, \ B(O, RQ)) < 2|t1 — t2|
But then we would have
d(Y1\ B(0, Ry), Y2\ B(0, Ry)) < 4|t1 — to],

which contradicts (5.10). Additionally, for every X the ray Y is determined uniquely since
the distance between X and Y is strictly less than 2|t; — to].

Thus we have described a one-to-one map ~ from the set of rays of f~'(¢;) into the set
of rays of f71(ty), i.e. from R(¢;) into R(ty), and v operates in such a way that for every
X € R(t) and for every x € X with ||z|| > Ro + 2|t; — t2] we have
(5.12) d(x,v(X) \ B(0, Ro)) < 2[t1 — ta].

Since v is one-to-one, by (5.8) and by symmetry, we have #e(f1(t1)) = #e(f(t2)),
which ends the proof of part (a).

Moreover, we conclude that 7 is a bijection from R(¢1) onto R(t2).

To prove part (b) we keep the same notation as above and we note that if f~!(¢;,00)NA =
US_, Ay, where A, are components of f~*(¢;,00) N A, then

(5.13) fTt)nA= LnJ Bd(A,),

A=1
and therefore

#eU“1@QrWA)::#e<(]IkKAXO.

Denote by Ra(t1) the set of rays of f~!(¢;) contained in A, i.e.

Ra(ty) ©{Ki(t) € R(1) : Ki(ty) € A}

Since each ray KJ(t1) has exactly one end, we get

(5.14) #He(fH(t)N A)17: card(Ra(t1)).



By Theorem 4.11, for Ry € R, defined above, and for each Ki(t;) € Ra(t1), the set
Ki(t1) \ B(0, Ry) has a unique unbounded component; we will denote these components by
{Xo:a=1,....#e(f'(t;) N A)}. Note that, by Theorem 4.11, each X,, is homeomorphic
with [0, 00). We will show that

(5.15) for each o < #e(f~'(t1) N A) there exists a unique A(a) < n with X, C Bd(Ayw))-
Once (5.15) is established, part (b) follows easily. Indeed, by (5.15) we can define sets

L o < He(f1 (1) N A) 1 Xa © BA(AY)),
and sets E) are disjoint. Note that card(E)) = #e(Bd(A,)). Moreover, by (5.13),

n

U Bd(Ay) D {Xa:a=1,...,#e(f(t1) N A)},

so o, Ex = {1,...,#e(f71(t1) N A)} and thus #e(fH(t1) N A) = >\_ card(E)) =
>4 , #e(Bd(A))), as desired.
To prove (5.15), note that by (5.13) and since sets Bd(A,) are closed, for each o <

FHe(f~LHt)NA):

X. c [JBd(Ay).
A=1
Thus

OX N Bd(Ay)).

Since X, is connected and sets X, N Bd(A)\BI“e closed, we conclude that either there
exists a unique A(«) so that, for all A # A(a), X, N Bd(A,) = 0, and in this case part (b)
holds, or otherwise there exist \j, \a < n, A\; # Ay so that

(5.16) (Xa NBd(Ay,)) N (Xa NBd(Ay,)) # 0.

But this alternative leads to a contradiction. Indeed, suppose that z € X, N Bd(4,,) N
Bd(A),). Since X, is a ray, i.e. a homeomorph of [0,00), contained in one of the rays
{K!(t1)}i; of f7'(t1) N A, and since, by (5.9), X, is disjoint with all sets {K{(t1)}; we
conclude that the order of the point z in f~!(¢;) is equal to 2. Hence, by Definition 4.1,
for every neighborhood V' of x, there exists a neighborhood of x with U C V and so that
card(Bd(U) N f~1(¢;)) = 2. By (5.10) and since f~!(¢;) is locally connected, we can choose
U C A so that x € U, Bd(U) is a simple curve, BA(U) N f~'(t1) = {z1, 72} and x belongs
to an arc contained in f~!(¢;) with endpoints x; and zo. Then, by the Theorem About The
6-Curve [9, Theorem 61.11.2], U \ f~!(¢;) has exactly two components, and consequently
belongs to the boundary of exactly two components of R?\ f~1(¢;). Since f is co-Lipschitz, it
is not possible that both of these components are contained in f~1(¢;, 00), which contradicts
(5.16) and ends the proof of (5.15) and of part (b).

For part (c), let {A,}™ , denote the collection of components of f~!(t5,00). As above, let
R, (t1) denote the set of rays of f~1(¢;) contained in A,. By (5.14), for any v € {1,...,m},

(5.17) He(fHt) N A,,)18: card(Ra, (t1)).



Let v : R(t1) — R(tz) be the map defined in part (a). We will show that for all
ve{l,...,m},

(5.18) X eRa(t1)) = ~(X)CBdA,).

Indeed, let X € R4, (t1) and x € X with ||z|| > Ry + 2|t; — t2]. By (5.12), there exists
y € v(X)\ B(0, Ry) so that d(z,y) < 2|t; — t2|. Let I denote the interval with endpoints «
and y. If y ¢ Bd(A,), then I N Bd(A,) # 0, since Bd(A,) separates between x and y. Thus
there exists y; € I NBd(A,) so that y; € f~1(t2), |lyall > Ro and d(y, y1) < 2|ty — t2|. Thus,
by (5.10), y1 € v(X) and v(X) NBd(A,) # 0. Hence, by (5.15), v(X) C Bd(A,) and (5.18)
holds. If y € Bd(A,) the same argument proves (5. 18)

Since 7y is one-to-one, (5.18) immediately implies that
(5.19) card(Ra, (t1)) < #e(Bd(A,)).

Since sets {A,}™ , are disjoint, by (5.8) and by part (b) applied to t3 and the set A = R?
we get

H#e(f7H(t))) = card(R(t anrd (Ra, (t))

<) #e(BA(A)) = #e(f ' (t2)).
=1
Since, by part (a), #e(f1(t1)) = #e(f1(t2)), we conclude that, for all v € {1,...,m},
#He(f1(ty) NA)) =card(Ra,(t1)) = #e(Bd(A,)), which ends the proof of part (c). O
For the proof of the main theorem we will need one more lemma.

Lemma 5.14. Let f : R? — R be a co-Lipschitz uniformly continuous map, t € R and A
be a component of f~1(t,00). Then:

(a) for every s > t,

#e(f7H(s) N A) < #e(f7 (1) N Bd(A));
(b) there exists € > 0 so that for every s € (t,t + ¢),

#e(f7(s) N A) = #c(f7'(t) N Bd(A));
(c) let t; > t and let {C,}5_, be components of f~1(t1,00) which are contained in A,
then

Z#c H(t) NBA(C,)) = #e(f (1) N BA(A));

(d) let m = #c(f ( ) N BA(A)), then there exists a set Ta C (t,00) with card(Ty) <
m — 1, so that for every s € (t,00) \ Ta,

#c(f7(s) N A) = #e(f7(t) N Bd(A)).
Proof. Let s > t. By Lemma 5.13(c) and Corollary 5.7,
#e(f 1 (s) N A) = #e(BA(A)) = 2¢tc(f 1 (t) N Bd(4)).
Since, by Proposition 5.6, each component of f~!(s) N A has at least 2 ends, we get that
#e(F(5) N A) < g#tel(fH(s) N A) = (£ (1) 1 BA(A)),

and part (a) is proven.
19



For part (b) we assume, without loss of generality, that the co-Lipschitz constant of f
is equal to 1. Denote [ = #c(f~'(t) N Bd(A)), and let {L;}\_, be the components of
f71(t)NBd(A). By Proposition 5.6, the intersection of any component of f~*(¢) with Bd(A)
is connected and therefore each L; is contained in a different component of f~1(¢). Hence,
by Corollary 5.11, there exists 0 > 0 so that, for all 4,5 € {1,...,{},i # j, d(L;, L;) > 0.
Define for j € {1,...,l},

J
v, € B(r,5)N A

.ZGLJ'

Then {U;},_, are connected, mutually disjoint, open subsets of A.
We note that, for any y € R2,

(5.20) dy, £(1)) = g

— |fly) -t =3

)
2 2
f(B

Indeed, if d(y, f~'(t)) > 2, then ¢t ¢ f(B(y, 2)). But, since f is co-Lipschitz with constant
1, f(B(y.2)) D B(f(y),%). Thust ¢ B(f(y),2) and (5.20) holds. Hence, for all s € (¢,t+2),
l
(5.21) FnAclu;
j=1

Now fix jo € {1,...,1}, and let x € L;, and y € Bd(U;,) \ Bd(A4). Then d(y, f~'(t)) > 2.

Moreover, since LJ0 is locally connected and U}, is open, Uj, is arcwise connected and there

exists a continuous function o : [0,1] — Uj, so that o(0) = x,0(1) = y and o()\) € Uj, for
A€ (0,1). Define g : [0,1] — R as g = foa. Then

9(0) = f(z) =t,
g(1) = f(y) > t+ =, by (5.20).

N

By the Intermediate Value Theorem, for every s € (¢,t + ), there exists at least one
As € (0,1) so that s = g(\s) = f(o ( s)). Since a( s) € Uj,, we conclude that, for every
jo € {1,...,1} and every s € (t,t + %), f~'(s) N Uj, # 0. Since sets {U;}._; are mutually
disjoint and by (5.21), we get that for all s € (t,t + 2),

#c(f7H(s)NA) > 1= #e(f7(t) N Bd(A)).

This, together with part (a), concludes the proof of part (b).
Part (c) follows by the following computation:

Z #c(f~(t;) NBA(C Z #e(Bd(C, by Corollary 5.7,
= §#e(f_1(t1) N A), by Lemma 5.13(b),
= %#e(Bd(A)), by Lemma 5.13(c),
= #c(f~1(t) N BA(4)), by Corollary 5.7.

To prove part (d), we proceed inductively with respect to m.
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If m = 1, then by part (a), for every s € (¢, 0),

He(fHs)NA) <1

and since f(A) = (t,00), we have f~!(s) N A # (), and hence #c(f'(s) N A) > 1. Therefore
part (d) holds with Tx = 0, as desired. For the induction, we assume that part (d) holds for
all m < mg, where mgy > 2. Now suppose that #c(f~1(t) N Bd(A)) = mgy > 2. Define

¢, def sup{7 € (t,00) : Vs € (t,7) #c(f'(s) NA) = #c(f'(t) NBd(A))}.

If t; = oo there is nothing to prove, so suppose that ¢; < oo. By part (b), ¢t; > t and
#c(f~(t1) N A) # #c(f1(t) N Bd(A)). By part (a), this implies that

(5.22) Fe(f 7 (t) VA) < F#e(f7H(t) NBd(A)).
Let {C,}%_, denote all components of f~1(¢;,00) N A. Then, by (5.22), for each v < k,
(5.23) #e(fH(t) NBA(C,)) < #c(fH(t) N A) < #e(fH(t) NBA(A)) = mo.

Hence, by the inductive hypothesis, for each v < k there exists a set T, = T, C (t1,00)
with card( L) < #c(f~Ht) NBA(C,)) — 1, so that for every s € (t1,00) \ T,

(5.24) #(fHs)NC)) = F#c(fH{t) NBA(C))).

Set Ty = J*_, T, U {t1}. Then for every s € (t;,00) \ T, we have:

#e(fT(s)NA) = He(f7(s) Z #c(fH(t) NBA(C,)), by (5.24),
= #c(f7'(t) N Bd(A)), by part (c).

To finish the proof we only need to estimate the cardinality of the set T4. We have

k
card(Ty) < Z card(T,) + 1

v=1

<Z #c(f 1 (t) NBA(C,)) — 1] + 1

= #C(f H(t) N Bd(4)) + (1 - k), by part (c).
< #c(fHt) NBA(A)) — 1, since, by part (c) and (5.23), k > 2,
which ends the proof of part (d). O

We are now ready for the proof of our main theorem.

Proof of Theorem 5.1. To prove part (1a) we note that by Corollary 5.9, number of ends of
any level set f~1(t), for t € R, is finite and bounded by a constant M depending only on
the co-Lipschitz constant of f and its modulus of uniform continuity. By Lemma 5.13(a),

#e(f~1(t)) does not depend on the value of ¢ € R. To see that #e(f~!(t)) is even, let
21



{Ax(t)}\—, be the components of R?\ f~!(¢). Then we have

l
He(f(t) = Z #e(Bd(Ax(1))), by Lemma 5.13(b),

=2 Z #c(f1(t) N Bd(A,(t))), by Corollary 5.7.

Thus #e(f~(t)) is even.
Part (1b) follows from Corollary 5.12, and hence part (1) is proven.
For the proof of part (2), let ty be any real number, say ¢, = 0, and let {A4,},_, be all the

components of f~1(0, ) By Lemma 5.14(d), for every v < [, there exists a set T4, C (0, 00)
with card(T}y,) < #c(f 1(0) N Bd(A,)) — 1, so that for all s € (0,00) \ Tha,,

(5.25) #e(fH(s)NA) = #c(f71(0) NBd(A,)).
Define l
T = U T, .
v=1
Note that
Z #c(f71(0) N Bd(A Z #e(Bd(4,)), by Corollary 5.7,
(5.26)
— 5#e(f_l(())), by Lemma 5.13(Db).

Therefore for every s € (0,00) \ 7%, we have:

= " #(f7N(s) Z#c 0) NBd(A,)), by (5.25),
= %#e(fl(o)) =n, by (5.26) and part (1).

Similarly
!

card(T?) < anrd(TAy) < Z [#c(f71(0)NBd(A,)) — 1]

v=1 v=1
= %#e(f_l(O)) —1<n-—1, by (5.26) and part (1).

Next, we note that in an identical way (e.g. by replacing function f by —f) one can
define a set T° C (—o00,0) with card(7°) < n — 1, so that for every s € (—00,0) \ 77,
#c(f~1(s)) = n. Define

TP =T uT? U{0}.

Clearly, card(T}) < 2n — 1. Now, let too € R be such that too < ¢ for every ¢t € T}. Then
we clearly have #c(f~1(s)) = n, for every s < tgy. Same way as was done above for ¢y = 0,
we construct a set T C (to0, 00) so that for every s € (tgg, 00) \ T, we have #c(f~!(s)) =n

and card(T") <n — 1. Then part (2a) holds for T} def T%.

Part (2b) follows immediately by Corollary 5.8.
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For part (2c¢), note that by Proposition 5.6, each component of f~1(¢) has at least 2 ends.
Since by parts (1) and (2a) for all t € R\ Ty, f~'(¢) has n components and 2n ends, we
conclude that each component of f~'(¢) has exactly 2 ends. Hence, by Proposition 5.6,
each component K of f~!(t) separates the plane into exactly 2 components. Further, by
Theorem 4.11, K has a representation of the form K = KoUK, UK, where KN K, = (), and
for © = 1,2, K; N Ky consists of exactly one point which is an endpoint of both K; and K,
K; and K, are both homeomorphic with [0, 00), and K is a compact connected tree with
exactly 2 endpoints. Thus Kj is homeomorphic with [0, 1] (either by the construction of Ky
described in the proof of Theorem 4.11, or by the classical characterization of the interval as
a continuum with exactly 2 non-cut points cf. e.g. [20, Theorem II1.(6.2)]). Therefore K is
homeomorphic with (—oo,0] U [0,1] U [1,00) = (—00, 00), which ends the proof of part (2¢).

For part (3a) we note that for all ¢; € Ty, #c(f'(t;)) # n. Since #e(f'(t;)) = 2n
by part (1), and each component has at least 2 ends, by Proposition 5.6, we conclude
that #c(f~'(t;)) < n, i.e. part (3a) holds. Parts (3b) and (3c) follow immediately from
Corollary 5.8 and Theorem 4.11, respectively. ([l
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